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* Cuaprer I,—Generat Principie oF Dynamics.—page 1, N 
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Statement of this principle, first made by D'Alembert; by means of 
it all questions relating to dynamics are reduced to simple pro- 
blems of statics, . é 3 ‘ . ‘ a . . 350 
Another mode of stating this same principle, which has the advantage 
of conducting us at once to equations between the given and un- 
known quantities of each problem, : F aS : . 351 
Jn virtue of this principle, the tensions which arise from the con- 
nexions of the material points of a systema, and the pressures made 
on surfaces and given curves, in a state ef motjon, may be-deter- 
mined by the same rules as in a state of equilibriuth; the motive 
forces which act on the moveables may "ve decomposed inte Sorces 
« that are lost, but which produce the tensions or pressures, and into 
other forces which cause ‘the velocities of the moveables to vary ; 
examples of this twofold effect of the given forces, . ry « 352 
Extension of the general principle of dynamics to percussions consi- 
dered as motive forces whicli act during a very short time, aad 
produce sudden changes of velocity; intlaence which the friction 
may have during the action of these forces, te tie . 353 
Application of the general principle to the motion of tio heavy bodies 
placed on two inclined planes, and connected by an inextensible 
string; tension of this string; determination of the initial veloci- 
A a re : i ee og . 354, 355 
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Motion of a heavy chain laid on two inclined planes; in what case 

the chain wiil be in equilibrio, on : 
Rectilinear motion of two material points sj to the action of 

their mutual repulsion or attraction, < = 
The formule of this motion may be applied to es solid bodies, all 
whose points arc actuated by velocities parallel to the same right 
line; motion of bullet and cannon while the bullet is in the barrel 
of the piece; hypotheses on which the law of tlie force of powder 
is founded; numerical calculation of the force of powder when the 
velocity of the bullet at the mouth of the cannon isgiven; remark of 





Lagrange on this problem, ‘ é . 358, 
Application of the principle of DrAlembert to the simplest case of the 
impact of bodies; physical data of the question, and hypothesis ne- 
cessary for its solution, . . oe ge ul 
Impact of two bodies that are destitute of elasticity, or soft 3 defini- 
tion of the living force; loss of living force which is always sus- 
tainedin thisimpact, 6 eet 
Impact of two perfectly clastic bodies ; conservation of the sum of 
living forees; impact made by a ball in motion on a series of balls 
that are at rest; the preceding laws of the impact of spherical bo- 
dies, whether soft or elastic, are confirmed by experiment, . 362, 
Conservation of the motion of the centre of gravity in the ae of 
two spherical bodies .  .  - Zi ‘ 
‘The theory of the resistance of media, in whieh this-resistance is assi- 
milated to a series of impacts of the moveable against the molecules 
of the fluid which it traverseg, is necessarily imperfect ; expression 
of the resistance on a plane surface and on each element of acurved 
surface ; Uetergginattsn ofthe resistance on a surface of revolution, 
and particularly ona sphere; . Z . . . . 365, 
The coefficient of ihe resistance relative to the motion of projectiles 
in the air, which results from this theory, does not agree with ob- 
servation ; value of this coefficient that has been obtained by expe- 
riment; in what the resistance of fluids actually consists, it has not 
been yet determined by the laws of mechanics, except in the case 
of small oseillations of the pendulum (No. 191), - ‘ 


Cuarter IL, _2DeErzrMiInaTION oF Moments oF [NERTLE AND OF 
principal Axgs.—p. 33. 


Definite integrals which are furnished by the equations of the motion 
uf solid bodies whose masses are decomposed, in order to. simplify 
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the operations, into infinitely small elements; definition of moments 
of inertie and of principal axes, a ; ears . 368 
Determination of the moment of inertia of a parallellopiped, one of 
whose siges is an axis, 7 : ry . 369 
Determination of the moment of inertia ofan ellipsoid, with reesest 
to one of its axes of figure, . $ E : . 370 
Moment of inertia ofa sphere pacisaes of conventcieal strata of diffe- 
rent densities, E s ‘ . 371 
The triple integrals on which the moments of inertia in general de- 
pend, are reducible to simple integrals in the case of a solid of re- 
volution ; application to a sphere, a cone, andacylinder, . 372, 373 
The moment of inertia of any body with respect to an axis passing 
through its centre of gravity being known, the moment of inertia 
with respect to any axis parallel to the first may be obtained, . 374 
The moments of inertia with respect to the three principal axes that 
intersect in a point being known, the moment of inertia with re- 
spect to any other axis p&ssing through the same point may be ob- 
tiined, mn . 6. 875 
Properties of moments of inertia, or whieh belong to eincipat axes, . 376 
Previously to demonstrating the existence of principal axes, and de- 
termining their direction, some general formule for the transforma- 
tion of coordinates are established, 7 i s a . 377 
The nine coefficients that-occur in these formule are functions of 
three independent angles; definition of these three angles; the de- 
terminate direction along which they are estimated, and how they 
may increase in the motien ofa solid body; values of the nine co- 
efficients in functions of these three ia mode of obtaining 
these three angles, ‘ 3 ‘ ~.t Qe «378, 379 
Itis demonstrated that in each point of any_body whatever, there are 
always three principal rectangular axes, and the formula by theans 
of which they can be determined are given, . 2 - . . 380 
There is only one system of principal axes in a body when the three 
moments of inertia relative to it are unequal ; their number is infi- 
nite when any two of these moments are equal; if the moments of 
inertia relative to three principal axes that intersect in a point are 
equal, all lines passing through this point are principal axes, : 381 
Determination of the remarkable points which possess this last pro- 
perty ; application to the ellipsoid and to the parallelopiped, . 382, 383 
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I. Uniform Motion of Rotatien.—Ibid. 
- Nos, 
Definition of the angular velocity common to all the points of an in- 


variable system, that revolves about a fixed axis, . , . . 384 
Determination of this velocity when percussions are simultaneously 
impressed on the points of the system, which would peedrs given 


velocities in them if they were free, . . : «385 
Case in which the system becomes a solid body, track by one or more 
bodies, that afterwards remain attached to it, ‘ . . 386 


How the percussion experienced at the instant of impact can be de- 
termined ; conditions that are required in order that the axes may 
experience no percussion ; definition of the centre of percussion, 387, 388 

Pressures exerted on the axes during the motion of rotation, which 
are caused by the centrifugal forces of all the points of the body; a 
general property of principal axes in uniform motion of rotation ; 
particular property of the principal axes which pass through the ~ 
centres of gravity of the moveable, . : : : . 3889, 390 


II. Variable Motion of Rotation.—p. 74. 


Differential equation of this motion ; differential of the angular velo. 
city; the constant velocity produced by a ‘percussion, which has 
becn already determined, may be also deduced front it, . 391, 392 

Determination of the total pressure exerted on the axis at any in- 
stant whatever, . : ‘ : . . 303 

Motion of the compound pendulum in a vacuum; reduction of the 
compoand tathe simple. pendulum, Pi < i : . 394, 395 

Definition of tho céntre of oscillation; reciprocity of the centres of os- 
cillatiow and suspension; method, depending on this reciprocity, 
for determining the length of a simple pendulum corresponding to 
a given pendulum; it is demonstrated thatfor the same body there 
are an infinite number of axes about which the durations of the 
small oscillations are equal, . 2 2 . . 396, 397, 398 , 

Motion of a compound pendulum in a resisting medium; the length 
of the simple pendulum that is isochronous with it, does not depend 
on the resistance, : ‘ 3 . 399 

Motion of the axle and wheel, and of two riscaes y bodies, one of which 
is attached to the axle and the other to the wheel; application to 
Atwood's machine, —. ‘ fs $ ‘ . - 400, 401 
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Pendulum of Robins ; the application of this pendulum to determine 
the initial velocity of bodies projected in artillery practice, . 402, 403 
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Cuaprer IV.—Or rar Motion or a soup Bopy ‘apour a FIXED 
* Point.—p. 98. 


I. Preliminary Formule.—thid. 


The motion of rotation of a system of an invariable form, about a fixed 
~ point, ig one about a line that is variable from one instant to ano-. 
ther, and which is termed an instantaneous axis of rotation, . « 404 
Determination of the direction of this axis, both with respect to lines 
that are fixed in the interior of the body, and to lines which are 
fixed in space, . ? : : . c : é - . 405 
Expression of the angular velocity of rotation of the body about the 
instantaneous axis; decomposition of this velocity into three others 
* about three rectangular axes, either fixed or moveable ; the com- 
position or decomposition of velocities of rotation is performed ac- 
cording to the same rules & those of the velocity of translation, 406, 407 
Components of the absolute velocity of any point whatever of a body, 
with respect to three axes fixed in its interior; components of the 
accelerating force with respect to thé same axes, . 7 : - 408 
Moments of the quantities of motion of all the points of a body at any 
instant whatever, with respect to three axes passing through the 
fixed point; case in which these three lines are the principal axes 
that intersect at this point; sign ofeach of these moments, accord- 
ing to the direction of rotation about the corresponding axis; the 
principal moment of these same quantities.of motion, and direc. 
tion of its axis, fs : 3 : . : . ‘ A - 409 
Differential equations which subsist between the three anghes of No. 
378, on which the position of the moveable at each instant depends, 
and the three components of its angular velocity with respect to its 
three principal axes, . * 7 ‘ c . 7 . 410 


Other formula, which will be useful in the sequel, . & . » 41 
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IL, Differential Equations of the Motion of Rotation about a fized 
Point.—p. 111. 


These equations are obtained very easily by means of the formule of 
No. 408 and of the principle of D’Alembert; they are reduced to 
their simplest form by referring the components of the accelerating 
force of any point whatever of the body to its three principal axes; 
the general problem of the motion of rotation depends on six equa- 
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tions of the first order; namely those that have been already formed, 
and those of No. 410; case in which gravity is the sole force that 
acts on the points of the system, | z = i . 412, 
When the moveable is not subjected to the action of any motive force, 
or even in the case of a heavy body, in which the fixed poiiit coin- 
cides with the centre of gravity, we are able to integrate the six 
equations of the motion of rotation, and make the unknown quan- 
tities depend on two ‘elliptic functions; in this motion, produced 
by initial percussions, the moments of the quantities of motion of 
all the points, with respect to axes passing through the fixed point, 
are constant; their principal moment and its direction are in- 
variable, and this consideration facilitates the integration of the 
equations of the problem, . ‘ ss i . 414, 415, 416, 
Complete determination of the arbitrary constants contained in the 
integrals of these equations, in which we assume, for greater clear- 
ness, that the moveable was struck at the commencement of the 
motion, by another body which remains attached to it, « : . 
Different general properties of the motion of rotation of a body that- 
is not subjected to the action of any motive force, me sate «ais 
A simpler determination than the preceding of this motion (which, 
however, is only an approximation), when the instantaneous axis 
of rotation constantly deviates, by a very small angle, from one of 
the three principal axes of the moveable, that intersect in this 
fixed point; the property of the principal axes already demonstrated 
in No. 389 is again established; moreover, it is shown that the 
motion is stable about the axis of the greatest or least moment of 
inertia, and only instantaneous about the axis of the intermediate 
moment; determination of the arbitrary constants in the case of 
stability, ° - ‘ woe ee ew 420, 421, 
The motion of rotation produced by initial percussions, becomes sim- 
pler when the moveable is a solid of revolution, and its axis of 
figure passes through the fixed point ; the unknown quantities may 
be determined without the aid of elliptic functions, 5 
Another demonstration of the stability of the motion about two of the 
principal axes, - . . 7 


IIT. Solution of the particular Case of the Motion of Rotation of a 
heavy Body.—p. 132. 

‘The body is supposed to be a solid of revolution, whose axis of figure 
passes through the fixed point; the section made by a plane passing 
through this point, anda perpendicular to this axisis termed the equa- 
tor; the motion parallel to the equator is uniform ; the intersection 
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of the equator and of the horizontal line passing through the fixed 
point, is called the line of the nodes; definition of the ascending 
node, and distinction between ts direct and retrograde motion on * 
the horizgntal plane, . - 7 f 7 ‘ ¥ + 425, 426 
In this case, the six equations of the motion of rotation may be inte- 
grated, and the unknown quantities of the problem may be exactly 
expressed by elliptic functions; determination of the arbitrary 
constagts that occur in the integrals, . é ‘. ‘. + 427, 428 
Case in which the body is reduced to a material point, whose distance 
from the fixed point is constant ; we then light on the formule of 
No, 205, relative to the simple pendulum, . : : : » 429 
If the axis of figure be made to deviate from the vertical, and if after 
arotatory motion is impressed on the body about this inclined line, 
it is then remitted to itself, the motion of the ascending node 
will be direct or retrograde, according as the centre of gravity is 
situated above or below the horizontal plane passing through the 
= fixed point; when the rotatory motion vanishes, the motion of the 
body becomes the same as that of the compound pendulum, . . 430 
The formule of the preceding number are applied to the case in which, 
at the commencement of the motion, the axis of rotation deviates 
very little from the vertical, and in this case tle approximate va- 
lues of the angles, on which the position of the moveable at pany 
instant whatever depends, are determined, . : . . . 431 
The same formule are also applied to the case in which the inclina- 
tion of the equator remains very nearly constant; this requires that 
the velocity of rotation should be very rapid; on this hypothesis, 
the small variations of the inclination of the equator and the motion 
of the line of the nodes, which is very slow relatively to the motion 
of rotation, and very nearly uniform, is determined; this case is 
that of the machine of Bohnenberger, « is zy 6 -*, 432 


Cuaprer V.—Or tHE Morion or A sotip Bopy ENTIRELY FREE 
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Decomposition of this motion into two others, one of rotation about a 
point of the body, the other of translation, common to all its points; 
case in which the second motion is one of revolution, and in which * 
each revolution is performed in the same time as that of rotation ; 
this case obtains in the motion of the satellites, and in particular in 
the motion of the moon, which, in consequence, always presents 
the sane face to the earth, > 3 < . : iz - 433 
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Determination of the velocity of the centre of gravity of a solid body 
on which one or more determinate percussions are made; con- 
versely, by means of this velocity, the direction and intensity of the 
percussion may be determined, both when ‘the striking body re- 
mains attached to the struck body, andalso when it isseparated from 
it after the impact, . : : 7 s . 4:4, 

How the initial motion of rotation about: any point whatever of the 
body may be determined, when the initial velocity of this point i is 
known in magnitude and direction ; this knowledge, however, is 
useless when this point is the centre of gravity, and the initial 
motion of rotation is the same as if the centre of a continued 
at rest, . 

Determination of the initial instantaneous axis 5 swhich passes through 
the centre of gravity, and of the angular velocity about this axis; 
case in which this axis is one of the three principal axes which in- 
tersect in the centre of gravity, . 2 2 7 . ‘ 

Differential equations of the motion of the contre ‘of gravity, how 
those of the motion of rotation about this point may be formed, . 

These two systems of differential equations, and also their two corres- 
ponding motions, are independent of each other, in the case of a 
body that is solely acted on by gravity; complete determination of 
the motion of a heavy ellipsoid, on which an impact is made in a 
plane perpendicular to one of its three axes of figure, so A 

The same independence has place also in the case of a sphere con- 
sisting of concentrical strata, all whose points are acted on by at- 
tractive forces directed either to fixed or moveable centres; when 
the body deviates from the spherical form, these attractions influ. 
ence its motion of rotation; perturbations ofthe motion of the earth 
about its centre of gravity, arising from its non-sphericity, and pro- 
duced by the actions of the sun and moon ; these forces, which are 
the cause of the precession of the equinoxes and of the nutation of the 
earth’s axis, have however no sensible influence either on the di- 
rection of this axis in the interior of the globe, or on the durction 
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of the earth’s rotation about this moveable line in space, + 440, 441 


The invariability of the sidereal and of the mean day is confirmed by 
the eclipses of the Chaldeans that have been observed ; computa- 
tion from which it appears that the mean day has not varied the 
hundredth part of a second in 2500 years, . ¢ . . 442, 

Discussion of the different effects which may be produced by the frie- 
tiun of the surface of a projectile against the air in which it moves, 


anid by the resistance prop so called of this fluid, . 444, 445, 
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e Prang.—p. 168. . 
I. Case in which Friction is not taken into accoint.—Ibid. 
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The body is supposed to touch the given plane only in one point of 
its surface, during the entire continuance of its motion ; differential 
equations of the motion of its centre of gravity, and of its motion 
of rotation about this point, . 3 

Equation that results from the contact of the body with the given 
plane, which may either be fixed or have a given motion; distine- 
tion between the case in which the point of contact changes on the 
surface of the body, and the case in which it is constantly the ex- 
tremity of a point, as in the spinning of a tp, 


cillations of an bomogeneous ellipsoid or of an heterogeneous 
sphere, are suggested as examples; the two first integrals of the 
~ gifferential equations of No, 447 are determined; these are suffi- 
cient for the rigorous solution of the problem by means of elliptic 
functions, when the body is a solid of revolution, Fi . 449, 
Motion ofa solid of revolution terminated by a point, the extremity 
of which presses on a plane, whose oscillations are known, . 
When the velocity of rotation of the body is very great with respect 
to the different motions of the given plane, the differential equa- 
tions of the problem are reduced toa linear form, by the transfor- 
mation which Lagrange mare use of in the case of the /zbration of 
the moon, . . a . . 452, 
Integration of these linear equations; it appears from their integrals 
that the oscillations of the plane on which the dody presses, be- 
come less according as the motion of its axis of figure Increases, and 
they are insensible when the rotation about this line is sufficiently 
great; this result suggests a method for obtaining an artificial ho- 
rizon for the purpose of making astronomical observations, . 454, 


IL. Case in which Friction is taken into account.—p. 186. 


Laws of the friction of a body in motion, furnished by experiment, 
Motion ofa body, which being drawn by a given aa slides on & 
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fixed horizontal plane, . . 457, 458 


Integral of the equation of this mtion: when the resistance of the air 
is not taken into account; determination of the coefficient of the 
friction by two different methods; when this ceefficient is known, 
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if the plane be inclined, the motion of the same body on this plane 


can be determined immediately, ; e 5 “ . 459, 460 
Consequence of this proposition, that the friction is ‘independent of 

the extent of the rubbing surface, and proportional to the total 

pressure; in what this law of the friction really consists; examina- 

tion of what occurs when the surface which produces the friction 

is not the same throughout, 2 : é é S a - 461 
Double motion of a body which slides on a horizontal plane, and at 

the same time turns about a vertical axis, . = s « 462, 463 
Enunciation of the different cases which occur when a solid body rolls 

on a plane; friction of the first and second species, —. : - 463 
Motion of a sphere that rolls on a horizontal plane,. =. ws AGA 
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In what the problem of the impact of two bodies consists, in the most 

general case, a ah te 5 . ep, ste —_ 
Equations furnished by the prineiple of D’ Alembert, i in the case of 

two bodies of any form whatever which are entirely free, . 466, 467 
Indetermination of the problem when the compressibility of the bodies 

is not taken into account ; equation which is necessary for its solu- 

tion, and which results from the eae however small it 

may be supposed to be, 7 % 7 3 by . 468° 
Modification of the formulie of No, 467, arising from the degree of 

elasticity of the bodies; the problem is completely resolved in the 

two cases of bodies destitute of elasticity, and of bodies perfectly 

elastic, : ‘ : x * a - 469 
The impact of two bodies neither affects the velocities of their centres 

of gravity, estimated in a direction parallel to the plane which 

touches their surfaces at their point of contact, nor the moments of 

their quantities of motion with respect to their common normal, . 470 
When this normal passes through the centre of gravity of one of the 

two bodies, its motion of rotation about this point is the same be. 

fore and after the impact; case in which this line passes through 

the two centres of gravity; case in which these points are, more- 

over, actuated bya motion before the impact in the direction of this 

normal, 2 . . 5 e % + 471, 472 
Impact of two elastic bodies whose masses are equal; impact of a 

perfectly elastic body against a fixed obstacle; equality of the 

angies of incidence and reflexion; this equality will not subsist 
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The manner is explained in which the friction of one body against 
another, during the continuance of the impact of these two bodies, 

is taken into aceotnt, . . . . . . » 475 
Influence of the friction and rotation in the impact ofa sphere against 
a fixed plane, such as the impact of a cannon ball or bullet on the 
earth's surface ; examination of the different circumstances that 

may occur, ‘ . . er . 476, 477 
Application of the penetsl formule to an example in which the nor- 
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impact, z . . . 478 
Modification ofthe general formule, in n the ‘different cases in whieh the 
two bodies that strike each other are not entirely free, . . 479 


Extension of these formule to the case of any number whatever of 
bodies which impinge on each other simultaneously ; example re- 
_ lative to a sphere at west, struck by two other spheres in mo- 
“fon, 0. ee 480, 481 
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I. Vibration of a flexible String. —lbid. 


Hypotheses made respecting this string; differential ae of its 

motion, . . 7 . . 482 
Reduction of these equations to a linear form, in the case of very 

small vibrations; the transversal and longitudinal vibvations co- 

exist in the same string, and are independent of gach other; these 

two descriptions of motion depend on equations of partial diffe- 

rences of the second order, the forms of which are the same, . . 483 
Integration of this equation in a finite form, . 7 . 484 
Determination ofthe two arbitrary functions that occur in this integral, 

for the entire length of the string, and for all values of the time, 

when the initial value of the string that vibrates transversally, and 

the initial velocity of all its points, are given, - ‘ . 485 
Geometrical construction of this string at any instant whatever, , 486 
Laws of transversal vibrations (which result from this construction, 

and which have been confirmed by experiment), both with respect 

to the tension of the string and also with respect to its weight and 

length; the elevation of the one is measured by the number of vi- 

brations in the unit of time, < 3 2 ‘ a . 487 
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Discontinuity of the lines employed in the preceding construction 
restriction to the discontinuity of the curve that_represents the 
initial figure of the string; this restrictive condition subsists during 
the entire continuance of the motion, and furnishes one_of the 
equations that are required for the solution of the problem, in the 
case of a string that is made up of two parts consisting of different 
materials, . ‘ ‘ Ft 

Another solution of the problem of vibrating ‘teings: in whieh the or- 
dinate of the curve is expressed by a series of periodical quantities, 
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of vibrations which exist in these cases, 3 A 

Laws of the longitudinal vibrations of a stretched string, . . 
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transversal vibrations of the same string, . 
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Hypotheses respecting this rod; its longitudinal motion depends on 
the same equation of partial differences as that of astretched string, 
and differs from it only in the conditions relative to the extremities 
of the rod, . 7 . F ; . 493, 

Solution of the problem, analopiins to that of No. 489; laws of the vi- 
brations in the different hypotheses relative to the extremities; 
elevation of the fundamental tone, in proportion to the number of 
the nodes of vibrations, . . . 7 5 

Case in which the rod is of an indefinite Tength; propagation of so- 
norous waves in a cylindrical or prismatical bar; conditions requi- 
site, in order that the wave may not be distributed into two others; 
how the constant velocity of this propagation may be inferred from 
the longitudinal tone of an elastic rod consisting of the same ma- 
terial as the bar, . ee ¢ ‘ + 496, 

Case in which the bar is limited on one side; reflexion of sound at 
this extremity; the laws of the propagation and reflexion of soand 
in a cylindrical canal filled with air, with any gas whatever, or with 
a liquid, are the same as ina solid bar; those of the vibrations of 
elastic rods also correspond to the sound given out by flutes and 
the pipes of organs, if the modifications relative to the mouth.piece 
are not taken into account, . 
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How the formule of*No, 495 may be applied to the longitudinal im- 
pact of elastic rods; this phenomenon consists in the action of the 
extreme ioints of the two rods, which extends to an insensible dis- 
tance ; during the continuance of the impact the velocities of these 
points will vary very rapidly, but will be unknown, 

Conditions necessary in order that the two rods may separate after 


meetirfg, and that the impact may terminate, ‘ . . 500, 


Equations common to al! the points of the two rods, except the ex- 
treme points that meet each other during the impact, 
Application of the formula of No, 495 to the impact of two rods en- 
tirely free; summation of the periodic series which they contain; 
they are verified in the case of the initial condition of the two 
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Two rods consisting of the same materials, and having the same dia- 
meter, separate from eagh other only when their lengths are the 
wame; duration of this impact ; interchange of the primitive velo- 
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one of which is detached from it after the impact, 
Impact on a rod whose extremity is fixed, by a rod entirely free; re. 
flexion of this last with a velocity equal and contrary to the primi. 
tive velocity, whatever the lengths of the two rods may be; dura- 
tion of the impact, : : . . : : : - 505, 


IV. Digression on the Integrals of Equations of partial Differences. 
—p. 282. 

The number of arbitrary functions that the complete integral of an 
equation of partial differences contains, may be fess than the num- 
ber which indicates the order of this equation ; it may change with 
the variable, relative to which the series is ordered; all the arbi- 
trary functions may disappear, and be replaced by infinite series of 
arbitrary constants; in this remarkable case, the complete integral 
is expressed by the sum of an unlimited number of particular in- 
tegrals, 7 : Fy 7 7 ‘: + 507, 

Simple examples of ‘ieee. different tiaasformmations; ‘ . 509, 

The series which occur in this example, and the integral of the given 
equation, may be expressed in a finite form by means ofa definite 
integral, 


Value of a definite integral, which frequently oceurs in physical i in- 
vestigations, . : . . 


- 504 


506 


508 


9, 510 


- 51 


- 512 


xvi CONTENTS. 
Nos, 
Application of these general considerations to the linear equations 
that occur in physical and mechanical problems -. their completd 
integrals may be expressed, generally, by series of exponentials, 
or of sines and cosines, the exponents or arcs of which are pro- 
portional to the time; from the manner in which they have been 
obtained, it is certain that these expressions in a series of the un- 
known quantities that occur in the problem, give its most general 
solution ; there is a uniform process for determining in each,case 
the coefficients of these series from knowing the initial state of the 
system ; according to this determination, if the time be made equal 
to cipher in these series, the particular serics that represent the 
arbitrary functions relative to this initial state will be obtained, 
but only within the limits of the system, i . 513, 514, 515, 516 
Every solution of a problem in which the accuracy of these last series 
is not verified a posteriori, or for which the generality of the in- 
tegral in the series that ismade use of, is not demonstrated a priori, 
must be considered as insufficient, . a> : . - » sh 


V. Transversal Vibrations of an elastie Rod.—p. 298. 


The different sorts of vibrations of which an elastic rod is susceptible 
are stated, and those specified, relative to which, experiment has 


confirmed the results of analysis, : . 5 : . . 518 
Equation of transversal motion, and conditions relative to the extre- 
»  . S19 


nities, . . . . E . “ ‘ 2 
Determination of the coefficient that this equation contains, on diffe. 
rent hypotheses relative to the transversal section of the rad, . 520 
Integral of this equation in a series, . : coe . 521 
Determination of the .covfticients of this series from knowing the 
initial state of the rod, by the method given in No. 515; formula 
of No. 516, relative to the initial state of the rod; case in which it 
must be actuated either by a motion of translation or rotation, 522, 
In the case of a rod entirely free, the reality of the roots of the trans- 
cendental equation which enables us to determine the coefficients 
ofthe time under the sines and cosines contained in the integral 


. 524 


may perform isochronous 


523 


expressed in a series, is determined, 
Condition necessary in order that the rod 
vibrations; the different tones given out by a rod that is free de- 
pends on the roots of the preceding equation; every thing else 
being the same, they vary with the figure of the transversal section, 
and their elevation is in the inverse ratio of the square of the 
Janoth « determination of their nodes of vibration, 525, 526 


CONTENTS. xvii 
Nos. 
Isochronous vibrations of g rod firmly fixed at one extremity, and free 
at the other end, . . = . ‘ . : 527 
Determination of the number of vibrations sonespadine: to the fan- 
damental tone, and to the highest tones, in the case of this last 
elastic rod, and in the case of an elastic rod free at its two extre- 
tities, 3 2 ‘ a 5 . . "i « 528 
Comparison of the auinber of transversal and longitudinal vibrations 
of the same rod, . ae: 5 2a 5s 7 5 : . : . 529 


Cnaprer EX.—Gewnerat Equations anp Properties or THE Mo- 
TION oF 4 SysTEM or BopiEs.—p. 317. 


I. General Equations of Motion.—Ibid. 


Combination of the principle of D'Alembert and of the principle of 
virtual velocities, . $ 7 A . . . . 530 
It leads to a general formula, from which we may deduce, by a uni- 
wfgrm process, all the differential equations of the motion of a sys- 
tem of material points, whose mutual connexion is expressed by 
given equations ; this process will also enable us to determine the 
tensions of these points, and their pressures on given surfaces or 
curves, which have place during the motion, . . . 531 
The use of the method founded on the variation of arbitrary constants 
for the resolution of the preceding equations is pointed out, . . 532 
Case in which one of the equations that expresses the connexion of 
the points of the system is a consequence of one or more of these 
equations; example of a problem that is indeterminate when the 
extensibility of the lines which connect the points is not taken into 
account, which, on the other hand, is rendered determinate when 


this extensibility, however small it may be, is considered, . 533, 534 
Formula analogous to that of No.531, and relative to sudden changes 
of velocity, . 5 ‘ : a . 535 


Indispensable consideration, to which itis necessary to have regard in 
the applications of this formula; how the effect of friction, which 
takes place during the continuance of these sudden changes, is to be 
taken into account in this formula; it would be a mistake to in- 
troduce the effects of molecular forces, for they are already impli 
citly comprised in it, . % 4 ; ‘ . 536, 537 

Differential equations of the motion of translation of a system en. 
tirely frec, which are those of its centre of gravity, ‘ * - 538 

Differential equatioris of the motion of rotation of the same system ; 

VOL. I. e 


xviii CONTENTS. 


they retain the same form whether the centre of the motion is a 
fixed point, or the centre of gravity of the system, « 539, 
The sums of the quantities of motion of all the points of a free system 
estimated in the direction of three rectangular axes, and their mo- 
ments relatively to these axes, do not vary in sudden changes 
of velocity ; equations of the initial motion of translation and ro- 
tation of the system; how they can be deduced from the equations 
of these motions at any instant whatever, . : : . 541, 
The formule of No. 408, relative to the velocities of rotation, are ob- 
tained by a different method ; the correspondence between the com- 
Position of these velocities and the composition of velocities of 
rotation leads to the analogy between the composition of moments 
and that of forces, . é . : é E . 


IE. General Laws of small Oscillations. —p. 342. 


Developments into series of the coordinates of the points of the sys- 
tem, and of the expressions of the forces which are applied to them, 
Formation of differential linear equations of the second order, on 
which the approximate values of the unknown quantities that be- 
long to the problem depend, to which values the approximation is 
always continued in questions of this kind; the number of these 
equations, which is the same as that of the unknown independent 
quantities, may extend from one to three times the number of bo- 
dies ; when these are the material points of a body, they are infi- 
nite, in which case the differential equations become equations of 
partial differences, 5 . . . . . 
General integration of these differential equations; consequences 
which follow from them ; principle of the coexistence of small oscil- 
lations, oe Os - . £ 3 . Z . . 546, 
Case in which the oscillations are performed in a resisting medium, 
Examples of the coexistence of small oscillations; application of the 


Nos. 


540 


542 


. 543 


544 


_ 


» 545 


547 


- 548 


preceding principle to the motion of a heavy point on an ellipsoid, 549 


Another theorem distinct from the preceding, and which may be 
termed the principle of the superimposition of small motions; nu- 
merous applications of this principle, . : H : . 550, 


III. Principles of the Conservation of the Motion of the Centre of Gra- 
vity, and of the Conservation of Areas.—p. 360. 

General law of the equality of action and reaction, : 3 
Principle of the conservation of the motion of the centre of gravity, 
founded on this law of nature; different consequences of this prin- 
ciple, 


551 


. 552 


- 553 


CONTENTS. 


xix 


Nos. 


In the motion of a system of points which are only subjected to their 
noutual actions, the moments of their quantities of motion are con- 
stant, with respect to three axes that intersect either in a fixed 
point, or jn the centre of gravity of the system, or in a point ac- 
tuated by a uniform rectilinear motion ; the same theorem obtains 
with respect to a fixed point, when the bodies are, besides, solicited 
by forces directed towards this point, « . 7 . 554, 555, 

Determination of the principal moment of these re of motion, 
and of the direction of its axis, - a @ . 2 

In the motion of rotation of the earth, this principal moment is inde- 
pendent of the cooling of the globe, of volcanic explosions, of the 
blowing of winds, &c,; consequence that results from it with re- 
spect to the length of the day, —- 7 

Another enunciation of the preceding theorems; principle of the con- 


servation of areas, : : : . . 
Theorem of the invariable lay in alli its ‘generality, BS hy oes 

. Aspplication of this plane and of an invariable right line with which it 
is accompanied in the solar system, —- jis. | of ‘ 


Formule for determining this plane at any instant whatever, the mo- 
tion of translation and that of rotation of the heavenly bodies being 
taken into account; the terms which arise from the motion of rota- 
tion, as they depend on the internal constitution of these bodies, 
will bo always unknown; it is shown that if the variable part of 
these terms be neglected, there results no error which can ever be- 


556 


. 557 


559 
560 


561 


come sensible, . . : . 562 
Formule of the invariable plane, referred to the centre of the sun, . 563 
IV. Principles of living Forces and of least Attion—p. 383. 
Equation and enunciation of the principle of living forces, . 564 
fmmediate consequences of this principle, . 565 

Determination of living forces arising from forces which emanate 
from fixed centres, from the mutual attractions and repulsions of the 
bodies of the system, and from their weights, . 566 


Variations of living forces arising from pressures against moveable 
surfaces and from friction; the theorem of Ne. 564 has no longer. 
place with respect to these forces; it is shown that frictions and re- 
sistances always produce diminutions of living force, which even- 
tually destroy the motion of the system, when these losses are not 
repaired by other forces, o 4 2 . . 567, 

How the absolute living force of a ijalen may be deduced from the 


568 


XX CONTENTS. 
Nos. 
living force due to the velocities of its different parts in their rela- 
tive motion about the centre of gravity ; application of the general _ 
equation of the-principle of living forces to the solar system; use 
of this equation in determining whether the action of the comets 
has any sensible influence on the motions of the other celestial 
bodies, “ . ‘ . a 4 é . . 569 
The proposition relative to the stability of equilibrium, which was as- 
sumed in No, 347, is now demonstrated by the aid of the principle 
of living forces, : rs : a 3 ; : . 570 
Equation relative to the sudden changes of the velocity, and analo- 
gous to the principle of living forces ; verification of this equation 
in the initial motion of a solid body about a fixed point, ¥ . 57k 
It is demonstrated, by means of this equation, that a loss of living 
force is always sustained in the impact of bodies destitute of elas- 
ticity, this force is increased in explosions which separate the parts 


of bodies, and, in the impact of perfectly elastic bodies, it remains 
unaltered, , : : : : wei: 3 wales « BI 
General enunciation of the principle of least action ; this principle 
differs from the preceding in this, that it does not furnish any in. 
tegral of the differential equations of the motion; enumeration of 
the integrals that are furnished by the principles of the conserva- 
tion of the motion of the centre of gravity, of the conservation of 
areas and of living forces, . : é ans : . 573 


BOOK THE FIFTH. 
- " HYDROSTATICS, 


Cuarrter I.—Pre.iminary Norions.—p, 405. 
Object of hydrostatics; how fluid bodies are to be considered, . . 574 
Distinction. between liquids, zriform fluids and vapours, -,  « 575 
Characteristic property of fluids, which is assumed as furnished by 
experiment, and which will be made use of as the fundamental 


principle of hydrostatics, is : A “ 7 a y . 576 
Detailed explanation of this property; definition of the pressure on 
the unit of surface, ; . 4 3 a + 577, 578 


Demonstration of the principle of virtual velocities in the equilibrium 
ofa fluid, hoon SO Var TE eg eaee 
Pressure made by an elastic fluid, % 5 : zi -  . 580 


CONTENTS. xxi 


Caaprer I1.—GeneraL Equations og THE Equitisrium or Fiurps. 


—p. 416, Nos. 
Formation of the general equations, the number of which is three, 
between the interior pressure and the given forces,” . . 581, 582 


Condition which these forces ought to satisfy, in order that the equi- 
librium may be possible; differential equation of the free surface of 
a fluid, . . . . . . . 583 
Property of this surface ; definition of surfaces and strata of level, . 584 
Equilibriam of a homogeneous liquid ee to attractions directed 


towards fixed centres, s : . v . 585 
Condition relative to the surfaces of level of a . heterogeneous quid 

or of an elastic fluid, . . . . . 586 
Laws of the density and pressure in an elastic fluid i in equilibrio, . 587 


Case in which the forces, that act on the points of a fluid, are their 
mutual actions; we should not reckon among these forces those 
which are properly termed molecular forces, and which produce the 
pressure that was already taken into account in the general equa- 

~»tions of hydrostatics; these are the equations which are necessary 
and sufficient for the equilibrium of fluids, . . . 588 

Constant figure of a fluid which turns about a fixed axis, or equili- 
brium of the forces that solicit it, and of the centrifugal forces 


arising from the rotation, . ‘ ‘ 3 . 589 
Figure of a heavy liquid contained in a vessel that revolves about a 
vertical axis, é . . : . 590 


The elliptical figure of revolution satisfies the equilibrium ofa homo- 
geneous liquid, turning about a fixed axis, and subjected to the 
mutual attraction of its points in the inverse ratio of the square of 
the distance, provided that the velocity of rotation does not pass a 
certain limit; within this limit there are alway8 twg compressions 
of the ellipsoid which belong to a given velocity; beyond it, the 
elliptic figure is impossible; but it is only on the supposition that 
the compression is very small, we can demonstrate that the ellip- 
tical figure is the only one which is suitable to the equilibrium, . 591 

Application of the formule of the preceding number; case in which 
the ratio of the centrifugal force at the equator to the entire attrac- 
tion, is a very small fraction; this is the case in the motion of ro- 
tation of the earth, 2 " 7 ; * , 892 

Essential difference between the strata of level i ina fiuid subjected to 
the mutual action of its different points, and in a fluid whose points 
are solicited by forces directed towards given fixed centres, . « 593 

Equilibrium of a fluid whose points attract each other proportionably 
to their mutual distances, . 5 : : 5 : 3 ~ 594 


xxii CONTENTS. 


Cuaprer HI.—Or tas Equiuisrium oF HEAVY Fruips.—p. 445. 
Nos. 


Equilibrium of a homogeneous liquid contained in a vessel; the pres- 
sure on the bottom of the vessel is independent ofits form, . « 595 
Equilibrium of several superimposed nets value of the pressure 


on the bottom of the vessel, . . : . . 596 
Laws of the equilibrium of liquids contained in s unidieating ves- 
sels, . : % é 3 . 597 


Enumeration of the principal applications of which these laws are sus- 

ceptible ; siphon, hydraulic press, barometer, pump, : . . 598 
Pressure of a liquid on the inclined side of a plane surface; the cen- 

tre of pressure is always lower than the centre of gravity, . . 599 
Examples of the determination of the centre of pressure, - + 600 
Pressure on a body plunged in a liquid; the horizontal pressures mu- 

tually destroy each other ; resultant of the vertical pressures, 601, 602, 603 
Loss of weight sustained by a body weighed in a fluid ; determina- 

tion of the specific gravity by means of the hydrostatic balance, . 604 
Pressure of a liquid on the entire surface of the containing vessel ; 

principle of machines which produce their effect by reaction, » 605 


Cuaprer IV.—Or te Equiurerivm and Motion or Froatine 
Bopies.—p, 465. 

Conditions of the equilibrium of a floating body; geometrical pro- 

blem to which the determination of the reid of equilibrium of a 


homogeneous body is reducible, 2 . 606 
Complete solution of this problem, in the case ‘ofa ‘triangular prism 

which rests horizontally in the liquid, . -, , » 607, 608 
Case in which the base of this prism is an isosceles triangle; case in 

which it is an equilateral triangle, . 4 . P + 609, 610 
Equilibrium of a prism, of a cylinder, and of a solid of revolution, in 

a Vertical position; use of hydrometers, : . . 6 


Determination of the metacentre, by means of which the stability of 
the equilibrium of a floating body may be ascertained in a parties. 
lar case, ‘ 3 a . 612 
Application of the principle of living forces to the motion of afloating 
body of any form whatever, which is made to deviate very little 
from the position of equilibrium ; general condition of the stability 
of this equilibrium, < - 3 L - 613, 614, 615, 616 
Determination of the small oscillations of a floating body, which is 
symmetrically constituted with respect to a vertical section; verti- 
cal oscillations of the centre of gravity; oscillations of the body 


CONTENTS. xxiii 
Nos. 

about an axis that passes through this point, and is perpendicular 
tothis section, . . . - F . 7 7 . 617, 618 


Cuaprer Y.—Or rus Measurement or Helguts By Means or 
OBSERVATIONS OF THE BAROMETER.—p. 488. 


The pressure on the mercury in the barometer is equal to the weight 
ofa pillar of the air that extends from the barometer upwards; 
the veftical height to which we can ascend can be determined by 
means ofits diminution, if 5 « 619 
The total mass of the atmosphere compared to that of the Sus limit 
of the height of the atmosphere ; decrease of temperature accord- 


ing as we ascend above the earth, . . . . . 620 
Manometer ; use that may be made of this instrument in comparing 
the intensities of gravity at different latitudes, . F . 621 


At equal temperatures, the density of an elastic fluid is propor! tional 

to the pressure that it egperiences; this is what is understood by 
“he law of Martotte, . : . . , 2 : ‘ « 622 
Use of this law to determine the ascent of water in a pump when air 

exists below the piston, . : . : - 623 
Uniform and equal dilatation of all gascs "and 9 vapours, for equal de- 

grees of temperature, measured under a constant pressure by an 

air thermometer ; coefficient of the dilatation for each degree; this 

coefficient, which is the same for all elastic fluids, is not exactly 

constant, when the temperature is measured by a mercurial ther. 

mometer; equation which expresses the pressure in a function of 

the density and temperature; determination of the ratio of the den. 

sity to the pressure when the air is perfectly dry, and when it at- 

tains its maximum of humidity, the temperature being cipher, 624, 625 
Equation of equilibrium of a vertical column of the atmosphere; law 

of the pressure and density; as a verification of the theory, it is 

shown that the entire weight of the atmosphere is equivalent to the 

inferior pressure, . , . 7 a ‘ z . 626 
Motion of a balloon which ascends in nthe atmosphere, —. : . 627 
Formula for measuring heights by observations of the barometer; 

the constant coefficient of this formula agrees with the mean of p 

great number of heights measured trigonometrically, . . - 628 
Modification which ought to be made iu this formula, agreeable to 

the remark of No. 255, when it is proposed to apply it to the deter- 

mination of a height of a place above the level of the sea; example 

of this determination, - % z ; 7 . F : . 629 


xxiv CONTENTS. 
. Nos. 
Formula that is less exact but simpler than the preceding, which, how- 
ever, is sufficient for common ordinary purposes; how the observa- 
tion of the degree at which water boils at different elevations may 
be substituted in place of that of the barometer, . eh « 630 
Remarks relative to the density and elastic force or tension of va- 
pours; formula which gives the density of air in which aqueous 
vapour is mixed, by means of the tension of the vapour that it con- 
tains, and the density of the air when perfectly dry, —. A « 631 
Comparison of the aqueous atmosphere which would be formed, if 
our atmosphere did not exist at all, with the quantity of aqueous 
vapour which may exist in our atmosphere, . - : a - 632 


Cuarrer VI—Or tae Etastic Force anp Heart or Gas.—p. 511. 


Case in which it would be necessary to know the variations of the 

pressure and temperature of a gas, produced by the variations of 

its density, when the quantity of heat does not vary, .  . —. 633 
Definition of specific heat, either when the voluine or pressure is con- 

stant; equation of partial differences on which the quantity of heat, 

in a function of the pressure and density, depends, —. . . 634 
Experiment by means of which the increment of the temperature of a 

gas corresponding to a small condensation, without undergoing 

any loss of weight, can be determined; numerical computation of 

this increment of temperature, which may be also deduced from 

the velocity of sound, . . bey Ge Use . 635 
How this increment of the temperature is eonnectad with the relation 

between the two specific heats of the gas; different values of this 

relation, furnished by experiment; it is to be considered as inde- 

pendent of the temp2rature and of the pressure in the atmospheric 

air, . - . . . 636, 637 
Integration of the equation of No, “634, on the hypothesis that this 

ratio is constant ; laws of pressure and temperature in functions of 

the density, when the quantity of heat is invariable, . ‘ . 633 
Expression for the quantity of heat, in a function of the temperature 

and density, on the hypothesis that the specific heat of the gas is 

independent of the temperature measured by an air thermometer ; 

specific heat in a funetion of the pressure; application to the at- 

mospheric air; relation between the quantities of heat lost by the 

same volume of air under different pressures; this relation is con- 

firmed by experiment, : : . _ . . 639 
Application of the preceding for sal to steamor or the vapour of water; 

remark respecting steam engines of high pressures, . 640, 641 


CONTENTS, XXV 


Nos. 


Motion of the piston in a steam engine; condition of the steam at any 
instant whatever ; determination of the living force produced by 
the descent or ascent of the piston; detente of the steam, . . 

The elastic force of the mixture of several gases is equal to the sum of 
the elastic forces of these fluids; equation that determines the spe- 
cific heat of the mixture, from knowing those of gases that are 
mixed in a given ratio; the relation of the specific heats at a con- 
stant pressure and a constant volume, cannot be independent of the 


pressure in the mixed gases, : ‘ ‘ , . 643, 
BOOK THE SIXTH. 
HYDRODYNAMICS. 
Cuaprer I.—Genezrat Equations or tak Motion or Fivuips.— 
p. 531. : 


Offfect of hydrodynamics; observation relative to the characteristic 
property of fluids, on which the general laws of the equilibrium of 
fluids are founded; comparison between this property and the law 
of Mariotte ; in the present treatise it is assumed that this pro- 
perty obtains in the case of motion, . . . . . ‘ 

Expressions of the components of the velocity of the fluid, at any point 
and instant whatever; infinitely small increments of these compo- 
nents for the same point of the fluid; increment of the density, 
and, generally, of any Tunction whatever of the time and of the three 
coordinates considered as functions of the time, . . . 

Differential equations of the motion of fluids which may be deduced 
from those of their equilibrium, by the principle’ of D’Alembert ; 
equation relative to the free surface ofa fluid in motion, 

Fourth equation of the motion of fluids; its decomposition into two 
others in the ease of liquids; value of the pressure in a function of 
the temperature and density in the case of elastic fluids, . 648 

In a liquid in motion whose temperature varies from one point to 
another with the time, the distribution of heat depends on the same 
equation as in a heterogeneous soltd body ; in an elastic fluid this 


equation ought to be replaced by another, the formation of which 

is pointed out, : . . . ‘ . : * 
it is explained why the fourth equation of the motion of fluids is called 
the equation of continuity ; examples of motions in which this has 
not place, . : , : A x 


VOL. It. d 


642 


644 


645 


646 


. 647 


, 649 


xxvi CONTENTS. 


Nos. 


Conditions relative to the surface of fluids, which it is usual to add 
to the equations of their motion, in different problems of hydro- 


dynamics, . E eh Oe os . . 652 
Reduction of the dgnatione of the motions of fluids toa fewer pumber 
and to a simpler form, in a very general case, sas rs . 653 


“It is demonstrated, in general, that if the condition necessary in order 
that this reduction may have place, be verified at the commence- 
ment of the motion, it will be satisfied during its entire continugnce, 

Motion of a liquid that turns, without changing its figure, about a 
fixed axis; we find, by means of the general equations of hydro- 
dynamics, the equation of the surface, which has been previously 
deduced (No. 589) from the equilibrium of centrifugal forces, com- 
bined with the motive forces of the points of the fluid, . Fy F 


Caapter If.—Or Tue Propagation or Sounn.—p. 574. 


Enumeration of the treatises, in which are to be found the principal 


654 


655 


resulis that have been already obtained from the general equations 


of the motions of fluids, , 7 a 7 2 7 . is 
General equations of partial differences, on which the theory of sound 
depends on the hypothesis of No. 653, which agrees to the two par- 
ticular cases which it is proposed to consider, . 3 . . 
Case in which the air is contained in a cylindrical pipe; the motion 
is the same as that along an elastic rod ; how the different tones of 
wind instruments may be made use of to determine the relation of 
the specific heats at a constant volume, and under a constant pres- 
sure, for the different gases which have béen made to vibrate in 
this instrument, . . . . 
Propagation of sound4n free air, in the case in n which the motion is 
perfectly the same in all directions about the centre of the agita- 
tion; integration, under a finite form, of the equation relative to 
this motion; determination of the two arbitrary functions that it 
contains, . ° 2 F @: i : . 659, 
The velocity of this pecpagalion'® is the same as in a eylindr ical pipe ; 
intensity of sound at a great distance from the centre of the agita- 
tion; it depends, every thing else being the same, on the density of 
the‘air at this place; to what, according to Euler, is the difference 
which is observed to exist between one syllable and another when 
sung with the same force and on the same tone, to be ascribed, . 
Coexistence of soundsin air simultaneously agitated in different places, 
Reflexion of sound on a fixed plane, which extends indefinitely in all 
directions, . é k a . cm %, 


656 


657 


. 658 


660 


661 
662 


. 663 


CONTENTS. xxvii 
Nos. 
Numerical determination of the velocity of sound in the air; compa- 
rison of the result of this calculation with that given by observation, 664 
Difference between the formule for the velocity of sound given by 
Newton*and Laplace ; cause of the propagation of sound in vapours 
at their maximum of density, r 7 . : : - 665 
Velocity of the propagation of sound in water, see. 666 


Cuaprek III,—-Or raz Morion or Fruips in a PaRTICcULAR Hy- 
POTHESIS.—p. 597. 


Explanation of this hypothesis, which leads us only to an approximate 
solution; it is known under the denomination of the parallelism 
of the sections ; it reduces the problem to the determination of two 
unknown quantities, namely, the pressure and velocity of each sec- 
tion, . . : . - ‘ . 5 ‘ . . 667 

Formule which make known each of these unknown quantities in any 

~ point whatever of a vessel, from which the liq<id flows through a 
horizontal orifice, when the velocity which has place af this orifice 


is known, . ‘ . . - ‘s F a . 668, 669 
Differential equations on which this velocity and the height of the li- 
quid above the orifice depend, . . » + +. 670 


Complete solution of the problem, and calculation of the quantity of 

water that has flown out, in the case in which the level of the liquid 

is sustained at a constant height, . S . . 671 
Case in which the level is variable; application to the motion of wa- 

ter that issues from a cylinder through a horizontal orifice, . 672, 673 
Particular examination of the case in which the orifice is very small ; 

theorem relative to the velocity of the fluid at this orjfice, supposed 

to be either horizontal or inclined, . . . . . 674, 675 
The observed quantity differs very little from what would result from 

this theorem, in the case of a slender orifice made in the side; ex- 

planation of this difference ; contraction of the fluid vein; increase 

of quantity produced by the insertion ofa pipe, . . . . 676 
Motion of an elastic fluid that issues from a vessel through an orifice, 

on the hypothesis of the parallelism of the sections; velocity of the 

effluent fluid; case in which the orifice is very amall, . . 677, 678 


xxviii CONTENTS. 


ADDITION. 


Revarive To THE APPLICATION OF THE PRINCIPLE OF LiviINc ForcEs IN 


THE CALCULATION. OF MacHINEs IN Mortion.—p. 618. 
. ¢ : Nos. 


Object of this addition, 2. . . «© 6 ee ee 679 
Definition of moving and of resisting forces ; differential equation that 
1s sufficient to determine the motion of a machine; transformation 
of this equation, by means of which these two kinds of motion are 
distinguished from each other, . if : ‘ . « 680, 681 
Equation of the principle of living forces under the form in which it 
is employed in the calculation of machines in motion; definition of 
the quantity of elementary work, of the motive work, and of the re- 
sisting work, $ : ’ ‘ 7 5 A , : . 682 
Quantity of work due to the fall or ascent of a weight; dynamical 
unit; measure of a quantity of work or living force in dynamical 
units, . r 7 . . = . . . 683 
Equations which have place when a machine sets out from a state of 
rest, and when it attains to a permanent state ; consideration of 


friction and other resistances; general effect of a machine, : . 684 
Definition and use of the fly in machines, a ne . 685 
Injurious effects of impacts and sudden ial of velocity ix in ma- 

chines, : Fs . - 686 


The gradual diminution of living force arising from frictions and re. 
sistances of media, may be also produced by the communication of 
a part of the motion to the supports of the machine; example of 
this effect; these diferent causes destroy the living force altogether, 
and eventually reduce the machines to a state of rest, when the 
moving forces cease toact, .  . we . - 687 
Notion relative to the quantity of work performed by : aman or animal 
earrying or drawing a load, on a horizontal or inclined road, « 688 
Distinction between the common and relative velocities of different 
points ofa machine in motion, . ‘ < . . - 689 
Transformation of the general formula of No, 531, in which the diffe- 
rent kinds of forces which act on the points of any system whatever 
are distinguished, : i: . . : “ . - 690 
Application of this transformed formula to the cases in which there is 
successively assumed for the displacements of these points, those 
which result from their absolute, and those which result from their 
relative velocities, . . * 7 ‘7 . % . 691, 692 


CONTENTS, xxix 
i Nos, 
Equation of living forces due to the relative velocities of the points of 
a machine; equétion that results from the combination of that of 
living forces due to the absolute velocities, and of that of living 
forces du& to the relative velecities; another equation, which may 
* be deduced from the preceding in a particular case, and which may 
be considered as self-evident. 2 é ‘ . 693, 694 
Application of this last equation to the impact of a solid body against 
a plane, and to the pressure ofa heavy body sail a plane moving 
with a given velocity, .  . a - 7 . 695 
Use of this same equation to determine the pressure ofa fluid vein 
in motion against a plane, the direction of which may be either in- 
clined or perpendicular to the vein, and which may be either at rest 
orinmotion, . «» 2. 2. . 2. . 2 «  . 696 


A TREATISE 


OF 


MECHANICS; 





BY 


S. D. POISSON, 


MEMBER OP THE INSTITUTE, ETC. 


TRANSLATED FROM THE FRENCH, AND ELUCIDATED WITH ' 
FXPLANATORY NOTES, 


BY 


THE REV. HENRY H. HARTE, 


LATE FELLOW OB TRINITY COLLEGE, DUBLIN. 


IN TWO VOSUMES. 


VOL. IL. 


LONDON: LONGMAN AND CO, 
DUBLIN: A. MILLIKEN; AND HODGES AND SMITH. 


MDCCOXLII, 


DUBLIN: 
WIUNTED AT THE UNIVERSITY PRESS, 
DY GRAISDRRRW% AND GI 





CONTENTS OF VOLUME IL. 





BOOK THE FOURTH. 


DYNAMICS, 
SECOND PaRT. 
. 


* Cuaprer I,—Generat Principie oF Dynamics.—page 1, N 
os. 


Statement of this principle, first made by D'Alembert; by means of 
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dered as motive forces whicli act during a very short time, aad 
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string; tension of this string; determination of the initial veloci- 
A a re : i ee og . 354, 355 
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These equations are obtained very easily by means of the formule of 
No. 408 and of the principle of D’Alembert; they are reduced to 
their simplest form by referring the components of the accelerating 
force of any point whatever of the body to its three principal axes; 
the general problem of the motion of rotation depends on six equa- 
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through this point, anda perpendicular to this axisis termed the equa- 
tor; the motion parallel to the equator is uniform ; the intersection 


ALS 


417 


418 


419 


422 


« 423 


» 424 


CONTENTS. ix 
Nos. 
of the equator and of the horizontal line passing through the fixed 
point, is called the line of the nodes; definition of the ascending 
node, and distinction between ts direct and retrograde motion on * 
the horizgntal plane, . - 7 f 7 ‘ ¥ + 425, 426 
In this case, the six equations of the motion of rotation may be inte- 
grated, and the unknown quantities of the problem may be exactly 
expressed by elliptic functions; determination of the arbitrary 
constagts that occur in the integrals, . é ‘. ‘. + 427, 428 
Case in which the body is reduced to a material point, whose distance 
from the fixed point is constant ; we then light on the formule of 
No, 205, relative to the simple pendulum, . : : : » 429 
If the axis of figure be made to deviate from the vertical, and if after 
arotatory motion is impressed on the body about this inclined line, 
it is then remitted to itself, the motion of the ascending node 
will be direct or retrograde, according as the centre of gravity is 
situated above or below the horizontal plane passing through the 
= fixed point; when the rotatory motion vanishes, the motion of the 
body becomes the same as that of the compound pendulum, . . 430 
The formule of the preceding number are applied to the case in which, 
at the commencement of the motion, the axis of rotation deviates 
very little from the vertical, and in this case tle approximate va- 
lues of the angles, on which the position of the moveable at pany 
instant whatever depends, are determined, . : . . . 431 
The same formule are also applied to the case in which the inclina- 
tion of the equator remains very nearly constant; this requires that 
the velocity of rotation should be very rapid; on this hypothesis, 
the small variations of the inclination of the equator and the motion 
of the line of the nodes, which is very slow relatively to the motion 
of rotation, and very nearly uniform, is determined; this case is 
that of the machine of Bohnenberger, « is zy 6 -*, 432 


Cuaprer V.—Or tHE Morion or A sotip Bopy ENTIRELY FREE 
. p- 146. 

Decomposition of this motion into two others, one of rotation about a 
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CHAPTER 'I. 
GENERAL PRINCIPLE OF DYNAMICS. 


350. Wuen material points, subjected to the action of given 
forces, are connected together in any manner whatever, they 
acquire, during each instant, infinitely small velocities, different 
from those which these forces would impress on them, if they 
were free. When these forces are known, these last veloci- 
ties will be so likewise ; and the general problem of dynamics 
consists in deducing from them, in magnitude and direction, 
the increments of the velocities which are actually produced. 
Its solution depends on an extremely simple principle, for 
which we are indebted to D’ Alembert ; by means of it all 
questions relative to motion are reduced to simple questions 
of equilibrium, that can be always resolved by the rules ex~ 
plained in the preceding book. 

In order to express this principle in an accurate manner, 
let m be the mass of one of the material points in question, 
and ur the velocity which the force that solicits it would im- 
press upon it, in an infinitely small time +, if it was free. 
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Let gr denote the increment of velocity which actually ob- 
tains during this same instant, the direction of which will, in 
general, be different from that of the given velocity wr; and 
let ur be decomposed by the rule of the parallelogram of 
forces, which is equally applicable to velocities, (No. 145), 
into two other velocities, of which let one be qr, and the 
other pr. The measure of the motive force applied, to the 
moveable will be the product mu; mg and mp will be the 
values of those which are capable of producing the velocities 
gr and pr; and the given force mu may be regarded as the 
resultant of the force mq, to which the increment of the velo- 
city which actually obtains, is due, and of the foree mp, the 
. effect of which is destroyed by the connexion of the points of 
the system. We shall term this last, the force lost. 
If the quantities analogous to m, «, g, which refer to the 
other points of the system, be denoted by the same letters 
with accents, namely, by m’, ws p's m", U", Qs py Kes it is 
eyjdent, that whatever be their number and mutual connexion, 
mp, m’p', m''p", &e., the forces lost should constitute an equi- 
librium, for if this equilibrium did not take place, these forces 
would produce certain infinitely small velocities during the 
the instant r, and, consequently, gr, q’7, 9’7", &c., would no 
longer be the increments of velocity that actually have place, 
which is contrary to hypothesis. It is in this that the prin- 
ciple of D’Alembert consists. Instead of the forces mp, m’p’, 
mp”, &c., we may substitute, in the equations of equilibrium 
of the system that is considered, the quantities of motion 
mpr, m'p’r’, m’pr", &c., which are proportional to them, and 
then the statement will be, that there is an equilibrium be- 
tween the infinitely small quantities of motion, lost during 
each instant by all the points of the system, in consequence of 
their mutual connexion. : 
351. The preceding general statement of this principle 
may be changed into another, which will be frequently more 


convenient, 
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For this purpose, it may be observed, that mu being the 
resultant of mg and mp, each of these components, the second 
for example, is likewise the resultant of mu and of the other 
component, taken in an opposite direction from that in which 
it acts; by replacing in this manner each of the forces lost, 
ie. mp, mp’, mp”, &c., by the two forces of which it is the 
resultant, it is evident the principle of D’ Alembert implies, 
that there is constantly an equilibrium between the given 
forees, which act on all the points of a system of material 
points in motion, and the forecs which produce the infinitely 
small increments of the velocity which have place at each in- 
stant, these last forees being taken in an opposite direction 
from that in which they act. Weamay, if we please, replace 
. the first forces by the quantities of motion mur, mur’, mul”, 
&e., and the last by mgr, m’q'r’, mq", Ber, by assigning to 
each of the velocities $99", &e., a direction ‘contrary to that — 
which it really has, and by supposing the directions of z, w’, wu’, 
&e., to be those which they actually have. 

This second manner of stating this principle has the ad- 
vantage of leading directly to equations between the unknown 
quantities q, q’, 9”, &c., and the data of the problem, which 
are evidently the velocities u,v’, u’, &e. These equations 
will result, both from the conditiens of the equilibrium, and 
also from the manner in which the different, points of the sys- 
tem are, in each case, connected together; the number of them 
will be always the same as that of the coordinates of all these 
points (No. 342), and, consequently, the same as that of the 
components of the velocities g, ’, 9”, &e., parallel to the axes 
of these coordinates, so that they will make known, both in 
magnitude and direction, the increments of velocity of all 
these material points at each instant, which is, as has been 
stated, the general solution of the problem of Dynamics. It 
is the province of the integral calculus to enable us to deduce 
from these infinitely small increments, the velocities them- 
selves and the coordinates of each material point, in functions 
of the time. 
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352. When the forces mg, m’g’, mg”, &c., shall have been 
determined, if they are laid off in a direction opposite to that 
in which they act, and if they be then compounded with the 
given forces mu, m’u’, mu’, &c., mp, m'p’, m”p", &c., the forces 
lost will be obtained. It is from these last fonsen that the 
tensions of threads, of elastic rods, and of all the physical 
modes of connexion that can exist between the different points 
of the system, as also the pressures exerted on the surfaces 
and given curves, which the material points are constrained 
to describe, afise; and, according t6 the first method of stating 
the principle of D’ Alembert,:,these pressures or tensions may 
be determined in the state of motitn of the system, by the 
rules of statics applied to the forces lost,’ (No. 343). 

Therefore, during the motion, a part of the given force, 
which acts oneach moveable, is’ employed in making the 
velocity to vary, and does not influence the pressures or ten- 
sions in question; and the other part, which is considered to 
be destroyed or: lost, produces these pressures or tensions, and 
has no influence whatever on the velocity. When the system 
has attained to a permanent state, in which all the points that 
compose it move uniformly, the first part of each force is 
cipher, and the entire force is destroyed, that is to say, em- 
ployed in producing pressures against fixed obstacles, and the 
tensions of physical strings, &c., just as if this system was in 
equilibrio. 

Hence, if a cord be supposed to move in the direction of its 
length, and if given forces act at its two extremities in the di- 
rections of its productions, when this motion continues to be 
uniform, the two forces will be equal, and their common value 
will express the tension of the cord; if, on the contrary, the 
two forces are unequal, the excess of the greatest above the 
least will be employed in accelerating or retarding the motion 
of the cord, and the measure of its tension will be the part of 
the greatest force which is destroyed by the least, or equal 
and contrary to this. For example, when a horse draws a 
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load on a road, and the motion of the system continues uni- 
form, the effort of the horse parallel to the road is equal to 
the weight of the load resolved in this direction, plus the 
friction of the load against the road; it is constant when the 
state of the road and its inclination do not vary 3 if it be sup- 
posed to be transmitted to the load by means of cords parallel 
to cach other and to the road, the entire effort will be equal 
to the sum of the tensions of all these cords; and in practice, 
the effort exerted in the direction of each cord, is measured by 
the extension of a spring interposed in the direction of its 
length. The inclination and state of the roads remaining the 
same, if the efforts of the animal increase or diminish, the mo- 
tion of the system will be accelerated or retarded, while the 
tensions do not undergo any variation. When the road is 
horizontal, the frietion insensible, and the motion uniform, the 
horse has no other forcé to develope but that which is neces- 
sary for his own advance }‘he exerts no effort in the direction 
of the cords attached to the load, and their tensions are con~ 
stantly cipher. 

353. The principle of D’Alembert obtains also in the case 
of the finite quantities of motion, which are lost by bodies con- 
nected together in any manner whatever, and on which simul- 
taneous percussions are made, which percussions are, in fact, 
motive forces, acting on the material. points with great ihten- 
sities, and during very short intervals of time (No. 126). 

‘Thus, let us suppose that a force of this nature acts ‘on 
the point, whose mass is m, during a time which is finite, but so 
short, that the point m and all the other points of the system 
do not sensibly change their position in this interval. Let us 
denote it by «, and by u the velocity of finite magnitude which 
this force would impress on the point m, if it was entirely free ; 
likewise let Q be the velocity which is actually impressed upon 
it, so that at the end of the time «, m is actuated by the velo- 
city which it had previously to the impact, by the velocity ay ° 
and by the velocity which is communicated to it, during the 
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same time, by the motive forces which may act on the system, 
independently of the percussions. Let the velocity u be re- 
solved into two others, one equal to a, and the other denoted 
by pv. Let similar suppositions be made with respect to 
m’, m’, &¢., the other points of the system, and if, relatively to 
these points, the quantities corresponding to v, Pp, a, be de- 
noted by vu’, P’, a’, 6”, P”, @”, &c.; an equilibrium will exist in 
the system between mp, m’P’, m”P”, &c., the quantities of mo- 
tion lost, whether they be considered at the commencement 
or end of the time «. 

In fact, let «, the duration of the percussions, be decom- 
posed into an infinitenumber of infinitely small instants, and 
let r be one of these instants, mur, m’w’r’, m/w"r”, &c., the 
infinitely small parts of mp, m'p’, m’'p”, &c., lost during this 
instant, and, as before, mpr, m‘p’r', m’p"'r, &e., the infinitely 
small quantities of motion arising from the motive forces, and 
that are also lost during this same instant. By what has been 
stated in No. 350, there will be an equilibrium in the system 
between these two groups of quantities of motion; each of the 
equations relative to this equilibrium will be of the form, 


Amur + AD W's + AM" wr + &e. 


-+ Bmpr + B’m'pr + Bmp’? + &e. = 0.3 


in which a, a’, a”, &c., B, B’ B”, &c., denote coefficients de- 
pending an the positions of m, m’, m”, &e.; and this equation 
will subsist during «, the whole duration of the percussions. 
"Therefore the sum of the values of its first member, which 
correspond to all instants of this duration, will be equal to 
the cipher; but, in this sum, the coefficients may be con- 
sidered as invariable, since, by hypothesis, the positions of the 
points m, m’, m”, &e., do not sensibly change during the en- 
tire continuance of the percussions ; moreover, the sum of the 
values of mur, m’w'r, mw’r, &c., will be the quantities of mo- 
ton mp, mr’, mp”, &e.; those of mpr, m'pr, mp’r, &e., may 
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be neglected relatively to the first, since the effects of motive 
forces, such as -weights and attractions directed to fixed or 
moveable centres, during the percussions, are generally insen- 
sible with respect to the effects of these other forces 3 conse-~ 
quently, we shall have 

amp + a’m’?’ + amp” + &e. = 0. 


The same will be the case with respect to all the equations 
of equilibrium of the system, which will subsist between 
mp, m’P’, m’P”, &c., the quantities of motion lost; which was 
required to be demonstrated. 

In consequence of the invariability of the coefficients 
a, a’, A”, &c., during the continuance of the pereussions, these 
equations refer indifferently to the commencement or end of 
the time e.. For greater convenience, if is assumed~that this 
duration is the same for all the percussions, which is evidently 
allowable, provided that « is the longest duration of the per- 
cussions that are considered at the same time. 

These percussions, in general, arise from the impacts of 
the moveables, either against one another, or against fixed 
obstacles. It may happen that during the time e, these 
points slide ever so little, either against one another, or 
against these obstacles; the frictions which they will by 
this means experience, will abstract from them a certain 
quantity of motion. Now, these quantities cannot be ne- 
glected, like those which arise from gravity and attractions; 
for the friction is a force proportional to the pressure; that is 
to say, a force which abstracts from m, m’,m”, &c., in each 
instant, infinitely small quantities of motion proportional to 
that which the pressure would impress on them in the same 
instant; hence it follows, that the effects of frictions during 
the time «, may be comparable to those of the percussions ; 
consequently, when the moveables m, m’, m’, &c., slide one 
against another, during the percussions, it is necessary to es- 
tablish the equilibrium between the quantities of motion lost by 
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friction, and those represented by mp, m'p’, mp’, &c. The 
velocities Pp, P’, p”, &c., may, if we please, be-replaced by their 
components, that is to say, by velocities respectively equal 
and contrary to a, @’, a”, &c., and by the velocities’u, vu’, v”, 
&e., taken in their proper directions. 

This extension of the general principle of Dynamics to 
quantities of motion which have a finite magnitude, will 
enable us to determine the velocities of the bodies of a system 
at-the.commencement of the motion, and also during its con- 
tinuance, when they strike against each other, or impinge 
against fixed obstacles, and generally, when the velocities of 
the moveables experience what are termed sudden changes. 

354. In the different applications of the general principle 
of dynamics, which we propose to make in the subsequent 
part of this treatise, the movcables between which any mode 
of physical connexion whatever exists, may, moreover, act on 
each other, either by means of attractions or repulsions at a 
distance, and also may experience percussions at particular 
instants. But before we proceed farther, we .propose to give 
in this chapter a simple example of each of these three cireum- 
stances, which will be of service in the general developments 
that we propose hereafter to detail. 

Let us, in the first place, consider,’as in the fourth case of 
No, 329, two heavy bodies attached to the extremities of an 
inextensible thread, and placed on two- inclined planes which 
rest against each other. Let h be the common height of 
those two planes, / the length of one of them, // that of the 
other, m the mass of the body placed upon the first, m’ that of 
the body placed upon the second, and g the gravity. If the 
friction is not taken into account, the accelerating force of the 
first body will be the component of the weight resolved in the 


direction of the first plane, which is equal to a ; and in like 


manner the accelerating force of the second will be equal to 
gh 


a At the end of the time ¢, let » denote the velocity com- 
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mon to all the points of m, and v’ that of all the points of m’; 
these are supposed to be positive or negative, according as m 
and m descend or ascend. During the instant dt, v and v’ 
will be increased by dv and do’; but, during this same instant, 
the acceleratirig forces would, if they were free, impress on m 


and m’ the positive velocities hae and % ae therefore the 


velocities which they lose during the same instant dé, in con- 
Sequence of the connexion which exists between the two 


4 h ae Z 
bodies, are Fat — dv and nat —dv’. Now, in order that 


the two corresponding quantities of motion may be in equi- 
librio (No, 350), it is evidently necessary that they should be 
equal ; consequently, we shall have 


he (gh. ‘ 
m ( dt— dv) =m (F- a’). (1) 
Moreover, the two velocities v and v’ are equal, and affected 
with contrary signs; for, in the motion in question, one of the 
two masses descends, and the other ascends, describing equal 
spaces on the respective inclined planes; hence we have 


vs-—v, d’= —d. 


If this value of dv’ be substituted in equation (1), we can 
deduce ; : a 
_ (ml — m'Th 


y= od ; 
oe (mn + my Ul’ ie 


and, by integrating, 

_ (ml’— m'lyh 
~ (m+ mt 
e being the arbitrary constant. 

If this integral be multiplied by dé, and integrated a second 
time, the space described by m on its inclined plane, will be 
obtained; and from the preceding value of v, it is evident 
that its motion is uniformly accelerated or retarded, according 
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v gi+e; 
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as ml’ >m'l or ml’ Z ml. In virtue of the equation v = — v%, 
the contrary obtains with respect to m’. 

Let 7 denote the tension of the thread to which m and m’ 
are attached, this tension arises, as we know, from the force 
lost during each instant by these two bodies respectively. 
The value of this motive force will be one of the quantities of 
motion which constitute the two members of equation (1); di- 
vided by dé; consequently we have 


nesta OREN. 
ram(4 aE 


which, by substituting for dv its preceding value, becomes(a) 


= (42) mm'hg | 
=n pm)’ 


This value becomes aa as we know it should, in the 


case of ml’ = ml, which is that of equilibrium. With respect 
to the pressure exerted on each inclined plane, it is equal to the 
weight of the body which it sustains resolved perpendicularly 
to this plane, and is the same as in the state of equilibrium. 

335. The constant ¢ is the initial velocity of m; if both 
bodies set out from a state of rest, c= 0; but if one or both 
ofthem experience a percussion at the commencement of the 
motion, their initial velocities should be deduced from it. 

Let us suppose, therefore, that at the commencement of 
the motion, m and m’ experience percussions, which if the 
bodies were entirely free, would impress, in the direction of the 
productions of the thread to which they are attached, a velo- 
city a on all the points of m, and a velocity @’ on all those of 
m'. As their initial velocities are c and — ¢, it follows that 
atthe commencement, the quantities of motion lost have 
been, in magnitude and direction, equal to m (a—e) and 
m/ (a’4+-¢) respectively ; and, in order that they may consti- 
tute an equilibrium, it is necessary that, agreeably to No. 
2959 they should be equal; hence we shall have 
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m(a—c) =m! (a'+ 0); 
from which we can deduce 
_ ma— ma 
mm 

The percussion which the thread experiences at this in- 
stant, in the direction of each of its productions, is due to one 
or other of these lost quantities of motion, the common value 
of which is() 

mm’ (a + a’) 

ee ; 
so that the initial percussion of the thread is the same, as if it 
was suspended vertically at a fixed point, and a body attached 
to its inferior extremity, was struck in the direction of the 
weight, by a second body actuated by this quantity of mo- 
tion, and which is then united with the first. 

356. In place of two heavy bodies, we can consider three 
or a greater number, placed on a series of inclined planes, 
each of them being connected with the following, by means of 
an inextensible string; the motion of this system will be of 
the same nature, and will be determined in the same manner, 
as in the case already considered. 

We may likewise substitute for the two bodies which have 
been considered, a heavy chain laid on the two inclined planes. 
If it be homogeneous, and of a constant thickness, and if at the 
end of the time ¢, ‘the lengths of its two parts be denoted by~ 
a and 2’, their masses will be to cach other as these quantities, 
so that in equation (1), 2 and m’ should be replaced by 2 and 
zx’. Moreover, during the instant dé, the first of these two 
parts is increased by the element dz, which is actuated by the 
velocity v, common to all its points; on this account the 
quantity of motion lost will be diminished by a positive or 
negative quantity cqual to vdz. For a like reason, the 
quantity of motion lost by the second part of the chain during 
the same instant, should be diminished by a quantity-equal to 
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vda’; we should therefore take vdz and v’dzx’ from the first 
and second members of this equation (1), which will thus 
become : 
gh =e (Pen aa 
a (Sa — dv) — vde = 2 (g dt av’) vid’. 
Denoting the constant length of the chain by A, we shall 
have 
ata, dxv+4+dr/=0; ’ 
moreover, v and w’ the velocities of its two parts will be res- 
pectively equal to 


re yw — oe’, é 
ae” oP 


hence there results dz’ = — dx, and vdx = v'dx’; and, by eli- 
minating 2’ and dv’ from the equation of the motion, we ob- 
tain(c) 
de, 
ge7 ee +PB=0, 
in which, in order to abridge, we make 
ghU+l)_ 9, gh_.. 
ce ai a aol 


the complete integral of this linear equation is 
XL 
+l 
e being the base of the Naperian system of logarithms, and a 
and 3 two arbitrary constants, the values of which can be de- 


«= ae 4 beat 4 


termined by means of those of x and S, when t= 0. If the 


entire chain exists on the same inclined plane, that is to say, 
if the difference 2 — a’ becomes equal to + X, the nature of 
the motion will be changed, and it will become uniformly 
accelerated. 

In order that the chain may remain at rest, it is necessary 
that we should have a = 0 and 6 — 0; hence we infer 
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xl aU 
=, v= ——-; 

7ST P Tet? 
from which it appears, that in the state of equilibrium, a and 
a’, the two parts of the chain, are to each other as 7 and U, the 
lengths of the inclined planes on which they are laid; so that 
its two extremitics exist on the same horizontal(d) line. Con- 
versely, if this condition is satisfied at any given instant, and 
if at this instant, the points comprising the chain are not actu- 
ated by any velocity, the equilibrium will obtain ; for as the 
proportion 

widh—aislil, 
Al ‘ P 

Tat for the value of x, we shall have, at the instant in 
question, 


gives 


ae + bet? = 0; 


and as the velocity is supposed to be equal to cipher, we shall, 
at the same time, have 


d. 
dt 
from which there results a = 0 and b = 0. 

357. For a second example of the application of the gee 
neral principle of dynamics, let the motion of two bodies sub- 
jected to their mutual repulsion be considered ; and, in order 
to reduce the question to the simplest possible case, we shall 
suppose that no initial velocity is impressed on them, perpen- 
dicularly to the line drawn from the one to the other 3 80 
that beth of them must move on the same right line, given in 
position. 

Let their masses be m and m’, x and 2’ their distances, at 
the end of the time ¢, from a fixed point taken on this line, v 
and v’ their velocities, so that at this instant, we have 


dz dz’ 


— 


v= ap v = aE 


le 
= = auc* — bae~* = 0; 


At the same time, let R be the repulsive force acting in 
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opposite directions on m and m’, and which, for greater clear- 
ness, we shall suppose to increase the distance 2’, and to di- 
minish the distance x. During the instant dé, this motive 


5 +, Rdé 
force would impress a velocity spr OF the mass m’ ; and, as the 


increase of velocity of m/ is really dv’, it follows that its velo- 
city, and quantity of motion, which are lost during this 
. dl ae 
instant, will be a — dv’ and rdt — m'dv'. Likewise the 
quantity of motion lost by m, in the same direction and during 
the same instant, will be — rd¢ — mdv. Now, as these two 
material points are entirely free, it is necessary, in order that 
these quantities of motion may be in equilibrio, that they be 
separately equal to cipher ; consequently, we shall have 


mdv +-ndt=0, mid’ — rdt= 0. 


Let r be the distance btween the two material points m 
and m’, so that we may have 


aw—xar, de’ —du=dr. 


Then since dx = vdé and dz’ = v'dt, we shall obtain from the 
preceding equations 
mdv + m'dv'’ = 0, 2mvdv + 2m’y'dv! = 2udr, 
and by integrating, we shall have(e) 
mo + mv! =e, mv? + m'v* = Wrdr + ec, 

The force r will be a given function of 7; we can there- 
fore obtain the integral §rdr either exactly or by approxi- 
mation ; and if we suppose that this integral is cipher when 
r =a, (a being the value of r at the commencement of the 
motion), its value at any instant whatever will be a function 
of 7 and a, which we can denote f(r, a). Likewise, let @ and 
a’ be the initial velocities of mand m’; we shall have, at the 
same time, 


roa, f(r,a)=0, vna va’, 
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and, consequently, 
comat+ma', ¢=ma’+ ma”; 
hence there will result at any instant whatever, 


mv + my = ma + m’a’, (1) 
mv? + m'v? = 2f (7, a) + ma? + ma”. 


By means of these last equations, the velocities of the two 
moveables may be known in functions of their mutual dis- 
tance; and it follows from them, that whenever the value of 
this distance becomes the same as it was at any previous time, 
the squares v® and v? will also have the same values, and that 
cach moveable will resume an equal velocity, in the same di- 
rection or in an opposite one. ‘ 

vy and v’ being known in functions of 7; by means of the 
equation 





the value of ¢ can be determined in a function of 7, by a se- 
cond integration, and conversely. 

Moreover, if the first of equations (1) be multiplied by dé, 
there results, by integrating, 


mex -+ mx! = (ma + mia’) t +b, 


b being an arbitrary constant, which will be known by means 
of the initial positions of the two moveables; and this equa- 
tion, together with the equation #’—x=7, will make known 
their positions at any instant whatever, that is to say, the 
values’ of x and 2’ in the functions of r or of ¢; which is the 
complete solution of the problem. 

If the mutual action of the two moveables was attractive, 
the sign of R, and, consequently, that of f(r, a), should be 
changed in the preceding formule. If this force was re- 
pulsive at certain distances, and attractive at others, x should 
be such a funetion of 7 as would change its sign within the 
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limits of the values of the variable. It results from the pre- 
ceding equation, that in no case is the motion of the centre 
of gravity altered by the mutual action of the two moveables ; 
for its first member divided by m + m’, expresses the distance 
of the centre of gravity from the fixed origin of the axes of x 
and x’; so that the motion of the centre of gravity is uniform 
and independent of the force r. 

358, Equations (1) obtain also in the case of the motion 
of two solid bodies, m and m’, of any magnitude whatever, and 
subjected to the action of the force R, provided that the velo- 
cities of all the points of these two bodies are constantly pa- 
rallel to a given line. This force R, whether attractive or 
repulsive, may then be produced by a spring which is dilated 
or contracted between the two bodies against which its two 
extremities are pressed; or we may even suppose that the 
force R arises from an elastic fluid which is developed between 
these two bodies, and repels them in opposite directions, from 
one another. This last case is that of the motion of a bullet 
and gun, during the time that the first traverses the barrel of the 
piece. Let m denote the mass of the bullet, and m’ that of the 
gun, then in order to be able to apply the preceding formule, we 
must suppose that all the powder is converted into gas at the 
very commencement of the motion. The length of the charge 
will be equal to a the initial distance of thetwo bodies, and when 
this distance becomes r, the force pr will express the pressure 
which the gas, thus dilated, exerts on each of these two bo- 
dies. It is necessary, moreover, to make some hypothesis on 
the value of R asa function of r. Now, if the temperature of 
the gas remains constant during its dilatation, the force R, by 
the law of Mariotte, will vary in the inverse ratio of the spaces 
which it occupies in the interior of the barrel. Let, therefore, 
h be the pressure on the unit of the surface, exerted by the 
gas, the instant that the powder is ignited, and when it still 
occupies the same space as the charge. If w denotes the sec- 
tion of the charge perpendicular to its length, which is like- 
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wise the interior section of the piece ; kw will be the value of 
fk at the commencement of the motion; and, if the tempe- 
rature be constant, we shall have (/) 


hwa 
= > 


r 





at the instant, when the distance of the two moveables is equal 
to r; for, at these two epochs, the spaces occupied by the gas 
are to each other as the lengths a and 7. 

This expression for x has been generally adopted, though 
it is founded on two inaccurate hypotheses; for, Ist, the en- 
tire of the charge is not converted into gas before the bullet 
begins to move; and Qndly, during its dilatation in the barrel 
of the piece, the gas which is generated must experience very 
great diminutions of temperature. But these two causes have 
opposite effects on the decrease of the value of rR: the second 
tends evidently to render this decrease more rapid, while the 
effect of the first must be to retard it, in consequence of the 
new quantities of gas which are successively added to the 
initial quantity. If these two opposite causes be supposed 
very nearly to compensate each other, their influence on the 
expression of Rr, as a function of 7, need not be taken into ac- 
count. This being agreed on, in consequence of the value of 
n given above, we shall have (g) 


J (1, a) = kwa log 2 


the integral (7, a) being supposed to be cipher when r = a. 
The initial velocities of the bullet and barrel are supposed to 
be cipher(i) ; hence if in equations (1), we make a = 0, and 
a’ = 0, and if the preceding value of (7, a) be substituted, 
we shall have 


mo - m’v = 0, me? + m'v = Qhwa log S. 


Let / be the length of the barrel, v the velocity of the bullet 
VOL. II. D 
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at the mouth of the barrel, v’ the corresponding velocity of the 
recoil, we shall have, at the same time, 


r= vay, v=Vv; 


and by means of the preceding equations we shall obtain (é) 


2 2mhwa 5 t ‘ 

~ mim +m’) 85 
from which v, the velocity of projection, will be obtained ; 
and that of the recoil will be, abstracting from the sign, equal 


to this velocity v multiplied by ~. 


If the differential of v? relatively to a, be put equal to 
cipher, the length of the charge, which, every thing else 
being the same, renders the velocity of projection a maximum, 
will be determined. 


By this means we obtain 
U 
log — =1; 


and as this logarithm is taken in the Naperian system, it fol- 
lows, that if, as usual, ¢ denotes the base of this system, we 
shall have 7 = ea; so that the value of a in question, will be 
a little greater than the third of Uthe length of the barrel(A). 
359. As the mass 7’ consists of that of the barrel and 
stock or frame of the gun, it is always very great relatively 
to that of the bullet; consequently, in the value of v?, the 
divisor m.-+ m’ may be reduced to m', by which means it will 
become 
ye 2khwa 


~ im 





Z 
log = (2) 


Tn.order to apply this formula, the constant &, which de- 
notes the elastic force of the powder, when it is converted into 
gas, should be known. For this purpose, let p be the density 
of the powder in its natural state; then the mass of the charge 
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will be pwa ; and, its weight being supposed equal to one-third 
of the weight of the bullet, we shall have 


m= 3Dwa; 
hence, by means of equation (2), we can deduce 


ez 3pv? 





2 2log* 


This quantity % will be the maximum pressure of the gas pro-- * 
duced by the ignition of the powder, referred to the unit of 
surface ; in order to compare it with the atmospheric pressure, 
if p be this other pressure, & the height of the mercury in the 
barometer, g the gravity, and ys the density of the mercury ; 
we shall have 

p= ouh. 
Likewise, if m be the modulus of the tables in the vulgar sys- 
tem of logarithms, and \ the logarithm of f taken in these 
tables, so that we may have 

Z 
. A}=™M log~ ; 


we shall obtain from these values 

k _ 3mpv? 

Pp 2dugh’ 
Since the densities of the powder and mercury at the mean 
temperature, i. e. at 18° of the centigrade thermometer, are 

D = 0,8335, = 13,548; 
likewise, as 
g = 9",80896, h=0",76; m= 0,4342945, 


the preceding formula, will become 


& vy? 
= (0,0053761) Xx 
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In the case of a piece of 24, the charge of which is a third of 
the weight of the bullet, we have (No. 216). 


can = E _, :1368 
PANS eae? 
hence we obtain 
k=1142.p. 
Relatively to a picce of 12, we have, in the same manner, 
I 1248 
v= 493",-= Te 
which gives 
k= 1187 .p. 


These two values of & should be equal, if the theory was 
rigorously true, and the data exact ; as itis, if their mean value 
be taken, we shall have 


kh = 1165.p, 


which is the value of 2 that should be employed in formula (2) ; 
but this expression of v* can only be regarded as an empirical 
formula, on account of the hypothesis on which it is founded, 
and also because in the direct computation of the motion of 
the bullet in the barrel of the piece, the mass of the powder 
converted into gas, should be taken into account, At the 
same time that this fluid urges the bullet and the piece in op- 
posite directions, a part of the force which it developes is em- 
ployed in moving its own mass, which should not be neglected 
with respect. to that of the projectile; and we may conceive 
that in this case, the velocity of projection must be less, than 
if, the elastic force of the powder remaining the same, its mass 
was insensible, as is assumed in the preceding analysis. This 
remark, for which we are indebted to Lagrange, shews the 
necessity of considering at the same time the motions of the 
powder and of the two masses m and m’, while the bullet is 
within the barrel ; but then the question becomes so compli- 
cated, and, in consequence, the difficulty of the computation 
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8o great, that it is impossible to obtain any useful practical 
result. Therefore, it is preferable to have recourse to experi- 
ment in order to determine the velocities of projection of bodies 
shot from the mouth of pieces of artillery. In (No. 216), a 
method of obtaining these velocities from the consideration of 
the ranges of the projectile was explained; but besides this, 
there is also another method, which will be detailed in one of 
the subsequent chapters, (Nos. 402, 403, 404). 

360. Let the principle of D’Alembert be now applied to 
the simplest case of the impact of bodies, and let us suppose 
that the bodies are two homogeneous spheres, whose centres 
move in the same right line, and that all their points describe 
parallels to this line. . 

Let m and m’ be the masses of these two bodies, v and v’ 
their velocities at the very commencement of their contact, 
that is to say, at the first instant of the impact; the signs of 
v and v’ will be same or opposite, according as the two 
moveables proceed in the same or contrary directions. In 
both cases, we shall consider the velocity v as positive, and, 
after the impact, the velocity of each of the moveables will be 
regarded as positive or negative, according as it has the same 
or an opposite direction from the velocity of m before the impact. 

Whatever be the degree of hardness of the two moveables, 
they are always more or less compressible ; therefore, because 
the bodies move with different velocities v and v’, one of 
them must impinge on, and consequently compress the other, 
and, during this compression, the velocity of one of the bodies, 
of m, for example, will diminish by infinitely small degrees, 
while that of m’ will increase in the same manner, until these 
two velocities become equal. Now, setting out from this in- 
stant, two distinct cases present themselves to be considered. 

1. If the two spheres are altogether destitute of elasticity, 
they will cease to act on each other, from the instant that 
their velocities are thus reduced to an equality, and they will 
continue to move with a common velocity, remaining in juxta- 


z 
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position with each other, and retaining the forms which in con- 





sequence of their compression they have acquired. 

2. If, on the contrary, the two spheres are elastic, they 
will tend to resume their natural form. While they revert 
towards it, and thus continually press the one against the 
other, the velocity of m will gradually decrease, and that of 
m’ gradually increase ; until the instant in which these two 
bodies separate, and this will be the termination of the impact. 
Now, in the case of perfect elasticity, we suppose that the 
second part of the impact is altogether similar to the first; that 
at the end of the impact, the two bodies have exactly resumed 
their spherical form and a velocity common to all the points 
of each of them ; and that, during its second part, they lose or 
gain quantities of motion equal to those which have been 
already lost or gained during the first. 

The problem of the impact of two spheres would present no 
new difficulty, and would be a case of that discussed in No. 
357, if their radii were infinitely small. : 

In order to resolve it completely, when the radii are of a 
finite magnitude, we should take into account the propagation 
of motion in their masses, and determine the state of the two 
bodies at any instant during the continuance of the phenome- 
non; which, in the actual state of the science, we may regard 
as impossible. We shall therefore admit the suppositions, which 
have been now explained, as being the data of the question 
in which we are engaged ; and by combining these data with 
the principle of D’Alembert, applied to quantities of motion 
of a finite magnitude, it will be only necessary to determine 
the velocities of the two spheres at the end of the shock, by 
means of their primitive masscs and velocities, both when 
these two bodies are entirely devoid of elasticity, and also 
when they are perfeetly clastic. Soft bodies are the only 
ones which have no sensible elasticity; the greater part of 
hard bodies revert to their primitive form, when they are not 
broken by the impact. 
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361. In the case of soft bodies, if x be the velocity after 
the impact, which is common to the two spheres, the velocity 
lost by m will be v — u, and that gained by m’ will be u—v’. 
Tf, therefore, these two bodies move, the one before the other, 
with these velocities, v—u, u—v’, by the principle established 
in No. 353, they must constitute an equilibrium ; this requires 
(No. 127) that the quantities of motion corresponding to 
these velocities should be equal. Consequently we shall have 

m(v—u)=m'(u—v'); 
from which there results 
mv + mv’ 
nl (a) 
which is the value of u required to be obtained: 

If m’ be at rest before the shock, and if by reason of its 
density, this mass is extremely great, so that it may be con- 
sidered as infinite relatively to m, we shall have u= 0, q: p-(2). 
The mass m’ will in this case represent a fixed obstacle; and 
the body, when devoid of elasticity, will be reduced to a state 
of rest, when it impinges against this obstacle. . 

By the living force, or the vis viva of a material point, or 
more generally of a body, all the points of which are endowed 
with the same velocity, is meant the product of its mass by 
the square of this velocity. Therefore, the sum of the living 
forces of m and m’ before the shock, is mv? + mv”, and 
mu? 4-m'u*, after the shock. Now, it appears from formula 
(a), that the second sum is always less than the first ; for if the 
quantity 

2u(mv + m’v' — mu — m'u), 
which, in virtue of equation (a), is cipher, be taken from 
me? + me’? — mu? — mu", 
the difference, when concinnated, becomes 
m(v— u)? + m’(u—v'), 


which is a positive quantity. 
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Therefore, in the impact of two spheres, which are des- 
titute of elasticity, there is a loss of living force; and this 
loss is equal, as appears from what precedes, to the sum of 
the living forces due to the velocities vy —u, u—v', which 
have been respectively lost and gained by these two bodies. 
This result is a particular case of a general theorem, for 
which we are indebted to Carnot, and which will be demon- 
strated in the sequel. 

362, In the first part of the impact, that is to say, until the 
instant of the greatest compression, the two spheres are 
always thus affected, whatever be the degree of their elasticity ; 
so that the velocity «, the expression for which has been de- 
termined above, is always that which is common to them at 
thisinstant. ‘Therefore, during this first part, the diminution 
of the velocity of m, and the increase of that of m’, will be 
v—uandu—v'’. Now, if these two spheres are perfectly 
elastic, m will experience, in the second part of the impact, a 
second diminution of velocity equal to the first, and conse~ 
quently its velocity at the end of the impact will bev—2(v—u) 
—2u—v. At the same time, m’ will experience a second in- 
crease of velocity equal to w—v’, and its final velocity will be 
v + 2(u—v’) or 2Qu—v’. If, therefore, v and v’ denote the 
velocities of m and m’ after the impact, we shall have 


vo2u—v W=2u—v’; 
the value of w being, as stated above, always furnished by 


formula (a). 
If these two velocities be respectively taken the one from 
the other, we shall have 


“yiwov—v; 


from which it appears, that in this impact the relative velocity 
of the two moveables changes its sign, but preserves the same 
magnitude. 

If the density of the mass m’ be such, that relatively to 
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the mass m, it may be considered as infinite, and if v= 0, 
we shall have wu =0, and, consequently, v = — v; hence it 
follows, that when a perfectly elastic sphere strikes. a fixed 
obstacle, it is reflected back with a velocity equal and contrary 
to that which it had before the impact. Therefore, in the case 
of a heavy sphere, which falls in a vacuo, on a horizontal 
immoveable plane, it should be reflected back to the height 
from which it fell. 

The sum of the living forces, before and after the impact 
will be the same; or, in other words, we shall have 


mv? + m'v'? = m(2u —v)*? +m! (Qu — v’)?; 
which may be reduced to 
4u(mu + m'u — mv — m’e') = 0, 


an equation which by virtue of formula (a) is evidently iden- 
tical. " 
363. If we suppose m = m’, we shall have 
2u=v4+r%, var, Wave 


Therefore, in the impact of two perfectly elastic spheres, the 
masses of which are equal, there is an interchange of velocity ; 
and if one of the two is at rest before the impact, the other will 
remain at rest after the impact, and the first will be actuated by 
the primitive velocity of the second. 

It follows from this, that if there be a series of balls equal 
in mass, whose centres exist all in the same right line, and 
if the first be the only one of them in motion, and actuated by 
a velocity equal to v, in the direction of this line, and moving 
towards the other balls, this first ball will be reduced to a state 
of repose by impinging on the second, which will be actuated 
by the velocity », with which it will impinge on the third, 
and will afterwards be reduced to a state of rest, then the third 
will be actuated by the velocity v, which it will lose by im- 
pinging on the fourth, and so on until the last, which will 
retain the velocityy. Therefore, after this series of impacts, all 
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the balls will remain at rest except the last, which will move 
off with the velocity with which the first was primitively ac- 
tuated ; and as this result is independent of the magnitude of 
the intervals existing between the consecutive balls, it follows 
that it will likewise obtain when these intervals disappear, 
and when, consequently, all the balls after the first are in con- 
tact. Thus, when a scries of any number of perfectly elastic 
balls, of equal mass, the centres of which are in the same right 
line at rest, and successively in contact with cach other, is 
struck by another clastic ball equal to each of them, and 
moving in the line of the centres, this last will be united to 
the series, all the balls composing which will remain at rest, 
with the exception of the ball placed at the other extremity, 
which will be detached from the others, and move off with the 
velocity of the striking ball; this is, in fact, what may be fre- 
quently observed in the case of billiard balls. 

In general, the laws of the impact of spherical bodies, both 
hard and soft, which are consequences of the hypotheses of 
No. 360, have been confirmed by numerous experiments made 
on equal and unequal balls, consisting of the same or of diffe- 
rent materials, and actuated by velocities which were in any 
ratio whatever to cach other. 

364. The motion of the centre of gravity of a system of bodies 
is never altered by the impact or mutual action of themoveables. 
This important proposition, the simplest case of which was 
already taken notice of in No. 857, and which can also be 
verified in the impact of soft or perfectly elastic bodies, will be 
demonstrated in all its generality in a subsequent part of this 
treatise. In order to prove that it obtains in the impact of 
bodies, whether soft or elastic, let z and a’ be the distances at 
the end of the time ¢, of the centres of m and m’ from a fixed 
point on the line along which they move. Likewise, let x, be 
the distance at this instant of the centre of gravity of m and m! 
from the same point; we shall have (No. 65) 


fon Aoon\e, — pee 4+ mip’. 
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By differentiating, we obtain, 
dx’ 
dt , 


dz 


dz, 
Vv! =m u b 
(m+m') a ma, +m (b) 


by means of this equation, bail the velocity of the centre of 


gravity corresponding to the velocities of the two spheres, can 
be determined. Now, before the impact, we have 


dz _ de! oy, 
GEE Oe 


and, consequently, 


da, _ mv inv’ 
dt ~ m+m' ~ 


After the impact, we have 
dx da! 


aa =" 
in the case of soft bodies, and 


dx da! i 
a= 2u—v, ce 2u—v, 
in the case of perfectly elastic bodies. By substituting these 


values successively in equation (b), we shall obtain, by means 


of equation (a), o = u in both cases, which, in virtue of this 
same equation (a), is the value of before the impact. Con- 
sequently, in the impact of the two spheres, the motion of their 
centre of gravity is not affected. 

As the velocity of this point is always the sum of the 
quantities of motion of the bodies divided by the sum of their 
masses, it is evident that in the impact of two spherical bodies, 
either soft or clastic, the sum of the quantities of motion is not 
changed, regard being had, in this sum, to the signs of the 
velocities, 
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If v’, the vglocity of m', be cipher, and if this mass is very 
small relatively to m, the quantity of motion impressed on m’, 
and taken from m, will be, very nearly, m’v or 2m’v, according 
as these bodies are devoid of elasticity or perfectly elastie(Z). 

365. Heretofore the resistance of fluids has been assimi- 
lated to a series of impacts of the moveable against the mo- 
lecules of the medium which it traverses; and although, 
according to M. Poisson, the theory of resistance founded on 
this hypothesis should be abandoned, he deems it expedient, 
notwithstanding, briefly to explain it here. 

Let us suppose that the moveable is a right cylinder which 
moves in the direction of its length. Let w be the area of its 
base, perpendicular to this dimension and to the direction of 
its motion; likewise let m be the mass of the moveable, and p 
the density of the liquid or aeriform fluid in which it moves. 
At the end of the time é, let v denote its velocity, and x the dis~ 
tance of its anterior base from a fixed point, taken on the per- 
pendicular to this plane, so that we may have dz = vdt. In 
the instant dt, this base will traverse the space dz, the body 
will therefore strike all the material points of the fluid comprised 
in a section, of which the base is w, the height dz, and the mass 
pwdz. Now, all these points are considered as detached from 
each other, and not acting at all on the surrounding fluid ; and, 
in this hypothesis, the diminution of the quantity of motion ex- 
perienced by the body during the instant dé, will be the pro- 
duct of its velocity v, and of pwdz, the mass struck, or the 
double of this product, according as this impact is compared to 
that of bodies destitute of all elasticity, or to the impact of per- 
fectly elastic bodies. The value on the first hypothesis, 
namely, vpwdz, is that which deviates least from experiment ; 
therefore by adopting it, and observing that the variation of 
the quantity of motion of m during the instant dt, is mdv, we 
shall have 


mdv = — vpwdx ; 
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and if for dx its value vdé be substituted, there results; by di- 
viding by dt, 
m oo". ~ pwr? 
die TE 
which expresses the motive force, arising from the resistance 
exerted on a plane surface, perpendicular to the direction of 
the motion. 

It appears from inspection of the above expression, that 
this resistance is proportional to the density of the fluid, to 
the surface on which it acts, and to the square of the velocity 
of the body. Denoting the height through which the body 
should fall freely to acquire this velocity by 4, and the gravity’ 
by g, that is to say, making v? = 2y/, its value will become 
2gpwh, so that it is equal to the weight of a cylinder of the 
fluid, the base of which is the surface perpendicular to the di- 
rection of the velocity, and the height is equal to twice that 
through which a heavy body should fall in a vacuo, to acquire 
this same velocity. 

If the direction of the motion is not perpendicular to the 
plane surface which experiences the resistance, the velocity of 
the body should be resolved into two others, the one perpen- 
dicular, the other parallel to this plane ; we suppose that the ve- 
locity parallel to the plane gives rise only to a friction, which we 
will not now take into account, so that the resistance properly so 
called, is the same as ifthe normal velocity solely existed ; this 
is the reason why this component is substituted for the velocity 
vin the preceding value of the resistance, which then becomes 
pwr cos’, i being the angle which the normal to the surface 
w makes with the direction of the velocity v. 

366. This result being admitted, and extended to the infi- 
nitely small elements of curved surfaces, the resistance expe- 
rienced by a solid body of any form whatever, may be obtained 
in the following manner : 

Let us suppose, for greater simplicity, that the question 
related to a solid of revolution, all the points of which de- 
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scribef lines parallel to the axis of its figure, with a velocity v. 
Let this axis, represented by ax (fig. 1), be that of the abscissa, 
and ams its generating curve; and let x and y denote the 
abscissa cr and ordinate pm of m any point of this curve. 
Let us suppose that the greatest section of the solid, perpen- 
dicular to the axis of the figure, is that which belongs to the 
point c, the origin of the coordinates, and that, consequently, 
cp is the greatest ordinate of the curve Mas. As the motion 
is directed from 8 to a, the portion of the surface which expe- 
riences the resistance of the medium will be that which be- 
longs to the part pa of this curve; ds being the differential 
element of this curve at any point whatever M, we shall have 

cos t= a 
which is the value of the cosine of the angle that the normal 
at this point,‘makes with the axis of «, that is to say, with the 
direction of the motion; and this angle will be the same in 
the entire extent of the zone generated by the revolution of ds 
about aB, the surface of which zone is equal, as we know, to 
2mryds. Therefore each of the plane elements of this zone will 
experience a normal resistance equal to the product of this 
element multiplied by pv*cos*i. If this force be resolved into 
two others, one perpendicular, and the other parallel to an, it 
is evident that the components perpendicular to ap will de- 
stroy each other’s effects, two by two; and the value of cach 
component parallel to an will be equal to the resistance which 
is perpendicular to the zone, multiplied by cos? ; consequently 
the sum of these components for the entire zone will be equal 
to the product of the surface 2xyds by pv*cos*, and by cosé, 


‘3 
which, by substituting for cos# its value, is equal to 2rpu*y oO. 
‘Ss 


Hence, if we denote the entire resistance experienced by the 
solid in a direction contrary to that of its motion, by r, and 
make ca = a, we shall have 
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dy 
Lia 2Qrpv* (ey, (c) 


for the value of this motive force. 

If the body be a sphere, its centre will be at the point c, 
and its radius will be equal to 7. Denoting the angle mca by 
6, we shall have 


y=asin0, dy=acos0d0, ds = add; 


from which there results (m) 
or ‘ 
R= 2apr'a? es cos" sin0.d@ = 3 rpa*v?; 


which shews that the resistance ‘experienced by a sphere is 
the half of that which the circumscribed cylinder, whose base 
ma’ is perpendicular to the direction of the motion, experiences. 

367. It is Newton to whom we are indebted for this first 
essay on the resistance of fluids ; he it was also who first deter- 
mined the motion of bodies subject to the action of a force 
depending on their velocity. From a comparison of the result 
of his computation, with the observed time of descent of a 
sphere, which falls in the air, from a great height, he observed 
that it was necessary, in ordér to make them agree together, 
to reduce the preceding value of r to the one-half. 

From other experiments instituted by Borda, it would ap- 
pear that this value should be only reduced to three-fifths, 
which gives : 

R= 5 rpa’e?, 
4rpa? 
33 
and if r be divided by this mass, and if the accelerating force 
resulting from this division be denoted by ¢, we shall obtain 


pd denoting the density of the sphere, its mass will be 





at 9 pv? 
~ dopa’ 





% 


which is, in fact, the expression for the resistance most gene- 
rally adopted by authors who have written on the Ballistic 
pendulum, and which has been already cited in No, 216. 
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In virtue of formula (c), the determination of the solid of 
revolution which experiences the least resistance in its passage 
through a fluid, consists in finding the generating curve of this 

fy 3 
solid, for which the integral (eye is a minimum ; this pro- 
blem can be easily solved by the rules of the calculus of va- 
riations. Newton gave the solution long before other geometers 
occupied themselves with this description of questions, how- 
ever he did not point out the method that he followed in 
arriving at this result (7). 

‘The preceding theory of resistance is founded, as we have 
seen, on a vazue comparison of the action of a fluid with the 
impact of bodies, and on the inadmissible supposition that in 
this impact the molecules of the fluid act solely on the body, 
and not at all on each other. It is contradicted by observa- 
tion, inasmuch as the absolute magnitude assigned by the 
calculus is double of that which results from experiment; it is 
also at variance with observation as to the law of the resistance 
in a function of the velocity, which, according to this theory, 
should be always proportional to the square of the velocity, 
while it results from the observed decrease of amplitudes in 
very small oscillations of the pendulum (No, 187), that this 
force is only proportional to the first power of the very small 
velocities. The resistance which a liquid or aeriform fluid 
opposes to the motion of a solid body, is made up of a 
friction against the surface, and of the resultant of the pressures 
which this fluid exerts against the entire of this surface. In 
order to determine this second part, which is the resistance 
properly so called, we should consider at the same time the 
motions of the body and of the fluid, as M. Poisson did in the 
memoir already cited (No. 191). ‘Ehis foree may be diffe- 
rent in oscillatory and progressive motion, in liquids and in. 
gases; and in these last, it may depend on their temperature, 
and not on their density solely, a point which it would be of 
consequence to verify by experience. 


CHAPTER If. 


DETERMINATION OF MOMENTS OF INERTIA AND OF PRINCIPAL 
AXES, 


368. In the subsequent chapters of this book, the different 
cases of the motion of a solid body will be considered. In order 
to obtain more readily the equations of its motion, we shall sup- 
pose each body to be divided into parts, which though insen- 
sible, arenevertheless ofa finite magnitude, comprising immense 
numbers of molecules. Even though this body should con- 
sist of detached molecules, the sums relative to its insensible 
parts may still, without appreciable error, be changed, as in 
No. 98, into definite integrals; so that in the following dis- 
cussions, the parts in question may be treated as infinitely 
small. 

The equations of motion of a solid body will contain nine 
definite integrals, namely, 


§adm, Sydm, Szdm, 
Saydm, §azdm, ‘Syzdm, 
§zdm, Sy'dm, Sa%dm; 


dm denotes the differential element of that point of the mass, 
whose coordinates are x,y, z, and the integrals are supposed 
to extend to the entire mass of the body, which we shall desig- 
nate by M. The three first depend on the position of the centre 
of gravity; and if its three coordinates be 2,, 4, 2,, we shall 
have (No. 91) 


Sxdm=Mx,, Sydm = my,, §zdm = Mz; 


so that when this point is taken for the origin of the coordi- 
nates, each of these three integrals will be cipher. 
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It will be proved farther on, that wherever this origin may 
be, we can always determine the direction of the three axes in 
such a manner, that we may have 


Saydm = 0, Srzdm= 0, Syzdm = 0. 


The three rectangular axes relatively to which these three 
integrals vanish, are termed principal azes. 

With respect to the three last of the nine integrals, we 
shall express them by means of three others denoted by 4,8, C, 
which will be respectively 


aA=SyY+2)dm, B= §(z?+2°)dm, c= §(a?+y*) dm; 
from which we can obtain 
222dm=a+B—C, 


BWyrdm=c+a—B, 
Wa%dm=B+C— A. 


In general, the sum of the elements of the mass of a 
body, multiplied by the squares of their respective distances 
from any line, is termed the moment of inertia of the body 
with respect to this line. Thus, 4,8, ¢, will be the mo- 
ments of inertia of the body, with respect to the axes of 
2, y,2; because, for example, y’ + 2? is the square of the dis- 
tance of dm from the axis of x When these lines are 
principal axes, a, B,C, are termed the principal moments of 
inertia. 

By placing the origin of the coordinates at the centre of 
gravity, and by making the principal axes, the axes of the 
coordinates, the equations of motion are simplified, because 
some of their terms by this means disappear ; this point and 
these axes possess, moreover, other important properties in 
dynamics, which we shall advert to in the sequel. 

369. The determination of the moments of inertia is a 
problem of the integral calculus, which may be always solved 
either exactly, or by the method of quadratures. 
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The simplest example is the calculation ofthe moment of 
inertia of a homogeneous rectangular parallellopiped, with 
respect to one of its sides. Let its three adjacent sides be 
taken for the axes of 2, y,z, and let their lengths be denoted 
by a,}, c; then if each of these three lines be divided into an 
infinite number of infinitely small parts, by drawing through 
all the points of division, planes parallel to the faces of the 
parallellopiped, these three series of planes will divide it into 
elements which are infinitely small in their three dimensions. 
The volume of the element whose three coordinates are 
X,Y, 2, will be evidently dvdydz; therefore, its mass will be 


dm = pdx dydz; 


p being the density of the parallellopiped, which is supposed 
to be constant. Consequently, c the moment of inertia with 
respect to the side which is taken for the axis of 2, and whose 
length is c, will be 


c = pS (a? + 9°) dedydz, 


This triple integral should be extended to all the elements 
of the given parallellopiped, and then integrated, in any 
order we please, from x = 0, y= 0, z= 0, tox=a, y=}, 
z = c; from this there results, without any difficulty, 

‘abe . ab’ 
c=e (+ a) 


or, what comes to the same thing(a), 
c=jim(@’ +b); 


M being the mass of the body, and, consequently, equal to 
p(abe). In the same manner, it might be shewn that the 
moments of inertia of the same body, with respect to the sides 
whose lengths are 6 and a, will be respectively 


B= §M(+ 4), a= im (B+ c?). 
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370. For a¥econd example, let it be proposed to determine 
the moment of inertia of a homogeneous ellipsoid with respect 
to one of its three axes of figure. 

Denoting the lengths of its three principal diameters by 
2a, 2b, 2c, if the directions of the axes of the coordinates 
2, y, 2, coincide with these diameters, the equation of the sur- 
face of the ellipsoid will be 


2 


ai (a) 


2 2 
ae$+8 
Its moment of inertia, with respect to the axis of z, will be 
expressed by the same triple integral as in the preceding 
problem; the constant p denoting always the density of the 
body. In order to obtain this triple integral, which should 
be extended to the entire mass of the spheroid, we shall in- 
tegrate first with respect to z, « and y being considered as 
constant; then, with respect to y, « being still considered as 
constant, and finally, with respect to z itself. We may follow 
any order we please in these three successive integrations ; in 
them the ellipsoid is supposed to be divided into an infinite 
number of elliptic slices parallel to the plane of the axes of y 
andz; and each slice to be divided in the same manner into 
an infinite number of parallellopipeds parallel to the axes of 2, 
and terminated at the surface, and each parallellopiped into 
elements infinitely small in their three dimensions. The limits 
of the integral with respect to z will be the two values of this 
variable which aré furnished by equation (a); this definite in- 
tegral will express, in a function of xand y, the moment of inertia 
of any one of the parallellopipeds. The limits of the integral 
relative to y will be the two values of this variable, which 
belong to the same value of x, in the equation of the section 
of the ellipsoid made by the plane of a and y; it will express 
the moment of inertia of the section parallel to the plane of 
the axes of y and z, whose distance from this plane is equal 
to x. Finally, if the integral relative to x be taken from 
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z= —a to x = 4, it will express the moment of inertia of 
the entire ellipsoid. 


By integrating with respect to z, there results 


(2+ y*) zdzdy + constant. 


The two limits furnished by equation (a) being 


2 2 
/ Pf 
gscte l-B-a 


the definite integral will consequently be 
3a ee 
ape 1 - & = a dedy + 2pey" V1 = a aadedy. 
If, in order to abridge, we make, 
Pe a= at 


the integral relative to y of the first part of the preceding 
formula, will become 


2 amin 
ree ee VAR P dy. 





From the equation of the section of the ellipsoid by the 
plane of the axes of z and y, namely, 


y 


a 
gtaah 


it appears that y = + r are the two limits of the integral re- 
lative to y; and as(h) : 


) a VP ay dy = bar, 


it follows, by substituting for 7? its value, that 
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a mobe 
2pex7dz§ Vi - e - au= (ax? — x*) dz. 


Therefore, by integrating with respect to « from z = — a to 
@ = a, we shall obtain 


pg 4xpavbe 
aeetier V1 aedy = ab 





by merely changing the letters, we shall have, withgat enter- 
ing on any new calculations, 


ay wears 3, 
2pcSy? Al - i _ <dedy = cape, 





consequently, the value of c the moment of inertia with respect 
to the axis of z, which is the sum of these two last integrals, 
will be 


c=‘ zeehe (240%. 





In the same manner, Band a, the moments of inertia with 
respect to the axes of x and y, may be obtained. The mass 
of the ellipsoid being denoted by m, we shall have, in con- 
sequence of the value of its volume given in No. 89, 

= axpae 
hence it appears, that the three moments of inertia with respect 
to the diameters 2a, 2b, 2c, will be . 


arin(P+e), paiu(e+a), ca iu(a+s%.* 
These diameters are the three principal axes of the body 
which intersect at its centre of gravity ; for if they be taken 
as the axes of the coordinates of 2x, y, 2, the three integrals 
§aydm, §zadm, Syzdm, extended to the entire ellipsoid are 
cipher, since each of them consists of elements, which, taken 

two by two, are equal and affected with opposite signs, 
It appears from the preceding values of a, 8, c, that the 
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greatest and least of them are those which belong to the least 
and greatest of the three diameters, which indeed is also evi- 
dent, from the definition of moments of inertia. 

371. Since in the case of a sphere, a= b =, the three 
moments of inertia become equal to each other, and their 


common value is eh pa’. If the radius a be increased by an 


infinitely small quantity, and becomes equal to a + da, the 
corresponding increment of this moment of inertia of the 


8 ; * 
sphere, namely, > pa‘da, will express the moment of in- 


ertia of a spherical stratum, whose interior and exterior radii 
are respectively a and a+ da(c). Now, if the sphere is not 
homogeneous, but only consists of concentrical homogeneous 
strata, so that 7 denoting the radius of any stratum whatever, 
the density p may be a given fnnetion of 7, in order to obtain 
the moment of inertia of the entire sphere in this came, that 


8x 
of any stratum whatever, namely, ~~ 5 pr‘dr should be inte- 


grated with respect to r, and the integral then extended to 
the entire radius of the sphere; therefore, denoting this radius 
by ¢, we shall obtain 

= pprdr 

for the required moment of inertia. 

It evidently appears from a comparison of this last ex- 
pression, with that of the moment of inertia of a homogeneous 
sphere of the same radius, and whose density is equal to the 
mean density of the sphere which we have been just con- 
sidering, that it will be greater or less than in the case of the 
homogeneous sphere, according as the density p increases or 
decreases from the centre to the surface, this is also evident 
from the definition of moments of inertia. 

372. In the case of a homogeneous body terminated bya 
surface of revolution, the determination of its moment. of in- 
ertia with respect to the axis of fionre. is reduced ta ane inta. 
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gration depending on the generating curve. In this case, the 
solid should be decomposed into circular rings, of an infinitely 
small thickness and breadth, each of them having its centre 
in the axis, and being bounded on one part by two planes 
perpendicular to the axis; and on the other part, by two 
cylindrical surfaces, of which this line is the common axis. 
Denoting the radius of the interior surface by 7, that of the 
exterior surface by r + dr, and the distance of the two planes 
by dz, the volume of the ring will be x (r + dr)? dx— ar'dz, 
or 2ardrdz, neglecting an infinitely small term of the third 
order(d). Consequently, if p be the density of the body, its 
mass will be 2rprdrdz, and as all the points of this ring are 
at the same distance r from the axis of the figure, 2rpr*drdz, 
the product of this mass and of 7°, wil] express its moment of 
inertia with respect to this axis. ‘Pherefore, if the lines aB 
and amp (fig. 1) represent this axis and the genraling curve, 
and ifswe make ’ 
Apa 2; PM=y, 

the moment of inertia of the infinitely slender slice of the 
solid of revolution, perpendicular to AB, and corresponding to 
the point p, will be obtained by integrating 2xpr°drdx from 
r= 0tor=y, the result of which integration is }mpy‘da. 
Hence, therefore, if we denote the length of the axis aB by 
1, and the moment of inertia of the entire solid by p, the 
value of » will be obtained by integrating this differential 
4npy'da, from «= 0 to a=, and it will give 


w= hnp \ y'de. : (b) 


If a and B denote given values of 2, such that a 2 B and 
B 41, it will be sufficient to integrate from # = a to «= B, 
in order to obtain the moment of inertia of the slice of the solid 
comprised between two planes perpendicular to the axis, the 
distances of these planes from the point a, being a and 
B. If this body is a solid hollowed out, and comprised be- 
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tween two surfaces of revolution, which have the same axis 
AB, its moment of inertia will be obtained, by considering this 
body as the difference of two solids of revolution, and by 
taking one of their moments of inertia, with respect to the com- 
mon axis, from the other. Finally, if the moment of inertia 
of a portion of the solid of revolution, comprised between 
two planes drawn through the axis of the figure, be required ; 
it is evident, that this moment with respect to this axis, will 
be to that of the entire solid as the angle between the two 
planes is to four right angles(e). 

373. If the generating curve amp be the circumference of 
a circle whose radius is a, the value of y? which should be 
substituted in formula (b), is equal to 2az — «?; and if the 
moment of inertia of the spherical segment, of which the sa- 
gitta is a, with respect té the diameter perpendicular to its 
base, be required, we should integrate, in this formula, from 
«x = 0 to z= a, from which there results(/) 


pnjen(e a4) 


: ea 8mpa® 
In the case of the entire sphere, a= 2a, which gives p = is? 





as before. 

Tf ams be a right line passing through the point a, and 
making with the axis aB an angle, of which the tangent is 6, 
we shall have 
/ y= Or. 

If this value be substituted in equation (b), there results, 
by integrating it from x = a tox = B, 

#= 75 7H" (8? — a’). 
This expression will be the value of the moment of inertia of a _ 
truncated cone, with respect to its axis of figure. Ifa andd 
denote the radii of its two bases, and / its altitude, we shall 


have 
Qaza, OB=b, BP-—a=h; 
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and by means of these expressions, the preceding value of 2 
may be made to assume the form(y) 


w=qymph (ait ab + ab? + ab? + 5). 
In the case of an entire cone, = 0; consequently, 
1 


p= dyapha', 


and as m the mass of the cone is equal to }rpha’, we shall 
have 


sa 


p= yyMa’. 


When 4 = a, the truncated cone will become a cylinder, 
therefore, we shall have 


pt = drpha', 


"and as m the mass is in this case cqual to pha”, there will 
regult, : 
= 4Ma?. 

374. If the moment of inertia of a body with respect to an 
axis passing through the centre of gravity be known, the 
moment of inertia of the same body, relatively to any other 
axis parallel to the first may be easily obtained. 

In fact, if the origin of the coordinates be at the centre 
of gravity, and the first axis be that of the coordinates of z, 
aand B the coordinates of the point where the second axis 
intersects the plane of the axes of x and y, to which plane it 
is also perpendicular, and if a be the distance of the centre of 
gravity from the second axis, r the distance of dm any ele- 
ment of the body from the first axis, 7’ the distance of the 
game material point from the second axis ; the moment of in- 
ertia §7’dm will be known, from which it is proposed to ob- 
tain that of §rdm, these integrals being supposed to be respec- 
tively extended to the entire mass of the solid. Now, as 


Min (ea) + Y— PY ae + yr 2ax—2By +a? + BPs 
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by multiplying by dm, integrating and observing that 
P+yVar, @+P'=2, 


we shall have 
§7’27dm = Sr2dm — 2aSadm — 2BSydm + a®§dm; 


but since the centre of gravity exists on the axis of the or- 
dinates z, the integrals fzdm, §ydm are cipher (No. 361); 
moreover, {dm is the mass of the entire body denoted by m; 
consequently, the preceding equation will be reduced to 


§rdm = §r?dm + Ma’. 


Thus, the required moment of inertia will be obtained, by 
adding to the given moment of inertia the mass of the body, 
multiplied by the square of the distance of the centre of gra- 
vity from the new axis. 

By means @f this rule, the moment of inertia of a homo- 
geneous sphere, or of one composed of concentrical strata, ean 
be immediately obtained with respect to any axis whatever, 
since this moment is known for all axes passing through the 
centre of figure, which is also the centre of gravity. 

In any body whatever, the moment of inertia, with respect 
to an axis passing through its centre of gravity, is less than 
with respect to any other axis parallel to this last. The mo- 
ments of inertia of the same body, with respect. to all axes 
parallel to each other, and equally distant from the centre of 
gravity, are equal to each other; and their common value will 
increase according as their distance from this point becomes 


y 


greater. 

375. The moment of inertia not only varies with the ab- 
solute position of the axis to which it is referred, it also 
changes with the direction of this line. In order to shew how 
this direction influences the magnitude of the moment of 
inertia of any body whatever, we will investigate an expression 
for that of the mass m with respect to an axis drawn through 
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the origin of the coordinates, and which makes with the axes 
of x, y, 2, the three given angles a, f, y. 

Let p be the perpendicular let fall from the element dm 
on the new axis, p the distance of this material point from the 
origin of the coordinates, 5 the angle contained between the 
line p and the new axis. The coordinates of dm being «, y, 2, 
the cosines of the angles which the direction of its radius 
vector p makes with the axes of these coordinates, will be 


=,4, =; consequently, we shall have (No. 9) 


ol 


== ¥ z 

cosé = = cosa + . cos B + = cosy. 
Moreover, we have 

p= vsind; p?= np? — (p cos 8)’; 
hence there will result, by substituting for pcos 6, the pre- 
ceding value of cosé multiplied by p, and putting a? + y? +27 
for p?(h), 

p= a’ sin’a + y’ sin?B + 2*sin*y 
— 2ay cosa.cos3 — 2xz cosa cosy — 2yz cosP cosy ; 
from which we can obtain 
* §p?dm = sin’aSc*din + sin®?B.Sy'dm + sin?y§z*dm 
— 2cosa. cosB.§aydm — 2cosacosy§xzdm 


— 2cosB.cosyfyzdm. 


By means of this formula, the moment of inertia §p’dm, re- 
lative to an axis of a given direction, and passing through the 
origin of the coordinates will be obtained, when the six inte- 
grals §x*dm, Sy’dn, §z*dm, §2ydm, Sxzdm, Syzdm, relative to 
the axes of the coordinates, and which extend to the entire 
mass of the body, are known. If these three lines are principal 
axes, the three last integrals are cipher (No. 368), and the 
preceeding formula will be reduced to 


(pdm = sin’aSa?dm + sin?B (yd + sin?yl2°dm. 


OF MOMENTS OF INERTIA AND OF PRINCIPAL axes. 45 
But, in consequence of the equation 


cos’a + cos*B + cos*y = 1, 
sin’a = cos"3 + cos*y, 
sin? = cos*y + cos’a, 


sin?y = cos’a + cos’8; 


by means of which the value of §p*dm may be changed into 
the following, 
§p°dm = (Sy*dm + §27d) cosa, 


+ (§2%dm + §x%dm) cos*B, 
+ (§x*din + §ydm) cos*y ; 


hence by combining each couple of integrals into one, and de- 
noting the moments of inertia with respect to the axes of 
®; y, 2 by A, B, C, as in No, 368, we shall finally haves @ 


Sp'dm = acos’a + Bcos*B + ccos*y. (c) 


Consequently, the moment of inertia corresponding to any 
axis whatever, passing through a given point, will be known 
immediately, if the three moments of inertia relative to the 
three principal axes which intersect in this point are given; 
and, by combining this result with that of the preceding 
number, it appears that the determination of all moments of 
inertia of the same body, will depend on the three principal 
moments of inertia of its centre of gravity. Having deter- 
mined, for example, (No. 370), the values of these three mo- 
ments of inertia, in the case of a homogeneous ellipsoid, the 
moment of inertia of this body with respect to any axis what- 
ever, may be considered as known, 

376. The greatest and least of the three principal moments 
of inertia a,B,c, which occur in formula (ce), are also the 
greatest and least of all moments of inertia of the same body, 
with respect to axes passing through the origin of the co- 
ordinates. In faet, if a be the greatest of the three quan- 
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tities A,B, c, by substituting 1 — cos*3 — cosy for cos*a in 
equation (c) we shall have 


§p'dm = a — (A — B) cos?B — (4 — Cc) cosy 


hence it follows, that whatever be the values of the angles 8 
and y, §p?dm is less than a. In like manner, c being the least 
of the three quantities a, B, c, if equation (c) be made to as- 
sume the form 


§p'dm = c + (A — Cc) cos’a + (B — c) cos’B, 


it is evident that (p*dm is constantly greater than c. 

In the particular case in which the three quantities a, B, c 
are equal, a is also equal to §p*dm, whatever be the direction 
of the axes to which the moment of inertia {p°dm is referred ; 
therefore in this case, the moments of inertia are equal for all 
axes passing through the origin of the coordinates. This is 
the case of a homogeneous sphere, or of one composed of con- 
centrical strata, when the origin of the coordinates is placed at 
its centre; it obtains also in the case of the cube, of the re- 
gular octaedron, and of the other regular homogeneous solids, 
the origin of whose coordinates being always supposed to be 
at their centre of figure, the three principal moments of inertia 
cannot differ from each other. 

If we have only a = 8, equation (c) will be reduced to 


{p’dm = asin?y + Bcos*y ; 


and as this value of {pdm is independent of the angles a and 
f, the moment of inertia will be the same for all axes drawn 
through the origin of the coordinates, and which make the 
same angle with the axis of z. This is the case of a solid of 
revolution when this right line is its axis of figure. 

It appears from No. 374, that the least of all moments of 
inertia appertaining to the same body, is that which belongs 
to one of the three principal axes that intersect in its centre 
of gravity. Thus, for example, the least of all moments of 
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inertia of a homogeneous ellipsoid, is that which belongs to the 
greatest of its three rectangular conjugate diameters. 

377. In what has been stated in the preceding numbers, it 
has been taken for granted, that in every body three axes exist, 
which possess the properties that have been ascribed to prin- 
cipal axes; we now proceed to demonstrate their existence, 
and to determine their direction for cach point of a body of 
any form whatever; but for this purpose, it is necessary to ad- 
vert to the general formule for the transformation of coordi- 
nates, which, moreover, we shall have occasion to make use of in 
other cases. Let x, y, 2, be the three coordinates of any point 
M, referred to the rectangular axes ox, oy, oz (fig. 2), and let 
21, %1, % be the coordinates of the same point with respect to 
three other rectangular axes ox,, 0y,, 02, hasing the same 
origin. From the point M, let the perpendiculars mp and mk 
be let fall on the axis oz and on the plane of the axes of x, and 
yyy and from the point k, a perpendicular Ku on the axis 02, 
so that 

oPrxv, onma, KHOY, MKEOS. 


The projection on the axis ox, of the line, which is made up 
of MK, KH, Ho, will be op; and as the projections of its res- 
pective parts on, KH, MK, will be equal to these lines, multi- 
plied by the cosines of the angles which the axes of 2, y,, 21, 
make with the axis ox, by taking their sum, we shall have 


@ = 2, COS20X, + y,cosxoy, + 21608X0Z. 


In the figure these three angles are supposed to be acute, 
and the three coordinates x1, 715 %1, to be positive; in which 
case their projections fall on the direction itself of ow, and 
their sum makes up the absolute magnitude of oz; but it is 
easy to be assured that this equation will subsist in all cases, 
regard being had to the signs of the coordinates 2, 7), 2, of 
the cosines, and of the abscissa «. For example, it is evident 
that, if the abscissa 2, is negative, and the angle xox, acute, 
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or if this abscissa is positive, and this angle obtuse, the pro- 
jection of on will fall on the production of oz, and the absolute 
magnitude of this value ought to be subtracted; and, on the 
other hand, it is evident that it ought to be added, when this 
abscissa x, being negative, the angle voz, is, at the same time, 
obtuse; in both cases, this agrees with the sign of the pro- 
duct 2.cosz02). 

In like manner it is evident that the projections of this 
same line made up of MK, KH, Ho, on the axes oy and oz, or 
on their productions, are always equal toyandz. This being 
so, if we make 

cos#or,=a, cosxoy,=b, cosxoz, = ¢, 
cosyou, =a’, cosyoy,=b’, cosyoz, = c’, 
. coszoa, = a’, coszoy, = b", coszoz, = c”, 
we shall have 
= ar + by +2, 
y=rnt+ by ter, (1) 
zeal t+ by, + eZ. J 
These nine coefficients, a, b, c, a’, &e., are connected together 
by the six following equations : 
@+a?ta?=l, ab+a'l’+ab"=0, - 
P+be+b=1, acta tae’ =0, (2) 
Oe poe7=1, be+ de + bc” = 0. 
The first, for example, results from this, that a,a’,a”, are 
the cosines of the angles which the same line ox, makes with 
the three rectangular axes oz, oy, oz; and the fourth from 
this, that the line oz,, and the line oy,, are perpendicular to 


each other. These six equations may likewise be obtained by 
substituting the values of a, y, z in the equation 


+P + Paar typt+ a, 


each member of which is the square of om, and which should 
consequently be identical. 
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Conversely, we can by means of equations (2), deduce 
from equations (1), 


a = ax+a’y +a'z, 
n= be + Vy + bz, . B) 
A=eepecytez; 
and equations (2) may be replaced by the following :(“) 
@7+P+eE=1, aa + bb’ + ce’ =0, 
a+b? 4e%=1, aa” + bb" + cc’ = 0, (4) 
a? 4b see = 1, dal + Ub’ +e'e/=0. 


A comparison of these formul# with those of No. 277, 
shews clearly the analogy which subsists between the projec- 
tions of right lines and those of plane surfaces, from which 
results the identity of the composition of forces represented by 
portions of lines, with the composition of moments represented 
by plane areas. ; 

378. In the transformation of coordinates, six of the nine co- 
efficients, a, b, c, &c., should be therefore considered as functions 
of the three others, which can be determined either by equations 
(2) or (4); but it will be more convenient to express these 
nine coefficients by means of three new quantitics, by formula 
which will satisfy equations (2) or (4). 

Tor this purpose, let the line Non’ (fig. 3) be the inter- 
section of the plane of the axes of 2, and y,, with the plane of 
the axes of wv and y, and let 


not=y, Nox =, zZoz, = 4; 


these three angles y, ¢, 0, will determine, without any ambi- 
guity, the position of the axes of 2, 4%, 215 with respect to 
those of x, y, z, provided that the direction in which these 
angles are measured is previously agreed on. For greater 
convenience, we shall suppose that the plane of the axes of 
wand y is horizontal, and that, consequently, the axis of z is 
vertical, and that the positive ordinates relating to this last axis, 
are estimated in the direction of gravity. 
VoL. I, fl 
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The angle 0 will extend from zero to 180; and according 
as itis acute or obtuse, the axis oz, will be situated below or 
above the plane of the axes of x and y; in the case of 0 = 0, 
oz, will coincide with oz, and when @ = 180°, oz, will coin- 
eide with the production of oz. 

In the motion of a solid body about the point o, the axes 
Oa, OY, OZ, are supposed to be fired in its interior and move- 
able with it, and the axes ox, oy, 02, are supposed to be fixed 
in space, and consequently immoveable, The angles p and ¢ 
may then be either positive or negative, and may comprise 
one or more circumferences; but, at any instant whatever, we 
shall always have 


yo 2nur +4, @ = Qin +, 


in which » and i denote any whole numbers whatever, either 
positive, negative, or cipher, w and v being positive variables 
less than 27. Now, let the angle « be measured, reckoning 
from the line ov, in the direction indicated by the sagitta s; so 
that, for example, the line on will coincide with ox when 
u = 0, with the production of oy when wu = 90°, with that of 
ox, when uw == 180°, and with oy when w= 270°. Let the 
angle v be measured, reckoning from on, above the plane of the 
axes of a and y, so that the axis ox, may be above this plane, 
when o is less than 180°, and below it when v is greater than 
180°. In the case of e= 0, the axis oz, will coincide with 
the line on, and when v = 180°, with on’ the production of 
on. Inall cases, the angle 0, whether acute or obtuse, will 
be equal to the solid angle contained by the planes of the 
axes of a and y and of the axes of x, and y,, and therefore it 
is equal to the angle whose edge is on, and whose faces are 
the angles Nox and Now, reduced to their parts w andy. In 
the figure the three angles w, v, 8 are supposed to be acute. 
This being premised, when the angle ~ is given, let its 
part w be laid off on the horizontal plane, reckoning from the 
axis ov, in the direction of the sagitta s; this will determine 
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the position of the lineon. The angle @ being also given, let 
its part v be first laid off on the horizontal plane, reckoning 
from the line on in the direction of the sagitta s’, that is to 
say, in an opposite direction from that of s; then, the plane 
of the angle ¢ should be made to revolve about on, in such a 
manner that the part of ¢ adjacent to on should be raised 
above the horizontal plane. When this plane shall have de- 
scribed the given angle 0, the other side of the angle ¢ will 
be the true position of the axis ox,, which will be above or 
below the horizontal plane, according as v Z 180°, or v > 180°. 
If the angle v be inereased, in its plane, by 90°, we shall have 
the position of the axis oy,, and if a perpendicular be erected 
to this plane, it will determine the axis 02,, the direction of 
which will be below or above the horizontal planc, according 
as the angle @ is acute or obtuse. 

The three axes 02,, oy,, 02, being thus completely deter- 
mined with respect to the axes ox, oy, oz, by means of the 
angles ¥, ¢, 0, it is requisite that the nine cosines a, }, &e, 
should be functions of these three angles ; and, in fact, if the di- 
rections, which have been just explained, be assigned to these 
angles, there results 


a@ = cos O sin yp sin @ + cos y cos ¢, 
6 = cos Osin cos ¢ — cos sin ¢, 
ec = sin@siny, 

a’ = cos cosy sin ¢ — sin y cos p, 
8’ = cos O cosy cos » + siny sin ¢, (5) 


ce = sin 8 cosy, 





a'= — sin @sin ¢, 
b’ = — sin 0 cos 9, 
ec" = cos 0. > 


It is easy to verify these values of a, 6, &c., by shewing 
that they render eqyations (3) and (4) identical, and that no 
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relation between the angles y, ¢, 0, can be deduced from 
them. 

379. Although these formule (5) are generally known, it 
still may not be useless to point out how they may be obtained. 
From a known property of spherical triangles, it is evident 
that if a, B, y, be its three sides, and a the spherical angle 
opposite to the side a, then 


cos a = cos asin f3 sin y + cos (3 cos y. 


Now, if a sphere be conceived to be described from the 
point o as centre, and with any radius whatever, there will 
be traced on its surface a triangle formed by the three ares 
which measure the angles Nox, Noa, zox,, in which the angle 
opposite to the last side will be equal to 6; therefore, as 
Nox = wp and Nox, = ¢, we shall have 


cos 20x, = a = cos Osin y sin 6 + cos cos ¢. 


As this equation obtains for any values whatever of ¢, and 
y, it must obtain when g becomes ¢ + 90; then, the axis 
oy; will take the place of ox, the angle rox, will become xoy,, 
and we shall have 


cos aoy, = b = cos O sin y cos » — cosy sin ¢. 


In like manner, by substituting ~ +4 90 in place of y, in 
the preceding equation, the axis ox will be changed into the 
axis oy, and the angle zox,, will become yoz,, so that we shall 
have 

cos you, = a’ = cos 8 cos Psin p — sin y cos ¢. 

Jf we substitute at once, in the preceding equation, y-+490° 
and ¢ + 90° in place of yp and ¢, the angle zoz, will be re- 
placed by the angle yoy,, and there will result 


cos yoy, == b= cos 6 cos yf cos} + sin wsin ¢. 


In like manner, in the case of the spherical triangle, 
the three sides of which measure the angles nox, NO2,, 
xoz,; the angle opposite to the last side is 90°— 0; more- 
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over, Now =y¥ and Noz,= 90°. Therefore, by substituting 
90°— @ fora, ¢ for 8, 90° for y, and zoz, for a, in the general 
equation, there results 

cos xoz, = c = sinO siny; ° 
hence likewise we infer, 

cos yoz, = ce’ = sin 9 cosy, 
by substituting y + 90° for ~; in which case the axis oz is 
changed into oy, and the angle oz, into yor. 

Finally, in the spherical triangle, the sides of which 
measure the angles Noz, Noa, z0z,, the angle opposite to 
this last side is equal @ +4 90°, and we have noz = 90° and 
Now, = >. If, therefore, we make a = 90° 4 6, B = 90°, 
¥ =) a= 20m, in the general equation, we shall have 

cos 20a, = a’ = — sin @ sin g. 


If, in this result, ¢ + 90 be substituted in place of ¢, the 
axis ox, will be changed into oy,, and the angle zoa, into 
zoy,; consequently, we shall also have 


cos zoy, = b= — sin O cos g. 
With respect to the ninth cosine e”, we have evidently 
e” = cos z02, = cos O. 


380. If we now suppose that the axes of the coordinates 
% Yi) 21) are principal axes, which intersect at the point o; 
by their definition (No. 368), we shall have 

§xyrdm=0, §2x,2,dm = 0, §Syizrdm = 0; (a) 


and it will be necessary for us to prove that these three equa- 
tions furnish always real values for the angles y, ¢, 0. 
By making, in order to abridge, 
x= xcosy— ysin y, 
X = x cos @sin y + y cos O cosy — zsin 8, 


and substituting formule (5) in equations (3), we shall have(k) 
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a, = Ysing + x cos ¢, 
y= Xcosp—xsing, 
2 = xsin Osiny + y sin 0 cosy + zc0s 0. 


By means of these values, the first equation (a) assumes 


the form 
sin 2§(x?— ¥) dm = 2c0s.2 of xydm, (b) 


and the two last become 
cos gf ¥2,dm — sin ¢)xz,dm = 0, 
sin ph vz,dm + cos gf xz,dm = 0. 
If these last equations be multiplied by cos ¢ and sin @, or 


by — sin p and cos ¢, and then added, they will be replaced 
by the following, namely, 


§yzjdm=0, §xz,dm= 0, 
which do not contain the angle ¢. By substituting for x, y, 5 
their respective values, and making 
§erdm=f, Sydm=g, §dm=h, 
§yzdm=f’, Szadm=y', Saydm=h'; 
these six integrals being supposed to extend to the entire mass 
of the body in question, there results(Z) 
(fsin? yp + 22’sin yp cosy +9 cos’y — h) sin 8 cos 0 
+ (g’ sin yb + f’c0s yp) (cos? 6 ~ sin? 0) = 0, 
[A’ (cos? y — sin? p) + g) sin y cos yp] sin 6 
+(9/ cosy —f’sin p) cos = 0; 


now, if we make(m) 
1 


View’ 








tang=u, sing Ta sing = 
u 


the second of these two equations will give 


(fu-—g V1+2) 
Ww tG= DE 





tang.@= (c) 
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and the first will assume the form 


sme ies payee 


View 
tout f= (yu + f+) tang? 6. 
By substituting for tang @ its value, it becomes 
[Uf 2) u? + 2h/u +g —h] (f'u—g’) 


+H =a) +f 9) (4 f= GRC), 











its first member is the same thing as 
[hy —9o +P h'— (bf — Sf — yh) u} (1+ w); 
consequently, we shall have finally, 


[yg'— hg! SW +P SP +9'W’yu] [HC ye ele 
+ (gut P)\(Su-gy=0 


‘Thus, equations (a) are replaced by equations (b), (e), (a). 
Now, as this last is of the third degree, it will have at least 
one real root; there will be, therefore, one real value of 4 
or tang }, to which will correspond an angle y less than 47, 
and another equal to the first inereased by x, which will 
appertain respectively to on and on’, the two parts of the 
intersection of the unknown plane of the axes of x, and es 
with the given plane of the axes of x and y. By reason of the 
radical 1+ uw", equation (c) will then give two values of 
tang 6, that are equal but of opposite signs, which appertain 
to an acute angle and its supplement, and, consequently, to the 
axis 02,, and to its production, Finally, from equation (b) 
there results a real value of tang 2¢, to which two values of ry 
will dorrespond, one of which will be less than dm, and the 
other will be equal to the first increased by da. The first 
being taken for the value of the angle Noz,, the second will 
be that of Noy,; and, in fact, every thing being similar with 
respect to the axes oa, and oy,, they ought to be determined 
by the same equation. 
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Thus it appears, that the three roots of equation (d) must 
be real, and that they will represent the tangents of the angles 
comprised between the axis ox and the three lines, which are 
the intersections of the planes of the axes of the coordinates 
215 Yr, 2 with the plane of the coordinates x and y; for these 
three tangents must be furnished by the same equation, since 
in the calculation there is no difference in the manner in which 
the three principal axes, the position of which is sought, are 
expressed. 

From the preceding analysis it follows, that for a given 
point o there always exist three principal rectangular axes, 
which intersect in this point, and that in general this*system of 
principal axes is unique. In order that there should be several 
such systems, the degree of equation (d) should be higher 
than the third, and it should have three times as many real 
roots as there are systems; however, in certain cases, the 
equations on which the values of y, g, 8 depend, become iden« 
tical, and then the number of the principal axes is infinite. 
These particular cases might be determined by a particular 
discussion of the equations in question, but they can be ob- 
tained with greater facility by means of the following con- 
siderations. 

381. By formula (1) and equations (a), which characterize 
the principal axes ox,, oy, 02,, we have evidently 


§aydm = aa’SaPdm + bb'Sy2dm 4+ cc’S2z,2dm, 
§zadm = aa’S adm + bb’ \yPdm + ce’\z2dm, 
Syzdm = a'a’Sardm + bb’ Sy2dm + c/e\ 2d. 


Now, if the three integrals §.x,2dm, Sydm, §zPdm are 
equal, these values of {aydm, \zadm, Syzdm become zero, in 
virtue of equations (4); consequently, in this case, the lines 
0x, OY, Oz constitute a second system of principal axes; and 
as their direction with respect to the axes o2,, OY, OF IS en- 
tirely undetermined, it follows that all systems of rectangular 


v 
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axes which can be drawn through the point o, are principal 
axes. In this case the three principal moments of inertia are 


equal, for, since 
Sa2dm = Cyrdm = §z?dm, 


it follows that 
S (a? + 1?) dm = §(ay? + 2P)dm= Sy? + 2?)dm. 
If only two of three principal moments of inertia are equal, 
for example, those which refer to the axes ox, and oy, 80 


that 
S(ye + zf)dn= Se? + 2") dm, 


there will still exist an infinite number of systems of principal 
axes, which will have all one axis in common, namely, 02. 
In fact, in this case, the two integrals §y,°dm and §a,2dm will 
be equal; and, in virtue of the last equations (4), the values of 
Saydm, §zadm, Syzdm may be made to assume the form (7) 
§rydm = ce'(SzPdn — §.r2dm), 
§zadm = co'(SzCdae — Sad), 


Sysdin = e'e"(G ard — § rod). 





Now, if the axis oz be supposed to coincide with the prin- 
cipal axis 02,, the angles voz, and yor, will be right, and we 
shall have e = 0, ¢’ = 0, consequently 

§aydm = 0, §zadm = 0, Syzdm = 0. 


‘Therefore, in this case, every system which consists of the 
axis oz, and of two other rectangular axes drawn arbitrarily 
through the point 0, in the plane y,02,, will be a system of 
principal axes. 

Finally, when the three principal moments of inertia are 
unequal, we may be certain that there is only one system of 
principal axes: for a, being the greatest of these three unequal 
moments, if there was a second system of principal axes, and 
if a’ be the greatest of the three moments which refer to it, 
by theorem of No. 376, we should have, at the same time, 


VOL. If. i 
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A> a’ and a’><a, which is impossible; consequently, the 
supposition of a second system of principal axes is inad- 
missible. 

382. Those points of a body, for which the three principal 
moments of inertia (when there are such) and, consequently, 
all moments of inertia, are equal, possess, as will be seen in 
the sequel, a remarkable property with respect to the rotation 
of this body; it will therefore be useful to determine them, 
which can be effected in the following manner. 

Let the origin of the coordinates 2, y, z be placed at the 
centre of gravity of the body, and let these coordinates be re- 
ferred to the three principal axes which intersect at this point ; 
if a, B, c denote the moments of inertia relative to the axes of 
2, Yy 2, We shall have (No, 368) 


§rdm = 0, Sydn=0, §zdm= 0, 
Syzdm = 0, (zadm = 0, Saydm = 0, 
y+ e)dmaa, Sar-+2)dm=n, §@?+y)dm=c; 


in all these expressions the integrals are supposed to extend 
to the entire mass of the body. 

a, B, y being the unknown coordinates of one of the re- 
quired points referred to the axes of 2, y, 2, so that for this 
particular point «=a, y= PB, ==, if the origin of the 
coordinates be transferred thither, without changing their 
direction, then the coordinates of dm will become «— a, 
y— PB, z—y. But if the moments of inertia relative to all 
right lines which pass through this new origin be equal, all 
these lines must be principal axes, for, by the preeeding num- 
ber, one of these conditions is a necessary consequence of the 
other. Therefore, the axes of the coordinates « — a, y — B, 
z—y, being principal axes, we shall have 


§(e—a) (y—B) dm = Srydm—aSydm—PS2dm + aBSdm=0, 
§(z-y) (e@—a)dm = §azdm—ySadm — aSzdm + yaldn = 0, 
Cly—R) (ev \dm — Cyzdmn ~ BS cdm— vSydin + ByS dm = 0; 


x 
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which, in virtue of the preceding equations, are reduced to 


aB=0, ya=0, By =0. 

Now, in order to satisfy these equations, two of the three 
quantities a, 8, y, should be cipher. If, therefore, the re- 
quired point exists, it must be found on one of the axes of the 
coordinates «, y, =, that is to say, on one of the three principal 
axes which intersect in the centre of gravity. 

If we suppose 3 = 0, y = 0, which implies that the re- 
quired point exists on the axis of 2, at a distance a from this 
centre, then the moments of inertia relative to this point, will 
be a with respect to the axis of a, and, in virtue of theorem of 
No, 374, B + Ma? and c + Ma’, with respect to parallels to the 
axes of y and z, m denoting, as before, the mass of the body. 
Consequently, by the condition of the problem, we shall have 


B+ Ma? =c + Ma’? =a; 


but in order that these equations may be possible, we must 
have 8 = c; and when these two quantities are in point of 
fact equal, we shall have 

Ma? 


= AC; 

therefore, in order that the quantity a may be real, we must 
have a>c; if this be the case, a will have two real values, 
equal and affected with contrary signs, namely, 





zt fl ay (e) 


M 








consequently, there are two points which possess the required 
property, and they will be situated on the axis of a, at equal 
distances on opposite sides from the centre of gravity. 

Thus it appears that when a, B, c, the three moments of 
inertia of a body, relative to the principal axes which intersect 
in the centre of gravity, are equal, there is no other point of 
the body for which all the moments of inertia are equal; but 
if two of these three moments are equal, and if the unequal 
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moment is the greatest of the three, there exists, on the axis 
of the greatest moment, two points, for which all moments of 
inertia are equal, and the position of these points is determined 
by formula (e). 

383. If these results be applied to the homogeneous ellip- 
soid, it will appear at once, that in the case of an ellipsoid, 
the principal diameters of which are unequal, there is no point, 
either within or without this body, with respect to which 
all the moments of inertia are equal; but if the body be 
an ellipsoid of revolution generated by the revolution of an 
ellipse about its lesser axis, there are two points on this axis 
or on its production, which possess the property in question ; 
for, in this case, two of the three moments relative to the prin- 
cipal diameters will be equal, and as the uncqual moment 
corresponds to the least diameter, it will be the greatest of the 
three, 

If a and b denote the semiaxes of the generating ellipse, 
and if a be less than 8, so that a may be the semiaxis of re- 
volution, we shall have(o) 


207)? =n 2 2 
A= 3mMb’, poca}u(a’ +8"). 


If in the formule of No. 370 we suppose b= ¢, then we 
shall have by formula (e) 


Bo @ 
fea —, 


for the distance of the required points from the centre of the 
ellipsoid. According as 4? >6a’, or 8 Z 6a’, these points 
will be found without the body on the production of the axis 
of revolution, or within this body on the axis itself; in the 
case of f° = Ga’, these two points will be found on the surface, 
and they will coincide with the poles of the ellipsoid. 

The principal axes of a rectangular parallelopiped, which 
intersect at its centre of gravity, are evidently parallel to its 
sides. Therefore, if a, 6, ¢ denote respectively half the lengths 
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of its three adjacent sides, the moments of inertia relative to 
these axes may be deduced from those of No. 369, which refer 
to its sides, by substituting in them 2a, 26, 2c, in place of 
a, b,c, and then, by the theorem of No. 374, subtracting from 
them the products m (b? + c’), m(c? + a), M(a?+4+5*). By 
this means, we shal] have 

aA=imM(P+c), B=iM(P+a’), caim(’?+.’); 


M denoting always the mass of the parallelopiped, the volume 
of which is 8adc. Therefore, if in order to render the mo- 
ments of inertia B and c equal, we suppose ) = ¢, and, more- 
over, a Z , in order that a may be greater than B or c, equa~ 
tion (e) will then give 


eV Ee4 


and according as b> 2a, b= 2a, or bZ 2a, the two re- 
quired points will be situated without the body, at its surface, 
or in its interior(p). 





CHAPTER IIL 


OF THE MOTION OF A SOLID BODY ABOUT A FIXED AXIS. 


1, Uniform Motion of Rotation. 


384. WueEn a system of material points, connected toge- 
ther in an invariable manner, turns about a fixed axis, to which 
they are also invariably attached, they describe circles perpen- 
dicular to this axis, the centres of which exist on this line. 
The arcs described in the same time by two different points, 
are similar and contain the same number of degrees; their 
absolute velocities are to each other as their distances from 
this axis ; and, by the angular velocity of the system, is meant 
the absolute velocity of those points, whose distance from the 
axis is unity. If it be denoted by w, and the distance of any 
point whatever from the axis of rotation by 7, the absolute 
velocity of this point will be rw. This quantity w, that is 
common to all the points, will vary with the time, when the 
points of the system are acted on by motive forces, which will 
produce a variable motion ; it will remain constant in the case 
of uniform motion, produced by percussions simultaneously 
made on different parts of the system, and which is then aban- 
doned to itself. It is this last case which we propose first to 
discuss. 

385. Let m, m’, m’, &c., be the masses of the material 
points which are considered, and 7, 7’, r”, &c. their distances 
from the axis of rotation. Then, if simultaneous pereussions 
be made on all these points, each of them should be decom- 
posed into two others, one parallel to the axis, the other act- 
ing in the direction of a plane perpendicular to this line; as 
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the effect of the first will be destroyed by the resistance of the 
fixed axis, it is not necessary to take it into account. Let 
v, v, v", &e., be the velocities in the directions of planes per- 
pendicular to the fixed axis, which would be impressed on 
m, m’, m”’, &c., if these material points were entirely free. If 
the angular velocity of the system, which results from their 
connexion, be denoted by w, these points will be actuated by 
the velocities rw, 7’w’, 7”w”, &c., whose directions are perpen- 
dicular to the axis and to the radii 7, 7’,7”, &c.; and then, by the 
principle of No. 353, there will be an equilibrium between the 
quantities of motion mv, m’v’, mv”, &e., estimated in their 
respective directions, and the quantities of motion mrw, m’r'w’, 
mr", &c., taken in a direction opposite to that of the actual 
motion of the system. 

In order to obtain the equation of this equilibrium, let the 
points m, m’, m’, &c., and the directions of the velocities which 
are considered, be projected on a plane perpendicular to the 
fixed axis. Let oz be this axis (fig. 4), and let the plane of 
projection pass through the point 0; likewise, let p be the 
projection of m on this plane, pa the projection of the velocity 
v, PN that of the velocity rw, which, by supposition, is per- 
pendicular to the radius r or op. Likewise let or, the per- 
pendicular let fall from o on the line pa, be denoted by p; the 
moments of the forces mv and mrw, pfojected in the directions 
of pa and PN, will be mup and mr*w; and if p’, p”, &c., denote 
in the same manner the perpendiculars let fall from o on the 
projections of the other velocities v’, v’, &c., (by No. 267) the 
required equation of equilibrium will be 


mre mre + m’r?a + &e. 
= mup + m'e'p’ + m'e"p"” + &e. 
When some of the simultaneous percussions tend to make 
the system to turn in one direction, and others in an opposite 


direction, the moments of each of these must be affected with 
contrary signs in the second member of this equation. The 
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system will turn in the direction of the forces, which, inde- 
pendently of the consideration of the sign, will furnish the 
greatest sum of moments. If the sum, whether positive or 
negative, of all these moments affected with suitable signs, 
be denoted by L, we shall obtain, by means of the preceding 
equation, 

L . 
= Smr? 
in which & indicates a sum that extends to all the points of 
the system. 

Ifall the velocities v, v’, v’, &c., are equal, u will be the 
product of their common value v and of the sum mp + mp’ 
+ mp" + &c.; if, besides, all these velocities are parallel to 
each other, and if through the axis oz, a plane is drawn pa- 
rallel to their common direction, p, p’, p", &c., will be the dis- 
tances of the points m, m’, m”, &c., from this plane; and, with 
regard to the signs with which the terms of L are affected, these 
perpendiculars must be considered to be positive or negative, 
according as the points m, m’, m’, &c., are situated on the one 
or other side of this plane. Hence if the sum of the masses 
m, m’, m’’, &e., be denoted by , and if the distance of its cen- 
tre of gravity from this plane (which may be either positive 
or negative) be denoted by q, we shall have (No. 65) 

mp + mp’ + mp” + &e. = Mg; 
consequently L = mzg, and the value of w will become 
Mog 
> Sir™ 
If the velocity » is only impressed on some of the points of 


the system, and if no velocity is directly communicated to the 
other points, we shall have, in the same manner, 


=e 

& = mr? 
a being the sum of the masses actuated by the velocity v, and 
J the distance of the centre of gravity of this part of the sys- 
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tem, from the plane drawn through the fixed axis, parallel to 
the direction of v. 

386. If the system of points 2, m’, m”, &., be supposed 
to constitute a solid body, it is then sufficient, in the preceding 
formule, to change the mass m of any point whatever, into 
the differential element of the mass of the body, (which, as 
usual, we shall denote by dm), and the sum S into an integral. - 
Hence the quantity Zmr? will*become the integral (r°dm, 
extended to the entire mass of the body, and it will express its 
moment of inertia with respect to the axis of rotation; conse- 
quently, the last formula will be changed into the following : 

puf 

w= Sram" (1) 
This formula is applicable to the case of a solid body retained 
by a fixed axis, and struck by another body, which after the 
impact attaches itself to the first, so that then the two bodies 
constitute only one, turning about the fixed axis with an an- 
gular velocity w. The mass of the striking body is jp, its ve- 
locity before the impact, which is common to all its points 
and perpendicular to the direction of the fixed axis, is x, and f 
expresses the distance of its centre of gravity from a plane pa- 
rallel to the dircetion of this velocity, and passing through 
the axis of rotation. The integral §7°dm should be extended 
to the two masses which are united together after the impact. 
If the striking body does not remain attached to the other after 
the impact, the determination of the angular velocity of this 
last is a different problem, the solution of which will be given 
in a subsequent chapter. 

When the body retained by a fixed axis is struck simul- 
taneously by several masses, such as p, pn’, w’, &c., actuated 
by the velocities v, v’, v’, &e., whose directions are perpen- 
dicular to that of the axis, and which are united to this body 
after the impact, the expression for w, the resulting angular 
velocity, will be 

VOL. I, kK 
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_ HOP + pf + lef + &e. | 
eS ea eS 

in which expression, the integral must be extended to the 
total mass, and ff’, /”, &c., denote the distances of the cen- 
tres of gravity of yu, n’, 2”, &c., from planes drawn through 
the axis of rotation, parallel to the directions of the velocities 
v, v', v’, &e. If the first term of the numerator of this for- 
mula be affected with the sign +, the other terms should be 
affected with the signs + or —, according as the correspond- 
ing percussions tend to produce a revolution, in the direction 
of that which corresponds to the first term, or ina contrary di- 
rection. When w= 0, the system will remain at rest, and all 
the percussions will constitute an equilibrium, If the percus- 
sions, instead of being simultaneous, were successive, the 
value of w, after all the impacts had ceased, would be still fur- 
nished by the preceding formula; for after the first impact the 
motion is the same at each instant, as if this impact took place 
then; consequently, we may suppose that it took place at the 
instant of the second impact, in order to determine the angular 
velocity after the second percussion ; and so on in succession. 

387. When the rotatory motion commences about a fixed 
axis, this line experiences percussions which it is important to 
determine; they are due to the quantities of motion that are 
lost, at each epoch, by the different points of the body, which 
quantities of motion, as they constitute an equilibrium by 
means of the fixed axis, must consequently be reduced to per- 
cussions, whose directions either meet. this axis, or are parallel 
toit. The parallel percussions may be immediately determined; 
they are the components, in this direction, of the quantities of 
motion which have been impressed on the body; as has been 
stated in No. 385, we shall not take them into account; and 
we shall suppose that the rotatory motion has been produced 
by an impact perpendicular to the direction of the fixed axis, 
to which formula (1) refers. Let the point r be the centre 
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of gravity of 4, the line pa the direction of its velocity before 
the impact, so that or, the distance of this line from the axis 
oz, may be denoted by f. In the plane perpendicular to this 
fixed axis, and comprising the line pa, let there be drawn 
through the point o of this axis, two other rectangular axes 
ox and oy. Let 2, y, = be the three rectangular coordinates 
of dm, referred to the axes ox, oy, oz; as rw, the velocity of 
this material point, is perpendicular to the radius r, and pa- 
rallel to the plane of the axes of x and y, it is easy to perceive 
that the cosines of the angles which it makes with these three 


Fo . F 
axes are — y 3 and zero, the rotation heing supposed to have 
rae 


place in the direction of the sagitta s; it may consequently 
be decomposed into two velocities — yw and cw, parallel to the 
axes ox and oy(a). Hence the components of the quantities 
of motion of all the points of thé body along these directions will 
he — wfydm and wSadm, or what comes to the same thing, 
— wMy;, and wM2,, in which m denotes, as before, the entire 
mass after the impact, and «, and y, the values of x and y, 
which belong to its centre of gravity. The sums of the mo- 
ments of all these quantities of motion, with respect to the 
plane ofthe axes of wand y, will be —w{yzdm and wSazdm; by 
No. 54, they should be equal to the moments of the total forces 
— w§ydm and w§zdm, with respect to the same plane, that is 
to say, to —wmy,2’ and wMz,z”, 2/and 2” denoting the distances 
of these two forees from this plane; consequently we shall 
have 

My,2’ = Gyzdm, Maz" = Sazdm, (2) 
by means of which, these two quantities 2’ and 2” (which 
may be either positive or negative) can be determined. 

This being established, the quantities of motion lost by all 
the points of the mass M, and which constitute an equilibrium 
by means of the fixed axis, may be replaced by a force wMy,s 
parallel to the axis of z, and situated at the distance 2’ from 
the plane of the axes of a and y, by a foree — wr,, parallel 
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to the axis of y, and situated at the distance z” from this 
plane, and by the force pv, which retains its proper direction, 
namely, from the point Pp towards the point a. These three 
forces can be at least reduced to two, which will meet the 
fixed axis, and they express the percussions that it experiences, 
perpendicularly to its length. When these three forces are 
reducible to one, the axis will experience an unique percussion, 
and it is sufficient, in order that the axis may resist it, that 
the point where it will be met by this force, should be sup- 
posed fixed. 

388. If the line oz be one of the three principal axes of M, 
which intersect in the point 0, we shall have 


§xzdm = 0, Syzdm = 0. 


Hence in this case the distanees 2’ and 2” are cipher, and the 
forces wMy,, —wMa,, and also the force yz’, will all exist in the 
plane of the axes of w and y, in consequence of which, the 
unique percussion to which they will be reduced, will pass 
through the point o. In order to determine its magnitude 
and position, if r be this force, a and b the angles that: it 
makes with the axes of x and y, a and @ the angles which the 
line pa makes with parallels to these axes, drawn through the 
point p, we shall have 


Rcosa = pvcosa + wMY, 
reosh = pv cosB — wM2,; 


and as the value of w is given by formula (1), and x, and y,, 
thg coordinates of the centre of gravity of mM, are also known, 
every thing is known in these values of the two components 
of the force R. 

Since this resultant must pass through the point o, the 
sum of the moments of its three components, with respect to 
this point, must be equal to cipher; now if 2’ and y’ be the 
distances of the forces wmy, and — wMz, from the axes ox and 
oy, respectively parallel to these lines, there will result, re- 
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gard being had to the direction in which these two forces and 
the percussion pv tend to make the body to turn about the 
point o, 

omyy’ + omaz,2’ — pof= 0; 

J denoting, as before, or the perpendicular let fall from the 
point o onthe line pa. In fact, it is easy to verify this result ; 
for, considering the moments, with respect to the planes of the 
axes of x and 2, and of y and z, of al] the quantities of motion 
parallel to these planes, the sums of which are — wMy, and 
wMa,, we shall have 


myy’ =Sydm, max! = S2°dm; 


and these values, combined with those of w, render the pre- 
ceding equation identical(b). 

In order that the fixed axis may not experience any per- 
cussion, it is easy to perceive that the distances 2’ and z” 
should in the first place be cipher, and in virtue of equation 
(2), this cannot be the case, unless the line oz be one of the 
principal axes which intersect in the point 0, as we have sup- 
posed. ‘This condition being satisfied, it is moreover neces- 
sary that the force rk should be cipher; this implies that 


cosa = — wMY,, COS }3 = wM2,. 
# MYi> 


From which there results 


2, cOSa 
y cos [3 
this equation shews that the line pa must be perpendicular to 
the plane passing through the fixed axis and through the 
centre of gravity of m. Moreover, if r, denotes the distance 
of this point from this axis, the preceding equations will give 





+1=0; 


we? = wa? +4”) = wr? 5 
and by substituting for w its value furnished by equation (1), 
there will result 
Qr'dm 


Mr, 
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Hence, when a solid body retained by a fixed axis, is struck 
by a second body, the mass of which remains attached to the 
first, in order that the fixed axis may experience no percussion, 
it is necessary, first, that the direction of the shock be in the 
plane of the two lines, which, with the fixed axis, constitute a 
rectangular system of principal axes of the body made up of 
the two masses united together; secondly, that its direction 
be perpendicular to the plane passing through the centre of 
gravity of this body and the fixed axis; thirdly, that this di- 
rection pa should meet this plane in a point of which, f, the 
distance from the axis of rotation, is furnished by the preceding 
formula. This point is what is termed the centre of per- 
cussion. 

389. While a solid body turns about a fixed axis, the 
centrifugal forces of its different points produce on this axis 
pressures which we now proceed to determine; they are the 
only pressures that have place when the motion is uniform, in 
which case the points of the body are not solicited by any 
motive forces. 

If the preceding notations be retained, rw*dm will express 
the centrifugal force of the element dm which describes a cir- 
cle, whose radius is 7, with a velocity rw; and as this force acts 
in the direction of the production of r, the cosines of the 


y 


angles which it makes with the axes of x, y, 2, will be *, ” 


and zero. If, therefore, it be transferred to the point where its 
direction meets the axis oz, it may be replaced by two forces 
comprised in the planes xoz and yoz, respectively parallel to 
the axes ox and oy, and equal to xw*dm, yw*dm. As the 
same thing obtains for all the other elements of the body, it 
follows that the axis oz will be urged along these directions, 
by forces, whose values are w§xdm, w*Sydm, or, what is the 
same thing, w’Mz,, w’my,, as is evident from the preceding 
notations. It appears also that =’ and 2”, the distances of 
these two total pressures, from the plane of the axes of « and 
y, are given by the equations 
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Maz’ = §azdm, My,2” =Syzdm, (3) 
. which are the inverse of equations (2) that are relative to the 

percussions(c). 

When 2’ = 2”, the two pressures w*mz, and way, will be 
applied to the same point of the axis oz, they can then be re- 
duced to one force perpendicular to this line, which acts in 
the direction of a plane that comprises the centre of gravity 
of the body, and its value will be w*mr,; 7, denoting the dis- 
tance of this centre from the fixed axis. 

This will always be the case when oz is one of the prin- 
cipal axes that intersect in the point 0; for then the second 
members of equations (3) will be cipher, and we shall have 
2’ =Oand2z”=0. The unique pressure, which, during the 
rotatory motion, the axis experiences, will therefore pass 
through the point 0; hence, in order that the pressure may be 
destroyed, and that the axis may beimmoveable, it will be.. 
sufficient if this point is fixed. Therefore for every point o 
belonging to a solid body, or invariably connceted with it, 
there are always three rectangular axes passing through this 
point, about which the body can turn, without these axes 
undergoing any displacement, just as if they were entirely 
fixed, 

Such is the property relative to the uniform motion of ro- 
tation, which the lines that have been termed principal axes 
possess. It belongs to them exclusively ; for if the body turns 
about a line oz, which is not one of the principal axes relative 

to the fixed point 0, the two pressures w’mz, and wmy, will, 
in general, be irreducible to one; or if they are reducible to 

one, because 2’ = z”, this unique pressure will pass through a 

point different from o ; consequently, in order that the pres- 

sures due to the centrifugal forces may be destroyed, and that 
the axis of rotation be not displaced during the motion, it is 
necessary that a second point be supposed fixed, but this 
implies that the entire axis is fixed. When a body retained 
by a fixed point 0, and not acted on by any motive force, com- 
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mences to turn about one of these axes which intersect in this 
point, the motion will continue indefinitely about this line. 
This will be the case, for example, when the body is put in 
motion by an impact, the direction of which is in the plane 
passing through the other two principal axes relative to this 
point o, for then it appears, by what has been established in 
the preceding number, that the percussions which the axis 
experiences, the first instant, will be reduced to one which, 
passing through this fixed point, will be destroyed by its re- 
sistance. Ifo be one of the particular points, for which all 
moments of inertia are equal, the axis about which the body 
will begin to turn, will be necessarily a principal axis; and jn 
whatever manner the body is set in motion about this fixed 
point, the axis of rotation will remain immoveable. Thus, an 
ellipsoid of revolution, or a parallellopiped retained by one of 
the points, the position of which has been determined already 
in No. 383, will always turn about a fixed axis. This will 
also be the case with respect to a sphere when its centre is 
fixed, or a cube retained by the point situated at the inter- 
section of its three diagonals; and, moreover, in these two 
last cases, the fixed point being the centre of gravity, the axis 
of rotation will remain immoveable, although the body should 
be supposed to be acted on by gravity. In general, the mo- 
tive forces that act on the body, will, like the centrifugal 
forces, produce pressures on the axis of rotation, which will 
tend to displace it, when they are not reducible to one sole 
foree, passing through the fixed point. 

390. If the line oz is one of the three principal axes which 
intersect at G, the centre of gravity of the body that is consi- 
dered, it will be also one of the three principal axes of this 
same body for any point whatever of its direction. In fact, if 
oc, the distance of this centre from the point o, be denoted 
by y, and if, without changing the preceeding direction of the 
coordinates x, y, 2, their origin be transferred to the point c, 
those of dm any element whatever will become 2, y, z— y, 
and, by the definition of principal axes, we shall have 
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§z(z—y) dm = Sx2zdm — ySzdm = 0, 
Sy (2 — y) dm = Syzdm — ySydm = 0. 


Moreover, as the point c is on the axis of the ordinate 
z, we have §adm = 0, and §ydm = 0; consequently, we 
shall have Syzdm = 0, §xzdm = 0, from which it appeay, 
that oz is one of the three principal axes that intersect at the” 
point o. 

The direction of the two other principal axes, in the 
plane of the axes of « and y, can be determined by the trans- 
formation of the coordinates. Let x’ and y' be those of dm 
with yespect to these two other axes, we must have 


§a’y’dm = 0, Sa'zdm=0, Sy/zdm = 0; 


and if 6 be the angle contained between the axis of x’ and that 
of x, we shall have 


a’ =xcos8—ysind, y’ = xsin6 + ycos 0; 


now, if these values be substituted in the preceding equations, 
the two last must disappear, because §rzdm= 0, and Syzdm=0; 
the first becomes 
(cos? @— sin? 9) Saydm + sin 0 cos 6 (§a’dm — Sy’dm) = 0, 
from which the value of 0 may be obtained. The values of 
the integrals which this equation contains, may change ¢aith 
the position of the point 0; so that the direction of offe ef 
the principal axes being supposed to be that of the axis oz, 
the directions of the two others will not, in general, always 
remain parallel to themselves. 
As the four equations 


§zdm=0, Sazdn =0, Sydm = 0, °“Sysdm = 0, 


obtain simultaneously, it follows from the two first, that the 

parallel pressures existing in the plane of the axes of x and z, 

which arise from the centrifugal forces, may be reduced to 

two equal and directly opposite forces; and in virtue of the 
VoL. I. L 
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two last equations, the same thing is true with respect to the 
components existing in the plane of the axes of y and z. 
Consequently, when the body turns about one of the three 
principal axes which intersect in its centre of gravity, the 
centrifugal forces of all its points produce no pressure on the 
axis of rotation, and if the motion commences about such an 
axis, it will continue indefinitely, although this axis has no 
fixed point, provided that the body is not acted upon by any 
motive force. This result is evident in the case of an ellip- 
soid, which turns about one of ifs three axes of figure ; for 
every thing being supposed symmetrical about each of these 
lines, there is no reason why it should experience a pressure 
in one direction rather than in the opposite. 


Il. Variable Motion of Rotation. 


391. Let the element of the mass of the body which re- 
volves about the fixed axis oz (fig. 5) be denoted by dm, 
through a point o taken arbitrarily on this line, let two other 
fixed axes ov and oy be drawn perpendicular to each other 
and to the axis oz; and at the end of ¢ any time whatever, 
let 2, y, z, denote the three coordinates of dm referred to these 
axes o, oy, oz. At the same instant, the components of the 
ah 2 2. Now, what- 
ever be the nature of the forces applied to the element dm, 
they may be decomposed parallel to these same axes ; and, at 
the end of the time ¢, let the components of the given acce- 
lerating force which acts on this material point, estimated in 
the positive directions of 2, y, 2, be x, ¥, Z, respectively. If 
this point was freé, the components of the velocity, namely, 
dz dy dz 
dé? dt? dt’ 
instant dé (No. 147); but these functions of the time are 


velocity parallel to these lines will be 


would be increased by xdé, ydt, zd, during the 


really increased by their differentials a, a, de: con- 
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sequently, the velocities lost during the instant dé, in the 
directions of the coordinates, will be 
2 da: dj, dz 
xdt 4a ydt — deop adt — d. a 
Multiplying them by dm, and then dividing by dé, there 
will result 


x dy az 
(x _ =) dm, (x - <4) dn, (2 -_ <a) dm, « 


which will be the values of the components of the force lost by 
the element dm, during this instant dt, in consequence of its 
connexion with the other points of the body and with the axis 
of rotation. Therefore, in virtue of the principle of No. 350, 
an equilibrium must obtain about this fixed axis, between simi- 
lar forces applied to all the points of the body. 

In order to obtain the equation of this equilibrium, it will be 
sufficient to substitute the two first of the three preceding forces 
in the place of p cosaand Pp cos, in the first term of equation 
(5) of No. 266, and then to put equal to cipher, the sum of 
the values of this quantity for all the points of the body, which 
sum will be an integral extended to the entire mass. If the 
differentials be placed in the first member, and the given 
forces in the second member of this equation, the required 
equation will be 


SEE —vieaGler—ra)am 


which will be that of the motion of rotation about the axis 
of the ordinate z. 

392. Let the angular velocity at the end of the time ¢ be 
denoted by w, which we shall consider to be positive or nega- 
tive, according as the motion of rotation is in the direction of 
the sagitta s, or in the opposite direction ; likewise, let r be 


the radius of the circle described by dim, or the - perpendicular 
eee | ee a 
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the absolute velocity, and the values of its two components in 
the direction of x and y will be 


dx y 
aun — Ye, ago 

In fact, if p be the projection of dm on the plane of the 
axes of x and y, and if the radius or be drawn, and also arp’, 
perpendicular to or, it will intersect the axes ox and oy in Q 
and q’, and we shall have 


x 
OoP=r, coszQrp= — ¥ cos ¥Q/P/=-—; 
r r 
now as the direction of the velocity rw is parallel to the line 
apr’, it must be multiplied by these cosines, in order to obtain 


the value of its components a ond y 


From the equation 2’ + y’? = 7’, we obtain() 
ady — ydx = rwdt. (2) 


If this last be differenced with respect to ¢, there will result, 
because the radius 7 is constant, 


ad’y — y@x = r'dwdt ; 
and as dw isa quantity common to all the points of the body, 
it must be considered as constant in the integration relative 
to dm, consequently, equation (1) becomes 


dw 


a dm = (ay —yx) dm; (3) 


by means of which, the value of dw, corresponding to a given 
position of the body, can be determined. 

Let the accelerating force which acts on dm be decom- 
posed into two others, one parallel to the axis oz, and the 
other comprised in a plane perpendicular to this line; as the 
first does not contribute to produce the motion of rotation, it is 
not necessary to take it into account ; and the second, which we 
shall denote by $, will be the resultant of the forces x and y. 
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If x,y, ¢, be projected on the plane of the axes, of w and Y> 
and if rc be the direction of g thus projected ; and h the per- 
pendicular ou, let fall from o on Pc or on its production ; by 
considering the moments with respect to the point 0, we shall 
have (No. 46) 


ay—yx= the, 


the sign of the second member of this equation will be + or 
—, according as the force ¢ tends to make the body to turn 
in the direction of the sagitta s, or in the opposite direction, 
If we denote by 8 the angle Q’pc which the line pc makes 
with PQ’ the perpendicular to the radius op, and drawn in the 
direction indicated by the sagitta s, this angle will be acute or 
obtuse, according as the second member of the preceding 
equation is affected with the upper‘or lower sign ; and as or = 7, 
we shall, therefore, have always 


+h=rcosd; * 


by means of these values, equation (3) will become 
7 §r'dm = Sr¢ cos 8d. 


Now, if the given forces act on the body only during a 
very short interval of time, and if notwithstanding, they are 
capable of producing in this short interval, given velocities 
which are of a finite magnitude, and moreover, if during this 
same time, neither the directions of these forces, nor the po~ 
sitions of the points of the body are sensibly changed, we 
shall obtain by integrating the two members of this equation 
with respect to ¢, 


wSdm = rv cosddm; 


uv being the integral of §gdt during the continuance of the 
action of the forces, that is to say, the velocity which the 
percussion exerted on dm would impress on this material point, 
if it was entirely free. This equation is that of uniform 
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motion of rotation, and the formule given in No. 386 may be 
obtained from it, without any difficulty. 

In the case of variable motion, equation (3) becomes a 
differential equation of the second order, on which the position 
of the body at each instant, and its velocity in a function of 
the time, depends, as we shall see immediately by an ex- 
ample ; but it is expedient to determine previously the pres- 
sures which the axis of rotation experiences during the con- 
tinuance of the motion. 

393. We shall only consider the pressures perpendicular 
to this axis oz, which are due to the components, parallel to 
the axes ox and oy, of the forces lost by all the points of the 
body, the resultants of which must intersect the fixed axis. 

Denoting the sums of all these forces by u and v, we shall 
have, by No. 391, 


: v= Q(x) an, va ((v— 2) ams 


and if u and v be the distances of the total forces u and v from 
the plane of the axes of x and y, we shall likewise have 
(No. 54) 


sD oh APH 


From the preceding values of 7 and 4, we obtain 








Px ‘ dw ie dw a 
de Ya 8a ae 
Py dw + de dw is 
ae ae + ae aE 


If = be eliminated by means of equation (3), and if the 


values of z and y, which refer to the centre of gravity of the 
body, be denoted by 2, and y,, and its mass by m, so that we 


may have 
cdma, Sydm= My; 
y ¥ 
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then by substituting the values of Gp = a Te Yin the preceding 


formule, they will become (e) 


U = Maw? + [xdm + y, \Gr S97) am 


VPdm 
v= My? + §xdm — git Verse 
vo = w'Syedn + §zvdn — ee 


When the angular velocity w is known, these equations will 
determine vu and v, the pressures parallel to the axes ox and 
oy, which the axis oz sustains; and also w and v the distances 
comprised between the point o and the points of application of 
uv and v on this axis. When the forces x and y are cipher, 
these results coincide with those of No. 389. When the line 
oz passes through the centre of gravity of the body, x, = 0, 
and y, = 0, consequently 

u = §xdm, v= Sydm; 
so that the total pressure on the fixed axis is the same as in 
the state of equilibrium; but, in general, it is differently dis- 
tributed. Ifthe fixed axis is, besides, one of the principal 
axes which intersect in the centre of gravity, we have likewise 
§azdm = 0 and §yzdm = 0; consequently 


uu = §2xdm, vo= §zxdm ; 


and the pressure on the axis is then found to be distributed, 
in the state of motion, as in the state of equilibrium. 

394. Let us now apply equation (3) to the case of a heavy 
body, revolving about an horizontal axis. 

If the force of gravity be denoted by g, and if the axis oy 
be supposed to be vertical, and to be drawn in the direction of 
this force, we shall have 


x=0, r=4y, 
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and, because {adm = Mz,, equation (3) will be reduced to 
de 
“param = gMe,. (4) 


If @ denotes the angle which, at the end of the time ¢, the 
moveable plane that passes through the centre of gravity of 
the body makes with the fixed plane of the axes of y and 2, 
which angle will be considered as positive or negative, accord- 
ing as the moveable plane exists, relatively to the fixed plane, 
on the side of the axis of the positive vs, or on the opposite 
side; and if a be the constant distance of the centre of gravity 
from the axis oz, we shall have 

x, = asing; 
and, according to the direction of the velocity w, whether po- 
sitive or negative, we shall likewise have 

_ do . 
iia 

which may also be deduced from equation (2), applied to the 
centre of gravity, that is to say, to the values asin@, acos8, a, 
of z,y,7. Finally, let mA? be the moment of inertia of the 
body with respect to an axis passing through its centre of gra- 
vity, and parallel to oz; & will bea line ofa given magnitude, 
and by the theorem of No. 374, we shall have 


§7?dm = M(a? + h?) 
for the value of the moment of inertia with respect to the axis 


of rotation. 
By means of these values of 2,, w, §7°dm, equation (4) 


becomes s 
#6 gasin® 
d? ~~ &@ + kh 


Hence, multiplying by 2d@, and integrating, we shall have 
dd 2gacos) 


dé eye 
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e being an arbitrary constant. If, at the commencement of the 
motion, 


Gage ae 


dt 
the value of this constant will be 


2gacosa 
ila aaeiader one 


and therefore, at any instant whatever, we shall have 


dP? | 2ga(cosa ~ cos) ees : 
de ~~ e+ ai (@) 


This equation is that of the motion of a pendulum of any 
form whatever, turning about an horizontal axis. In its state 
of equilibrium, the plane passing through its centre of gravity 
and through the fixed axis is vertical, and we have a = 0, 
Q=0,0=0. Ifthe body is made to deviate from this po- 
sition, so that these two planes may comprise a given angle a, 
and if then it is remitted to itself, we shall have Q=0; if, 
on the contrary, the body experiences a percussion at the 
commencement of its motion, the initial velocity Q must be 
determined by the rules of No. 386, or given in some other 
manner; and, in all cases, equation (a) will make known the 
angular velocity of the body at any instant whatever, when 
the position of its centre of gravity is known. If this equa- 
tion be resolved with respect to dt, and then integrated, the 
value of ¢ in a function of 6 will be obtained, and conversely, 
this will determine the variable position of this centre, and, 
consequently, that of the body at each instant. 

395. If this heavy body is reduced to a material point, 
attached to the axis oz by an inextensible and inflexible 
thread, destitute of weight, and whose direction is perpen- 
dicular to oz, we shall have the case of the simple pendulum, 
as is evident from its definition given in No. 179. If its 
length be denoted by 4, we shall have a= 7: m will be the 
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mass of the material point; and the moment of inertia 
m(a@? + 2?) must be reduced to the product of this mass, and 
of the square of Z its distance from the fixed axis. Conse- 
quently, we shall have 4 — 0, and equation (a) applied to this 
particular case, will become 


df 2g 
wtT 7 eos(a — cos@) = 07; (b) 


and, in fact, it is easy to shew that it agrees with equation (1) _ 
of No. 180, relative to the motion of the simple pendulum. It 

appears from a comparison of equations (a) and (b), that this 
motion will coincide with that of any pec whatever, 


2 29 
whenever the coefficients ad and ae by which these 
two equations differ, are equal, ‘ie is to say, when 
k 2 
i=a +5 ses (c) 


It is, therefore, by this formula that we determine, as has been 
stated in No. 179, the length of the simple pendulum, whose 
time of vibration is equal to that of a given pendulum ; when 
the form of this compound pendulum is known, the two quan- 
tities @ and & can be determined by the known rules, either 
accurately, or by approximation. 

When this pendulum makes very small oscillations, the 
same will be the case with respect to the corresponding simple 
pendulum. Therefore, if the duration of an entire oscillation 
be denoted by T, we shall have (No. 182) 


re t *] 
7 art g=5- 


If the number of oscillations which the compound pendu- 
jum performs during a considerable time be reckoned, the 
value of © will be had by dividing the entire time by this 
number; and by substituting it in this last formula, the mea- 
sure of the gravity g will be obtained with great accuracy, 
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when the length of Z corresponding to the pendulum that 
is employed is known, as has been already explained in 
No. 192. As the lengths of simple pendulums are to each 
other as the squares of the times in which very small oscil- 
lations are performed, if the length of the pendulum which 
vibrates seconds be denoted by A, we shall obtain (the second 
being taken as the unit of time) 


by means of which equation, the value of A can be determined 
when those of / and T are known. 

396. If in the interior of the compound pendulum, a line 
be traced below its centre of gravity, in the plane passing 
through this centre and the axis of rotation, parallel to this 
axis, and at the distance Z from this same axis, the motion of 
the points of this parallel will neither be accelerated or re- 
tarded by their connexion with the other points of the body, 
Among all the points of this line, that is properly termed the 
centre of oscillation, which exists on the same perpendicular 
to the axis as the centre of gravity. 

Let azo (fig. 6) be the section of the pendulum perpen- 
dicular to the axis of rotation, and passing through its centre 
of gravity, & this centre, and c the point where this section is 
eut by the axis; let the line ca be produced to 0, so that we 


may have(y) 
2 


CcG=a, Go=—, 
a 


and, consequently, 
ke 
copa+—=l. 

am a 
The point o will be the centre of oscillation; and if, after 
having caused the given pendulum to oscillate about the axis 
perpendicular to the section app, and passing through the 
point c, we thenaeverse it, and cause it to oscillate about the 
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axis passing through the point 0, and perpendicular to this 
same section, the point c will become the centre of oscillation. 
This theorem is commonly expressed by stating that the 
centres of oscillation and suspension are reciprocal, so that 
when the centre of oscillation is made the centre of suspension, 
the latter becomes the centre of oscillation. 

In fact, in each case, the moment of inertia mA? is the 
same, since it always respects the axis perpendicular to aBD, 
and passing through the point G; so that the quantity & will 
not be changed. Moreover, if 0’ be the point of the produe- 
tion of oc, which is the centre of oscillation, when o becomes 
the centre of suspension, and if the distance 00’ be denoted by 
its value can be deduced from formula (ce), by substituting og 


in place of ca, that is to say, 7 in place of a; therefore we 
t 


shall have 


ke 
v= a +ax=l, oo’ = co; 


and, consequently, the point 0/ will coincide with the point c. 
397. The duration of very small oscillations about two 
axes perpendicular to aBp, and passing through the points c 


and 0, is the same, and equal to 7 V5; Ubeing always the 


distance co. Conversely, if the duration of very small oscil- 
lations is the same about two parallel axes, the plane of which 
contains the centre of gravity G, and which are not equally 
distant from it, their mutual distance will be equal to /, the 
length of the simple pendulum which also oscillates in the 
same time. 

In fact, let a and a’ be the unequal distances of the centre 
of gravity from these two parallel lines, and, consequently, 
a +a’ their mutual distance ; likewise let mk? be the moment 
of inertia with respect to the parallel axis passing through the 
centre of gravity, since the duration of the oscillations about 
the two lines is the same, we must have 


ae 
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ke Re 
a+ ge + Pie 
hence we obtain 
h? 


ara ord=—; 
a 


therefore, as by supposition the first value of a’ must be re- 
jected, we shall have 


a4+a@éaza+~—, 
a 


Consequently, if a +a’, the distance between the two syn- 
chronous axes be measured, the length of the simple pen- 
dulum which oscillates in the same time as cach of them will 
be obtained. 

This method, which has the advantage of not requiring any 
computation relative to the form of the compound pendulum 
to be made, has been successfully employed in England, to 
determine the length of the compound pendulum (i). 

398. There are an infinite number of different axes about 
which the duration of small oscillations of the same body are 
equal, 

In the first place, it is evident that the value of Z and the 
duration of the oscillations will be the same for all axes of 
suspension parallel to each other, and equally distant from the 
centre of gravity, since, for all these axes, the quantities & and 
a, which occur in equation (¢), do not vary. 

The direction of these axes, and their distance from the 
centre of gravity, may also be changed without the value of 
U undergoing any change ; for if the angles, that the parallel 
to the axis of suspension, drawn through the centre of gra- 
vity, makes with the three principal axes, which intersect in 
this point, be denoted by a, B, y, and if a, B, c be the mo- 
ments of inertia relative to these axes, and if Mk? be, as be- 


fore, that which refers to this parallel, by equation (c) of No. 
375, we shall have 
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mi? = acos?a + Bcos*8 + c cos*y, 
and, consequently, 


é=a+ 


Acos’a + B cos’ + Ccos*y 
Ma . 





Now, it is evident that we can assign to a, a, B, y, an 
infinite number of different values, for which this value of J 
will remain the same. 

If it be proposed to determine when this function / is a 
minimum with respect to the variables a, a, 8, y, it follows 
from its form, that a being supposed to be the least of the 
three constant quantities a, B, c, we must haye a = 0, B= 90°, 
y = 90°, and, consequently, 

v= Ma? + A 
Ma 


: A 
from which, by the common rule there results a = Ve for 


the value of @ that corresponds to the minimum, and the 


actual value of this minimum is l= 2 S (2). 


399. It was demonstrated in No. 190, that the resistance’ 
of a medium does not influence the duration of small oscilla~ 
tions of a pendulum ofa given length; but it is also neces- 
sary to prove, that this force does not change the length of the 
simple pendulum, whose motion is the same in the air as that 
of a given pendulum, in this same fluid. Now, in order to 
determine this motion, to the forces xdm and ydm, which 
compose the second member of equation (3), and which act 
on all the points of the body, there must be joined the com- 
ponents of the resistance of the air, which only act on the 
elements of its surface. Let, therefore, this resistance be 
supposed to be expressed, generally, by the sum of several 
powers of the velocity, so that for v any particular velocity 
whatever, its action on the unit of surface may be denoted 


by 
7 * 


Aut a’ov 4 aes! Ke; 
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A, A, a”, &e., a, a’, a”, &e., being given constants, Let p 
be the distance of m, a point of the surface of the’ pendulum 
from the axis of rotation ; 3 its velocity at the end of the 
time ¢, will be pw, w w’ denoting as before the angular velocity 
at this instant. If « be the angle that its direction makes 
with the interior part of the normal at this point, then pw cos « 
will be its component in the direction of this line; and by 
what has been already stated (No. 365), it is this normal com- 
ponent that should be employed in place of the velocity v, in 
the expression of the resistance at the point m. Therefore, if 
the differential element of the surface at this same point, be 
denoted by de, and the resistance exerted on this clement by 
ndg, we shall have 


R = Ap* w? COS* e + Ap*'w' cose + &e. 

If and v be the angles which the part of the normal at 
the point m, that falls within the body, makes with lines 
drawn through this point, parallel to the axes of x and y, the 
components of the resistance in the direction of these lines 


will be cos ude and R cos ydo; and if a and y’ be the values 
of « and y at the point m1, then 


a'r cos vedo — y’R cos pda, 


will be the part of the second member of equation (3), that is 
relative to the element do; consequently, if the integral of 
this quantity for the entire portion of the surface of the body, 
which experiences the resistance of the medium, be taken, the 
quantity that should be added to the second member, when 
this resistance is taken into account, will be obtained. Let, 
in order to abridge, 


x’ cosy — y’ cos = Z, 
and the expression of this quantity will be 
Aw? §Zp2 cos* eda + A’w§Zp* cos*'eda + &e. 


It is evident that Z is the shortest distance between the 
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axis of suspension and the direction of pw the velocity of the 
point M, cortiprised in a plane perpendicular to this axis ; there- 
fore, § does not depend on the time, no,more than the angle e 
or the radius p ; consequently, if we make 


§Zp°cos* eda = y, §Zp* cos’ eda =y¥', &e., 


these integrals will be constants depending on the form of 
the body, their values may however be different in two suc- 
cessive oscillations. In order to determine their limits, let 
there be circumscribed about the body, in its position of equi- 
librium, a cylinder perpendicular to the vertical plane passing 
through the fixed axis; the curve of contact of this cylinder 
with the surface of the body will divide this surface into.two 
parts, one of which will experience the resistance of the air, 
while the body moves in one direction, and the other, while it 
moves in the opposite direction ; these integrals must, there- 
fore, be extended to one of these two parts for one entire 
oscillation, and to the other part for the following ; and when 
these two parts are different, the values of y, y's”, &e., will 
be so also in two consecutive oscillations. When the body 
performs an entire revolution about the axis these values will 
not change. "This being established, after having added the 
preceding quantity to the second member of equation (3), or 
what comes to the same thing, after having subtracted this 
quantity divided by m (a? + 2*), the moment of inertia, from 


the value of a given in No. 394, we shall have 


#6 gasin 8 Ay a Aly! 


def P MGR? Meh” 





‘ 
a! &e, 


for the equation of the motion of any pendulum whatever ina 
resisting medium. In like manner, we shall have 


a6 gs ' 
ga —7sin 8 — Bot — Bw" — &e., 


for the equation of the motion of the simple pendulum, the 
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length of which is Z; 8, 3B’, B”, &c., denoting constant coef- 
ficients, 

The initial velocity and positions of the two bodies being 
supposed to be the sdige, in order that their motions may be 
so also, it will be sufficient and it is necessary to assume 
I __ 94 _ AY jae aly’ 
T= af P=a@ee "Saw pe 
by means of which the value of Z can be determined, (which 
will be the same as in formula (c),) and likewise those of 
B, B’, B”, &c., for the entire duration of each oscillation. 

Thus, whatever be the form of a pendulum, and the law 
of the resistance of the medium in which it moves, it appears, 
that there is always a simple pendulum, the motion of which is 
the same as that of the given pendulum; likewise, that the 
resistance of the medium in which the simple pendulum should 
move, may be deduced from that of the given medium, and 
from the form of the compound pendulum ; and, finally, that 
the length of the simple pendulum depends altogether on this 
form, and not at all on the resistance. 

However, it does not follow that the length of this pen- 
dulum, which is isochronous with the given pendulum, is the 
same in the medium and in a vacuo; the loss of weight that 
the compound pendulum sustains in the medium, and which 
is not the same in a state of motion and repose, influences the 





&e.; 


length of the isochronous simple pendulum that vibrates in a 
vacuum, as has been already stated (No. 191). 

400. In order to determine the motion of the axle in the 
wheel, and of its two weights, suspended the one to the wheel 
and the other to the cylinder, the sum of the forces lost by 
all the points of the machine should be taken as in No. 391, 
then to this sum there should be added the momentseof the 
forces lost in the same instant by these two weights; and the 
sum total of ajl these moments should be put equal to cipher. 
Now, if a chord be wrapped round the wheel, and attached 
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at one extremity to a point of its circumference, and if m be 
the mass of the body which is vertically suspended at the 
other extremity, likewise, if m’ be the mass of the body which 
is vertically suspended to the extremity of a second cord 
wrapped round the cylinder and attached to its surface at its 
other extremity, and if «and wu are distances of the centres of 
gravity of mand m’ from the horizontal plane passing through 
the axis of the machine, at the end of the time é, the forces lost 
by these masses during the instant dt, will be m (9- &), 
, 
mn (9 - a) : and their moments with respect to the axis of 
the machine will be obtained by multiplying the first by the 
radius of the wheel, which we shall denote by c, and the 
second by the radius of the cylinder, which we shall denote 
by c’; now, since these forces tend to make the parts of the 
machine to turn in opposite directions, the moment of one 
of them must be affected with the sign +, and that of the 
other with the sign —. For greater clearness, we shall sup- 
pose that the first force tends to make the machine to turn 
in the direction in which it actually turns, or, in other words, 
that it is the mass » which descends and the mass m’ which 
ascends ; it follows from this that the second member of equa- 
tion (3), will beincreased by gme—gm’c’, and its first member by 
Pu Pu! 


7 


m Fae — m Wee ; moreover, the integral which contains the 


second member will be cipher, since it must extend to all the 
points of the machine, whose centre of gravity exists on the 
axis of rotation; we shall, therefore, have 

du 2 au Pu! 

GO 624, es ytad ee ght 

“as” m+ me a — me! ae g (me —m'c’) 5 

e 

for the equation of the motion of the machine and of the two 
masses a and m’. 


. . 4 ‘ . du 
During the entire continuance of this motion, 7 the ve- 
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locity of m is equal to cw the velocity of the point of the wheel 
where the cord commences to detach itself from its cireum- 
ference, the radius of which point is horizontal; in the same 
du! : 7 
manner, ir the velocity of m‘is equal and contrary to cw, 
the velocity of the point of the surface of the cylinder, whose 
radius is also horizontal and situated on the other side of the 
axis, hence we have constantly, 


du _ du! 
an 


=~ cw; 
by means of which, the preceding equation becomes(?) 
(Mk? me? m/e”) ce =y (me ~ mc’), 


in which equation m denotes the mass of the machine, and 
md? its moment of inertia with respect to the axis of rotation. 
If, for greater simplicity, the initial velocities of the machine, 
and of the masses m and m’ be supposed to be cipher, we shall 
have, at any instant whatever, 
(me — mic!) gt. 
=~ MR me + met? 
from which it appears at once, that the motion of the machine 
is uniformly accelerated. 
The tensions of the cords to which the masses m and m/ 
are attached, are measured by the forces lost by these masses ; 
therefore, if they be denoted by r and 7’, we shall have 


= ( <) Sie ( =) 
=m\9—- Gp) V=m\o~ Gz), 
and, if the weights of these bodies, and of the machine, be 
denoted by p, p’, r, respectively, so that 
pom, pi=m'g, P= Mg, 


it follows from the preceding equations, that 
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(pe — p’c’) pe 


x, (pe— pie’) pe! 
PA? + pe* + p'e? 


T=p Ph? + pe? + p’c™” 


vop'+ 





Since by supposition the weight p descends, pe is greater 
than p’c’, consequently, the tension T is less than this weight, 
which will be its value in the state of equilibrium, and for 
the same reason, the tension 7’ is greater than p’. 

The pressures exerted on the axis of the machine by the 
centrifugal forces of its different points, are evidently destroyed 
two by two, in consequence of the symmetrical arrangement 
of the parts of the machine about this axis. Therefore, the 
weight of the machine and the tensions 1 and 1’ make 
up the entire pressure, which the axis sustains during the 


motion, so that if this vertical force be denoted by 1, we 
shall have 


Nno=re+r+r, 
and by substituting for r and 1” their values, there will result 


J nl\2 
ise + p+ p'— Sear 3 
from which it appears, that this pressure is always less than 
in the state of equilibrium, in which case it is equal to 
e+p+p. 

401. If we make ¢ =c’, in these different formule, we 
shall have the case of the machine invented by Atwood, and 
thus by means of them all the circumstances of the motion of 
two unequal weights p and p’, one of which ascends and the 
other descends, will be known. 

If, for example, h be the height through which the weight 
p descends in a given time, such as 9, the value of h will be 
obtained by integrating that of du or of cwdt, from ¢ = 0 to 
t = 6; which gives 

nae EPSP) CGP 
phe (p + p’je? 


in this expression, the weights p, p, p’, and’also the radius 





, 
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of the wheel are given; the quantity 4? can be calculated 
from knowing the form of the wheel; and the height A can be 
measured ; consequently, if the time @ is given by observation, 
this formula will make known the value of g. But, however 
carefully this experiment is made, it can never be susceptible 
of the same degree of precision as observations on the pendu- 
lum, for in this last, the duration of each oscillation is ob- 
tained, by dividing the time during which the pendulum 
oscillates, by the number of oscillations that it makes, and as 
this number is very great, the error to be apprehended, in the 
duration of one sole oscillation, must be much less than the in- 
evitable error which is committed in the measurement of the 
time 6, in the machine of Atwood. é 

The mass of the thread to which the two weights p and p’ 
are suspended, is not considered in the preceding expression, 
however it would be easy to take it into account, in the same 
manner as in the problem of No. 356; but then the law of 
the motion would be extremely complicated. The resistance 
which the air opposes to the motions of the two weights p 
and p’ is also neglected; in order to diminish, as much as 
possible, this effect, and also that we may be enabled to 
measure the time @ with greater facility, these motions are 
rendered very slow, by diminishing the excess of one of these 
weights above the other. 

402. ‘The pendulum has also been employed to determine 
the velocity of projectiles in gunnery. This machine is called 
the pendulum of Robins, from the name of the engineer who 
first invented it; it consists of a very considerable mass, that 
vibrates about a fixed horizontal axis firmly fixed. The ball, 
whose velocity is required to be known, penetrates into this 
mass without passing through it, and by this means causes the 
pendulum to vibrate; the magnitude of the are which a de- 
terminate point of the total mass deseribes is then measured; 
from which jts quantity of motion may be easily obtained, 
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and, consequently, the velocity of the bullet at the instant it 
strikes the pendulum. 

In fact, let aEBF (fig.7) be a section of the pendulum made 
by a plane passing through the centre of gravity, and perpen- 
dicular to the fixed axis, G its centre of gravity, o the centre 
of oscillation, (No. 396), c the point where this section cuts 
the axis, so that, in the state of equilibrium, ceo is a vertical 
line. Likewise, let B be the point where the production of 
this line meets the inferior surface of the pendulum, Bx’ the 
are of the circle that is described by this point B, and of which 
cis the centre, £ the centre of the circular aperture that the 
ball makes at the surface of the pendulum, or, more generally, 
the projection of this point on the plane of the section arBr. 
Let pz denote the mass of the ball, v its velocity, at the instant 
of the impact, f the perpendicular let fall from the point c on 
the direction of v projected on the plane of arBr, m the mass of 
the pendulum and of the ball, a the distance of the centre of 
gravity of m from the fixed axis, m(a? + k*) its moment of 
inertia with respect to this axis, we shall have (No. 386) 

— eet 

as M(a? +R?) 
for the value of Q that should be substituted in equation (a) of 
No. 394, in which we should likewise make a = 0, since the 
pendulum sets out from its position of equilibrium. It will 
continue to deviate from this position until the angular velo- 
eity is cipher, consequently, if the angle ncn’ be denoted by 
, we shall have, by this equation (a), 

2 

feos = 2ga(1 — cos); 

in which g denotes the measure of the force of gravity. If the 
cord of the are BB’ be denoted by b, and the radius cB by c, 


we shall have (4) 
b 


cosB = 1 3 
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By substituting this value in the preceding equation, there 
results ae 
eo ee (a? +B); 

in this equation n denotes the ratio of M to p, which will be 
always a very great given number. 

All the other quantities contained in this formula will be 
also known. The distance c can be immediately measured, 
the cord 6 is given by means of a riband attached to the 
point B, and passing through a ring firmly fixed in the ground, 
the part of this riband that is unrolled, and traverses the ring 
during the ascent of the pendulum, is evidently equal to J. 
If the direction is horizontal, the quantity fis the djstance of 
the axis of the piece from the axis of rotation; if the direction 
deviates a little from horizontality, in which case, the line 
drawn from the point & to the mouth of the cannon is no 
longer horizontal, it is easy to compute with sufficient accu- 
racy, the quantity which should be added or subtracted from 
the distance of the two axes, in order to obtain the value of 
J. With respect to the quantities a and k, they may be com- 
puted from knowing the form of the pendulum and the den- 
sity of its parts; but their values may be determined likewise 
by experiment, ~ 

Ifa cord attached to the inferior extremity of the pendu- 
lum be made to pass over a fixed bar, situated parallel to the 
axis of the pendulum, and at the same distance from the 
horizon, and if a weight m’ attached to the other end of the 
cord raise the pendulum until its centre of gravity is on the 
same level as the axis and the bar, then, a’ being the given 
distance of the bar from the axis, we shall have 


a:a’::M’:M, 


by means of which proportion, the value of a can be accurately 
determined. If the pendulum be made to perform very small 
oscillations, and if r denote the duration of one such oscilla- 
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tion, and Z the distance of the centre of oseillation from the 
axis of suspension, we shal! have (No. 395) 


rarVE 1 ot" 


hence we can deduce 








a@+Pa me 7 
by means of which, when the value of a is known, that of k 
can be obtained. 

By substituting this value of a? + 4%, a simpler expression 
will be obtained for v, the velocity of the ball, than that 
already given, namely, 

ngtab 
ae (a) 

403. If the mouth of the cannon is not very far from the 
pendulum, the value of v given by this formula will differ very 
little from the velocity of projection of the ball; and if the 
coefficient of the resistance of the air was supposed to be 
known, it would be easy to caleulate by means of formula (5) 
of No, 212, the quantity by which this quantity v should be 
increased, in order to obtain the velocity of projection. But, 
the magnitude of this last velocity can be obtained imme- 





diately, by attaching the cannon firmly to the pendulum; the 
quantity of motion impressed on the pendulum, thus consti- 
tuted, will be then equal to the mass of the ball multiplied by 
the velocity which it has at the mouth of the cannon, the 
recoil of which will not, in consequence of the compressibility 
of the matter, sensibly commence before the projectile has 
traversed the length of the piece; consequently, the value of 
v, furnished by formula (a), will be that of the velocity of 
projgetiéh without any correction, and without the necessity 
of knowing the coefficient of the resistance(/). 

By firing the same cannon, loaded in the same manner, at 
different given distances from the pendulum, so many values 
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of v will be obtained, the differences between which and that 
which results when the cannon makes a part of the pendulum, 
will enable us to verify the law of the resistance of the air, on 
which formula (5) of No. 212 is founded, and also to deter- 
mine the coefficient of this resistance. 

A great number of experiments were made in England, 
with Robin’s pendulum, in which the two methods pointed out 
above were employed. One of the most general consequences 
which has been deduced from them consists in this, that every 
thing else being the same, the squares of the velocities of pro- 
jection are very nearly as the weights of the charges, and this 
ratio is so much the more accurate, according as the length of 
the charge is less considerable relative to that of the can- 
non(m). 
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CHAPTER IV. 


OF THE MOTION OF A SOLID BODY ABOUT A FIXED POINT. 


1. Preliminary Formule. 


404. Ler us, in the first place, consider by itself, and inde- 
pendently of the forces which produce it, the motion of rotation 
of a solid body of any figure whatever, about a fixed point 
which either appertains to this body, or is invariably attached 
to it. 

Let 0 (fig. 3) be this point; ox, oy, oz, three fixed rect~ 
angular axes arbitrarily selected; 02, 0x1, 0% three other 
rectangular axes, fixed in the body, and moveable with it about 
the point 0. In the sequel, we shall suppose that these last 
lines are the principal axes of the body; but for the present, 
we shall consider their directions as entirely arbitrary, Like- 
wise, let x, y, 2 be the coordinates of m any point whatever of 
the body referred to the first axes, and 21, 1, 21 its coordi- 
nates referred to the axes 0z;, 0y,, 02. If the notations of 
No. 377 be retained, we shall have 


a= an + by, + ez, 

yoda t+ By + cz, 

zany t+ bly te%Z; 
and the nine coefficients a, b, &c., will be connected together 
by equations (2), or by equations (4), of this number. 

It is evident that these quantities a, 6, &c., are the same, at 
each instant, for all the points of the body(a); but they vary 
during the motion, so that they must be considered as func- 
tions of the time. On the contrary, the coordinates 2), ¥1, 21 
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vary from one point to another of the bodys but remain con- 
stantly the same for the same point, and do not vary with the 
time. Therefore, if the time be denoted by ¢, we shall obtain, 
by differentiating with respect to this variable, 
dx da 
a =a, 7 


dy da’ db’ de’ 
# Sug tng tag 


db dc 
+n a +24 ae 





dz da! db" dc" 
ae tha +% dt * 





dz dy dz 
dt? de? dt 
ever, the components of the velocity of the point m resolved 
parallel to the axes ox, oy, ox. If, therefore, it was required 
to know those points of the body whose velocity vanishes at 
this instant, they will be determined by equalling these quan- 
tities to cipher, from which there results 


ada + y,db + z,de = 0, 1 
ada’ +- y,db! + z,de’ = 0, (1) 
ada" + ydb" + 2,de" = 0. 


These values of will express, at any instant what- 


Now, by adding these equations together, after having 
multiplied them by e, ¢’, ¢”, respectively, then making, in or- 
der to abridge, 

edb + c'db’ + edb" = pdt, cda+c'da' + ¢"da’ = ~ qat, 
and observing that the equation C+e te? = 1, gives 
ede + c’de’ + e’dc’ = 0, there results 
Py~, — qe, = 0. 
If the same @quations (1) be added, after being multiplied by 
6, b’, b”, we obtain 
TL, — pz, = 01, 


by making, in order to abridge, 
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ibda + ida’ + b"da” = rdt, 
and observing that the equation 8? + b’* + b”? = 1, gives 
bdb + b/db! 4 b’db" = 0; 


and that, in consequence of the equation be + Uc! + be” = 0 
of No. 377, we have also 


bde + b/de' +. b/de" = — edb — c'db’ — edb" = — pdt. 


Finally, if equations (1) are multiplied by a, a’, a", re- 
spectively, and then added together, there will result 


ga — TN = 95 
for since a 4 a’? +a’? =1, ada + a/da' + ada" = 0; and, 
moreover, from equations 
ba + Via’ + b”a" = 0, and ca + c/a’ + ca" = 0, 
of the number cited above, there results 


adb + a'db’ + a"db" = — bda — U'da' — b'da" = — rdt, 
ade + ade + ade” = —cda — eda’! — eda" = qdt. 


Tn this manner, in place of equations (1), we shall have 
PI — 9% =9;, re, — py =0, gz—ry, = 0. (2) 


Each of these equations results from the two others; and they 
appertain to a right line passing through o, the origin of the 
coordinates. It follows therefore from this analysis, that all 
the points of the body, whose velocity is cipher at any instant 
whatever, exist on a right line, passing through the centre of 
rotation This line may be considered as immoveable during 
an infinitely short space of time, therefore, during this instant, 
the body turns about this line as about a fixed axis; and the 
motion of rotation of a solid body about a fixed-point, may be 
represented, as having place at each instant about an axis 
which remains immoveable during an infinitely short inter- 
val of time. In general, the position of this axis changes 
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from one instant to another, during the motion; and, for this 
reason, it is termed the instantaneous axis of rotation. 

405. Let us suppose that the line rot’ is this axis at the 
end of the time ¢; equations (2) will be those of its projections 
on the three planes of the coordinates 2, 4, 2, hence it is 
easy to infer(d) 








P 
cos 10K) = 
VP EG EP | 
cos oy, = Tee’ 3 
cos 102, = x 
VP reer 


When, therefore, the three quantities p, g,7, are known, 
the position of the instantaneous axis with respect to the 
moveable axe8 02, OY, 02Z,, can be assigned, and when the 
sign of the radical is also given, o1, the part of this line to 
which these formule appertain, will be completely deter- 
mined; henceforth, we shall always consider this radical to be 
positive. 

Whenever the quantities p, g,7, are constant, the axis of 
rotation will continue fixed in the body, that is to say, it will 
constantly traverse it in the same points. Now, as the points 
of the body, whose velocity is cipher at each instant, are 
always the same, they will remain immoveable during the 
entire continuance of the motion, consequently, in this case, 
the axis of rotation will be also a right line fixed in space. 

It follows from equations (2) of No.9, and the notations 
adopted in No. 377, that 


cap loa = a cos tor, + 4 cos 19%, 4 € cos 102), 
cosdoy = a’ cos 102, + 0’ cos 1oy, 4+ ¢' cos 102), 
cos 102 = a” cos 102, + 5” cos 10y, + €” cos 102,3 


therefore, in virtue of equations (3), we shall have 
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coston = Pte, | 
VPt gtr 
Db bi rie 
cos 10y = pee +P > (4) 
it Ht 
cos toz = 2P+U Ete”, F 
VP TPP 


by means of which, the instantaneous axis of rotation can be 
determined, relatively to the fized axes oz, oy, oz. It appears 
from these equations, that when p,q,7, are constant quantities, 
the numerators of these formule are independent of ¢; which 
will, in fact, be verified in the sequel(e). 

406. Since at @ach instant the motion takes place about 
the line 1o1’ as about a fixed axis, it follows, that during an 
infinitely short time, all the points of the body have the same 
angular velocity about this axis (No. 384). In order to deter- 
mine its value, let us consider the point of the axis 0z,, whose 
distance from the point o is equal to unity, we shall have 
relatively to this point a= 0, y, = 0, z,= 1, consequently, 
its absolute velocity will be 





f + dy® ds* _ de +. de? + de"? 
de" de” de ~ dt? ? 
dx dy dz 


as is evident from the values of — » given above, and 


dt? dt? dt 
because 2, = 0, y, = 0, z,=1; now as the distance of this point 
from the axis of rotation is 


sin t0z; = “1 — cos*102, Svrse. 
VP +gtr 
if the absolute velocity be divided by this distancg, we shall 
obtain ; 
V de? + de” + de'® VTP LP 
ee ee 
VP +e) at 


for the expression of the angular velocity. But since 
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— pdt = bde + b'de'+ bide", gdt = ade + a’de' +-a'de', * 
we can obtain, in consequence of the equations of No. 377(d) 
(p? + q?) dé? = de? + de? + de? — (ede + c’de’ + ede”); 


which expression is reduced to de? +- de? 4. de’, because ede 

+ c'de! + c’de’= 0. Therefore, if the angular velocity at 

the end of the time ¢ be denoted by w, we shall have, by con- 

sidering it as a positive quantity, : 
wor P+ err. 

Hence it appears, that this velocity will be constant, when- 
ever the position of the axis of rotation is invariable; but the 
converse of this proposition is not equallf true; and it is pos- 
sible that the instantaneous axis may change its position, 
without the value of the angular velocity undergoing any 
change, or, in other words, it is possible that the quantities 
P» 4% 7; may be variable, at the same time that the value of w 
remains constant. 

407. p,4q,7, are termed the rectangular components of w 
the velocity of rotation about the axes ox,, oy,, 0z;; and each 
of these three quantities is the angular velocity of the body 
about the corresponding axis. 

Now, equations (3) can be replaced by 


p=wcostoz, gS wcostoy;, 7 = weos10z;; 
and equations (4) may be written in the following form, 


w C08 loz = ap + bg + cr, 
w COS IlOY = a'p + Bq ter, 
w cos 10z = a'p +b"¢ +e'r; 


hence it appears, that the decomposition of the velocities of 
rotation are subject to the same laws as that of velocities of 
translation, the directions of these last being replaced by the 
directions of the axes of rotation. 


104 OF THE MOTION OF A SOLID BODY 


- As the resultant wis a positive quantity, when a determi- 
tate part éf the line ro1’, such as o1, is taken for the axis to 
‘which it is referred, the components p, g, 7, whose axes are 
OF), OY O25 will’ be positive or negative, according as these 
Jines’ make acute of obtuse angles with the axis o1; and, 
generally, the components of w referred to the two parts of the 
same line, or of which the axes will be the production, the one 
of the other, should be regarded as equal, but affected with 
opposite signs. < . 
408. The three quantities p, g, 7, not only enable us to de- 
termine the angular velocity of the body, and the position of 
its axis of rotation with respect to the moveable axes 02), oY, 
02z;, but we can also express in terms of these quantities, the 
velocities and accelerating forces of its different points, de- 
composed in the directions of these three axes ; this will enable 
us to find in the most direct manner, the equations of its 
motion of rotation, as we shall see very soon. 
In fact, an components of the velocity of the point m, 
dx di 
being 7 DG at 
follows that the components of the same velocity with respect 
to the axes 02), 0y;, 02, will be 


» with respect to the fixed axes ow, oy, 02, it 


at a tat, 


s dz 


; dz 
Soda a 


ate We of 


as is evident from the notations of No. 377, and because the 
composition of velocities is ee to the same laws as that of 


dx dy dz 
Tt’ de? de? ° of No. 404, be sub- 


stituted in these expressions, and if the reductions alteady in- 
dicated in this number, be performed, we shall find(e) 


forces. Now, if the values of — 
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dz di dz 
oa a eeu Ga~TY15 
ate (aa deli 
ont . 
at ce’ a Jae ; =Pn= 93 


consequently, the three quantities gz, — TY, TL, — Pr, 
PY: — ga, which are cipher for’ all points of the body that 
are situated on the instantaneous axis of rotation, express for 
any other point m, the components of its velocity, parallel to 
the lines o2,, oy, 02). 


From these last equations we deduce, in consequence of 
those of No. 3T7(f), 


dz 

= tA 7H) +4 (re, — pa) +. (py, — gm), 
dy 

ao (gary) + U (rx — pr) + e'(py — 92), 
dz 

= =a" (qa— ry) +)" (ra, — pa) +e" (py, — gai); 


and by differentiating with respect to ¢, there results 


eC . 
a = a(zdq— ydr) + b (adr — 2dp) + ¢(y,dp — xq) 


+ (q21— 791) dat (rx — pz) db + (py, ~ qa) de, 

dy 

4 =a'(adg — yr) + (adr — zdp) + ¢(ydp — 20g) 
+ (qz1~7y1) da’ +- (ra, — pz) db’ + (py, —ga,) de’, 

Pz 

We =a" (z\dq— y,dr) + O (adr — z,dp) +c” (yidp — «,dq) 
+ Gai—ry)da"+-(ra,—pz)db! (pyr—gqay)de", 


& & 
The quantities oS oo are the components of the 


accelerating force of the point m, resolved parallel to the fixed 
VOL. Ik, P 
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axes 02, oy, oz; therefore, if p,, 915 715 be the components of 
the same force parallel to the axes 02), 0Y;, O21, We shall have 


ne 
pa age te tee 
ay Pz 
J “a 
ash ate ete ae 
Ps Px cl 
needa teat te ie 





Px Py Pz 
dE? dt? dt? 
tuted in these values of p,,q,, 7, and if reductions similar to 
those of No. 404 be made, we shall find(g) 


Now, if the preceding values of be substi- 


pidt = =\dq— yr + (py — qui) qt + (p2i— ray)rat, 
gidt = adr — z,dp + (gai — ry) rdt + (ge — py) pat, 
r,dt = y,dp — 2,dq + (ra, — pz) pdt + (ry — gas) gat 


and dividing by dé, the values of p,, 71, 71, expressed by means 
of the variables p, g,7, and of their differentials, will be ob- 
tained. 

409. With respect to the quantities of motion, with which 
all the points of the body are actuated at any instant what- 
ever, their moment relative to each of the three axes 02,045 
oz,, may, according to the definition of No. 273, also be ex- 
pressed by means of the quantities p, g, 7. 

In order to shew this, let dm be the differential element of 
the mass of the body at the point m, whose coordinates are 
2, 19213 the components of its quantity of motion parallel 
to the axes 02, 04, 02), Will be the products of the velocities 
G21 — PY PL — P25 PY — Fs multiplied by dm; therefore, 
if the moments with respect to the axes 02), 0y,, 07, of the 
quantities of motion of all the points of the body, be denoted 
by 1,™, 8, we shall have, by what has been established in 
No. 274, 


ABOUT A FIXED POINT. 107 


ue §[(rzi— pa) 1 — Gai ry) yi] am, 

Ma §((q21— 71) 21 — (py: — gui)xi] dm, 

N=SU(pm— gn) — (7% — pz) 21] dm; 
in which expressions, the integrals are supposed to extend to 
the entire mass of the body. These values will be very much 
simplified, if oz, oy,, 0z,, be the three principal axes of the 
body which intersect in the point 0; for then the threa ine 
tegrals §a,y,dm, §z,2,dm,Sy,z,dm, will be cipher; and if the 
three moments of inertia with respect to these principal axes 
be denoted by a, B, ¢, so that 


SC? + 27) dm=a, 

§GP+ 2°) dm =, 

§ (x? + 9,2) dm = c, 
we shall have simply 


L=cr, M= Bq, N= Ap; 


therefore, the quantities p, g, 7, will have constantly the 
same signs as L, M,N; consequently, their signs will depend 
on the direction in which the body turns about each of the 
three principal axes; for example, according as the body 
turns parallel to the plane of 2,oy,, from oa towards oy, or in 
the opposite direction, the moment 1 (No. 274), and, conse- 
quently, the velocity 7, will be positive or negative quantities, 
and, conversely, the sign of 7 will make known at each instant, 
the direction of rotation about oz;. 

It appears from the theorems of No. 281, that if the prin- 
cipal moment of the quantities of motion which have been 
considered be denoted by «, we shall have 


o= YipEe Pp Ee; 
(this radical being assumed to be a positive quantity); if the 
right line om (fig. 8) be the axis of this motion, its direction 


with respect to the moveable axcs 02x,, OY, 02), Will be de- 
termined by the formule 
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A Bg .~ * cr 
cosmox, = *P, cosmog, = *, #203mo¥, = aie (5) 


and its direction with respect to the fixed axes 02, oy, 02, 
will be determined by means of the following oquatichs : 


Gcosmox = apa+Bgb+cre, ~~ 1 
Gcosmoy = apa’ + Bgb! + cre’, ” (6). - 
Gcosmox = Apa” + Bgb” + cre”; 


it is evident that the second members of these equatiotis are’: 
the moments of the quantities of motion of the body with re- ‘ 
spect to the fixed axes ox, oy, oz. 

410. The position of this body at each instant, with re- 
spect to the fixed axes, depends on the three angles ¥, 6, of 
No. 378; for by means of these angles, the three sections of 
the body which have been taken for the moveable planes of 
the coordinates 2, ¥;, 2, are determined in position with re- 
spect to these fixed planes; and it is even sufficient to know 
the position of two sections, which are not parallel, of a solid 
body, in order that the positions of all the points of this body 
may be entirely known. Moreover, when the angles ¢, 9, 
are known, the coefficients a, b, &c., will be known also, and 
consequently, x, y, z, the coordinates of any point whatever of 
the body, will be completely determined. The problem of the 
motion of rotation about a fixed point will, therefore, even- 
tually resolve itself into the determination of the values of 
w, 0, @ in functions of the time. : 

Now, when the values of p, g, 7 are known, those of these 
three angles depend on three equations of the first order, which 
will be obtained by substituting the values of a, b, &. (No. 
378), and those of their differentials, in functions of ¥, 0, 9, 
in the values of pdt, gdt, rdt, namely, 


pdt = — bde — U'de! ~ b'de"’, 
qdt = ade + a’dc' 4+ adc", 
rdt = bda +. Uda’ + b’da". 
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: As the values of-e, c’, c’’ do not contain the angle 4, it 
follows that thése of pdt and qdé will not contain its differen- 
tial ; and-a8 the values of 6, b’, b" may be deduced from those 
of a, aya’, y increasing ¢ by a right angle, the value of 
- pdé maj likewise be deduced from that of qdt. The co- 
igen of dg will be equal to unity in the value of rd¢; for 


* by the formule of No. 378, we have(h) 
da, day da! _ yy, 
ips a ag Oe 3 


from which there results 
da , da! da" 2 12 72 —] 
bgt! ag t ag? +b? 452 =1, 


for the value of this coefficient. After all reductions, we 
obtain, by substituting the values of a,b, &c., in those of 
pdt, qdt, rdt(i), 


pdt = sing sin Ody — cos¢dd, 
gdt = cos¢ sin Ody + singdd, (2) 
rdt = dp — cosOdy. 


It is remarkable, that the angle y does not occur in these for- 
mul ; and, in fact, as the angle y, or Noa; is reckoned from 
the axis ox, which is entirely arbitrary, the values of p, g, r 
should not undergo any change, when this angle is increased 
or diminished by a constant quantity. 

Since r is the angular velocity of the body about the axis 
02,, it follows that rd¢ must be the angle described in the 
plane of the axes of 2, y;, during the instant dt, by each of 
the axes oz, and oy,; this angle would be d¢, if the line on, 
from which the angle ¢ is reckoned in this same plane, was 
immoveable ; but in the instant dt, the angle Nnoz is increased 
by dp, the projection of which on the plane of the axes of & 
and y; is cosOdyp, and it is easy to perceive, that, according as 
the angle 6 is acute or obtuse, the differential d¢ should be 
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increased or diminished by this projection, in order to have the 
displacement of ox, or oy,, with Tespect to a fixed line, in the 
plane of these axes. Consequently, we shall have in all cases 
rdt = dp — cos@dy, as has been obtained above. 

411. There exists between the cosines a, b, &c., and the 
quantities p, g, 7, relations which will be useful on several oc- 
casions to know; they are expressed by the following differen- 
tial equations : 
de = (aq—bp)dt, de’ = (a’'q—b’p)dt, de’ = (a"'q—b'’p)dt, 
db =(cp—ar)dé, db’= (cp—a'r)dt, db" = (c’p—a’r)dt, + (8) 
da= (br—cq)dt, da! = (b’r—e'q)dt, da = (b’r—c"g) dt. 

If after having multiplied the equations 

ade + a’de’ + ade’ = qdt, 

bde 4- b'de’ + bde” = — pdt, 

cde + e'de' +. cde’ = 0, 
either by a, }, c, or by a’, W’, c’, or by a”, b”, c”, respectively, 
they be added together, there will result, by taking into ac- 
count what has been established in No. 377(4), the three first 


of equations (8). The three next will be obtained, by ope- 
rating in a similar manner on equations 


edb 4+- c'db! + edb" = pdt, 
adb +. a’db! 4- a’db" = — rdt, 
bdb + Bidb! + b/db’ =0; 
and by operating in the same manner on equations 
bda + b'da’ + b"da" = rdt, 
eda + eda’ + e’da’ = — qdt, 
ada + a’‘da’ + a'da' = 0, 


we shall obtain the three last of equations (8), 
The following equations also obtain, namely, 
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pda + qdb + rde = 0, 
pda’ + gdb’ + rdc' = 0, 
pda” + gdb" + rde" = 0; 


« 


these can bé immediately deduced from equations (8), and 
they enable us to verify the invariability of the numerators of 
formulz (4), when p, g, 7 are constant quantities (2). 


IL. Equations of the Motion of Rotation about a fixed Point. 


412. The preceding preliminary formule being established, 
let us now suppose that any given motive forces act on all the 
points of the moveable, and taking these forces into account, 
let us investigate the differential equations of its motion about 
the fixed point o. 

Let x,dm, y,dm, z,dm, be the three components parallel 
to the principal axes ox,, oy, 02, of the motive force of the 
element dm, at the end of ¢ any time whatever. If this mate- 
rial point was free, these forces would impress on it in the 
instant dt, in their respective directions, the velocities x,d¢, 
y,dt, z,dt. The increments of velocity which it actually re- 
ceives in these directions, are the quantities p,dt, g,dt, rdt, of 
No. 408; consequently, the components of the force lost by 
the clement dm, during the instant dt, are 


(xi— pdm, (¥1—G)dm, (2, —7) dm. 


The body will therefore be in equilibrio (No. 350), on the 
supposition that all its elements are solicited by similar forces. 
Now, the number of equations of equilibrium of a solid body, 
about a fized point, is three (No. 266), which, relatively to 
these forces, will be 


§((xi- a1 — i — pin] dm = 0, 
§ (a—pi)ai — (4,—7;)x,]dm = 0, 
Sla-rdn — Gi- ge] dm = 0; 
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. 


in which the integrals are supposed to extend to the entire 
body. 1 

The consideration of principal axes simplifies the terms 
which result from the substitution of the values of Pry Gis Ms 
under the signs §. For, as in this case, the integrals Sx.y,dm, 
Gx,z,dm, Syiz,dm are cipher, if the three principal moments of 
inertia be denoted by a, B, c, they represent the same integrals 
as in No, 409, and we have, consequently, 


§(x,? — y*)dm = n— a, 
§(z? — 2)dm=a~c, 
Sy? —2?)dm=c— 3B; 
so that the three preceding equations will become (zm) 
cdr + (B—a) pqdt = nde, ] 
bdg + (a—c)rpdt = dt, (a) 
Adp + (c—B)qrdt = pdt, I 


in which, in order to abridge, we make 


§(ay¥— ¥:Xi)dm = R, 
§(2:x1— 2%,)dm= a, 
S(t — 21¥,)dm = pP. 


413. As x), ¥,, 2), are the components of the given forces 
acting in the direction of the moveable axes oz, OY), O21, 
their values will depend on the direction of these lines in 
space, or on the three angles y, 0, gs hence the quantities 
P, a, R will be functions of yf, 0, ¢, which will be given in 
euch particular case ; consequently, the problem of the motion 
of rotation of a solid body about a fixed point, leads to six 
differential equations of the first order, between the six un- 
known quantities p, q, 7, wy, 9, ¢, and the variable ¢, namely, 
the three equations (a), joined to the three equations (7) of 
No. 410. If, in the first equations, namely (a), the three 
unknown quantities p, g, r be eliminated by means of equa- 
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tions (7), three differential equations of the second order rela- 
tive to af, 6, @, will be obtainéd, which are the unknown 
quantities that are actually required to be determined; but it 
is more convenient in practice to retain the six equations of 
the first order. 

The only case which we propose to consider will be that 
in which gravity is the sole force that acts on the points of the 
body. If in this case, the axis or be assumed to be vertical, 
and drawn in the direction of this constant force, which, as 
before, we shall denote by g; its three components in the di- 
rection of the axes 02, oy,, 02), will be 


X= ga", y,=gb", z=ge", 
because that by No. 377, 
a” = coszox,, b” = coszoy,, ¢” = cosz0z;; 
and if the mass of the body be denoted by m, and the three 


constant coordinates of its centre of gravity, with respect to 
these moveable axes, by a, 8, y, so that we may have 


§adm =a, Sydm=uB, §z\dm= My} 
there will result (n) 
R= (ab — Ba") My, 
Qs (ya" — ac’)My, 
P= (Pe” — yb") My. 
Equations (a) will therefore become 
cdr + (B—a)pqdt = (ab" —Ba") mgdt, | 
Bdq + (a—c)rpdt = (ya"”—ac’”) mgdt, 
adp + (c—B)qrdt = (Be”— yb") mgdt, | 
to which must be joined equations (7), and the following (No. 
378) 
a” = —sinOsing, b= — sinOcosg, e” = cos§. (c) 


(b) 


414. Equations (b) can be easily integrated, when their 
VOL. ff. Q 
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second members are cipher; this is the case, when the force of 
gtavity is not taken into decount, or, which comes to the 
same thing, when the fixed point o is the centre of gravity of 
the body, in which casea=0, B = 0, y = 0. 
Equations (b) are then reduced to 
cdr + (8—a)pqdt = 0, 
ndg + (a—c)rpdt = 0, (d) 
adp +.(c—B)qrdt = 0. 
Now, if these be multiplied by 7, g, p respectively, and then 
added together, there results 
crdr + Bqdq + apdp = 0, 
and, by integrating, we obtain , 
cr + Bq? + ap? zh, (e) 
A being an arbitrary constant. If after having multiplied the 
same equations by cr, Bq, ap respectively, they be added 
together, there results 
c*rdr + B°gdg + a°pdp = 0; 
from which we obtain, by integrating, 
ci? Bg? + vip? = 5 (f) 
2° being a second arbitrary constant, which must be positive, 
as well as the preceding. 
From equations (e) and (f) we can deduce 
2 BA + (B—c)or* 2 — ksh 4+-(a—c)cr® 
(A—B)A 2 a (B~A)B ° 





By substituting these values of p and q in the first equation (4), 
there results, by resolving it with respect to dé, 


+ Wan cdr 


= TEI aht Goer x [ah E (omar (6) 





In this expression we shall consider the denominator as always 
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positive, consequently, the numerator must be affected with 
the sign -+ or —, according as the differential dr is positive or 
negative, in order that as the time always goes on increasing, 
its differential may be always positive. 

By integrating this formula (g), the value of ¢ will be ob- 
tained in a function of 7, and, conversely, the value of r ina 
function of ¢, therefore, the values of the three quantities 
P,%?, may be assumed to be known in functions of this vari- 
able, or at least they will depend on only one integral, which 
may be always reduced to a case of elliptic functions. 

When two of the three moments of inertia a, B,C, are 
equal, or when the constant 2? is equal to one of the three quan- 
tities ah, Bh, ch, this integal may be obtained in a finite form, 
without the aid of these functions(e). 

415. If the form of equations (d) be attentively considered, 
other equations, immediately integrable, may be deduced from 
them, by the aid of formule (8) of No. 411. 

In fact, if equations (d) be multiplied by c,}, a, respectively, 
and then added together, there results 


[edr + (ay — bp) rdt] o-% [bdy + (ep — ar) qdt} B 
+ [adp + (br — cq) pdt] a = 0, 
or, in consequence of the three first formule (8)(p), 
cd.er + Bd. by + ad.ap=0. 
We shall find in like manner, 
cd.c’r 4 Bd. bg + ad.a’p = 0, 
cd.c'r + Bd.b"g + ad.a'p = 0. 
Therefore, by integrating, we shall obtain 
cre + Bgb 4+ apa =, 
cre’ 4+ ql’ + apa’ =U, (hy 
cre" 4 Bgb"+ apa’= 1", 


1, UU’, being three arbitrary constants. 
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These three integrals are not independent of each other, 
for if their squares be added together, we shall obtain, in con- 
sequence of the equations of No. 377(q), 


cy? + Bg? + | Pe + yr + ve; 
from a comparison of this result with equation (f), it follows 
that there exists between the constants &, J, /, 2”, the relation 
PEP EVIE. 

If in these equations (h), there be substituted in place of 
a, b, &c., their values in functions of x, 0, ¢, (No. 378), there 
will be obtained three equations between the six variables 
¥, 9,9, P97, and the arbitrary constants J, J, 0’, which 
must be the integrals of equations (7) of GNo. 410); and 
this is, in fact, what may be easily verified. As these three 
integrals are only equivalent to two equations really distinct, 
it follows that there must be a third integral of equations (7) ; 
but previously to investigating it, it is necessary to examine 
what equations (h) signify. 

416. Agreeably to what has geen gbserved in No. 409, 
they indicate that the quantitigyof motionsf all the points of 
the body, with respect to the fixed axes ox, oy, 02, are con- 
stant and equal to J, 1’, 7’, during the continuance of the mo- 
tion. If they be compared to formule (6) of this number, 
and if it be observed that in virtue of equation (f), the prin- 


cipal moment c is equal to the constant & regarded as positive, 
we shall have 
7 uv 

cosmox= 7, cosmoy =F, cosmoz = + 
by means of which, the direction of om the axis of this mo- 
ment, which will remain immoveable, and also the plane, per- 
pendicular to this line, ean be determined. The position of - 
the axis om with respect to the moveable axes ox;, oy, 021; i 
changes every instant, but it can be found at each instant, by 
means of formule (3) of 409, in which the quantities p, q, 7, 
may be supposed to be known. Therefore, we can assign at 
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any instant whatever, the point where this line meets the sur- 
face of the body, and the line in which the moveable plane 
perpendicular to this axis intersects the surface. 

Hence, when a solid body turns about a fixed point, in 
virtue of one or more primitive impulsions, if no motive force 
acts on its several points, there exists a plane passing through 
the fixed point, which remains invariable during the motion, 
and its position can be determined at each instant, with 
respect to the moveable planes of the principal axes of the 
body. 

We will have occasion, in the sequel, to generalize this 
theorem; at present, we shall employ it in determining the 
third integrab of equations {7). 

417. As the axis om is immoveable, it may be taken, for 
the fixed ayis oz, the direction of which is arbitrary ; ye shall 


then have 
' C08 MOX, = cos z02z, = a”, 


cos moy, = cos zoy, = b”, 
cos Oz, = COs z0z, = C%. 


Because c = h, there will result in consequence of the 
formule of 409, 
has AP, pe BY en EE = 

a=, ways ela 


hence, equations (c) will become 


sin # sing = — bd sin 9 cos @ = — 


ae 
i cosP=—-; (i) 


k 
by virtue of equation (f), they will agree together, and will 
enable us to determine the angles ¢ and @, in functions of the 
time, by means of the values of p, g,7. 
Now, if between the two first equations (7) of (No. 410), 
? d@ be eliminated, we shall obtain 


sin? Od) = sin @ sin ppdé + sin @ cos pgdt, 


BY 
ke? 


hence there results, in virtue of the preceding cquations(r) 


. 
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dy=— MET hat 


therefore, in consequence of. equation (e), we shall have, 
h— cr? 
dj = — Poo hdt ; (k) 


and by substituting formula(g) for df, there will result a value of 
dp, the integration of which is also reducible to elliptic func- 
tions, and which can be obtained in a finite form in the 
same cases as the integral of dé. In this manner, therefore, 
the value of the third angle y will be known in a function of 
r, and, consequently, in a function of ¢. As the quantities 
h— cr’, and k? — cy’, are positivg in virtue of equations (e) 
and (f), and as h is also a positive quantity, it follows that 
the angular velocity 7 will be always negative and’ that the 
motion of the line on will always take place in, the same di- 
rection. Because the angle ¥ is measured in the direction 
indicated by the sagitta s (Noe 378), this motion will be per- 
formed in the contrary direction, Mat is te say, from the axis 
ox towards the axis oy; hence then it appears, that its con- 
stant direction depends on that of the axis oy, which we shall 
determine immediately. 

418. The values of the six variables p, g, 7, ¥, 0, $, re- 
sulting from our analysis, will be functions of the time, which 
will contain, besides, four arbitrary constants, namely 4 and 
h, and the two constants introduced by the integration of 
formule (g) and (k). The complete integrals of equations 
(7) and (d), on which these values depend, ought to contain 
six arbitrary constants; but the selection which we have 
made, of om the axis of the principal moment, for one of the 
axes of the coordinates x, y, z, has caused two of these con- 
stants to disappear; for as om coincides with oz, the angles 
moz and moy are right, and it follows from the formula of 
No. 416, that in this case /’/= 0 and 2’=0. Therefore, in 
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order to effect the complete solution of the problem, it is only 
necessary to determine, by means of the initial data of the 
motion, the four remaining constants, and the parts of the 
lines passing through 0, to which, during the continuance of 
the motion, the variable angles refer. 

For this purpose, let the moveable whose rotatory motion 
is considered, be supposed to consist, as in No, 386, of two 
bodies, one of which is at rest, and retained by the fixed point 
o, and the other, being supposed to be actuated by a given 
velocity, impinges on the first, and remains attached to it after 
the impact. Let x be the mass of the striking body, v the ve- 
locity common to all its points before the impact, Fx (fig. 8) the 
initial direction oftits centre of gravity, HEF a section of the 
moveable made by the plang passing through the line rz and the 
point o, and f the length of o1, a perpendicular let fell for, 
this point on this line. The percussion which produces the 
motion of rotation, acts in the direction of FB, and is equal to 
nv. By the principle of No. 358, if the quantities of motion 
of all the points of the moveable, which have place imme-~ 
diately after the impact, be faken in a direction opposite to that 
in which the bodies actually move, there should be an equili- 
brium between these finite quantities of motion, and the force 
pv estimated in its proper direction; now, in order that this 
equilibrium may obtain, it is necessary (No. 282) that yf the 
moment of this force, should be equal to the principal moment 
of these quantities of motion, and that the axes of these two 
moments should be the mutual production of one another. 
Since this principal moment, which has been denoted by «, is 
always equal to & (No. 416), it is immediately evident that the 
value of this positive quantity & is equal to nef. 

Moreover, if through the point 0, there be drawn the axis 
of the moment pz, perpendicular to nHK the given Section of 
the moveable, this line will be likewise the axis of the prin- 
cipal moment, which has been assumed to be the axis oz; the 
directions 02, oy, 02;, of the three principal axes of the move- 
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able, will be likewise given at the commencement of the mo- 
tion, hence the angles which these lines make with oz will be 
known; aud, by the preceding number, we shall have 


keoszox, keoszoy, keoszoz, 


p= sa Se immer (i) 


for the initial values of p, 7, 7. By substituting them in equa- 
tion (e), we s'ull have the value of the constant h. We are 
at liberty to take for the lines ox, oy, O71, such portions of 
the principal axes of the moveable that intersect in the point 
0, as we please; but after having once selected them, and 
fixed the points of the surface of the moveable where these por- 
tions terminate, they should not afterwards he changed during 
the motions - 
The direction of the percussion made on the moveable, 
estimated along the line rx, will determine that of the rotation. 
* about each of the axes ox), 0%, 02), at the commencement of 
the motion, and, consequently, the signs of the initial values of 
p,q 7 (No. 409). We shall therefore likewise know, by 
- means of the preceding equations, whether the angles zom, 
ZOY;, Z02, are acute or obtuse; and it will be sufficient to 
have regard to one of these angles, whether greatér or less 
than. 90°, in order to know the part of the perpendicular to 
the plane of the section uFK, which shoulé be taken for the 
axis oz or om, and which will be, duriyg the continuance of 
the motion, the axis of the principal moment of the quantities 
of motion of all the points of the moveable. 
non’ the intersection of the plane of the section ux, and 
of the plane of the axes ox, and oy, will be likewise known 
at the commencement of the motion. Tw order to know on, 
the part of this line to which the anglesy and ¢ constantly 
refer, it will therefore be sufficient to ascertain, if at this epoch, 
g or NOX is an acute angle, or an acute angle increased by 
180°, and as 
coszoz, = ~ sin@sing, coszoy, = — sin® cos¢, 
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it will be sutficient to consider the sign of one of these cosines, 
or the initial value of one of the quantities p or q. The po- 
sition of the fixed line ox in the plane of the section HEK is 
entirely arbitrary. Vor greater simplicity, we shall suppose 
that it coincides with the initial position of on. By making 
y = 0, in the values of a’, ', c of No. 378, we shall have, at 
the commencement of the motion, 


Cos yor, = cosAsing, cosyoy, = cos cos@, cos yor, = sind, 
t YOY V2 3 


Therefore, if at the commencement of the motion, it be known 
whether the initial values of the angles 8 and ¢, are acute or 
obtuse, it will he sufficient to consider the sign of cosyo2, or 
cosyoy,, in order fo know the part of the perpendicular to oa 
or on, which should be taken for the fixed axis oy, and, conse- 


quently, the direetion of the velocity ae, which has place 


always from on towards oy, and remains unchanged during 
the continuanee of the motion. 

Moreover, every thing else being supposed to remaia the 
same, if the direction of the primitive impact be the sole thing 
that is changed, the signs of the initial values of p,q, 7 will all 
three be changed ; if the primitive angles @ and @ were acute 
previous to this change, they will become «— @ and w+ 63 
and the lines oz and on will be changed into their productions. 
By substituting + ~ 6 and m + @ in place of @ and ¢ in the 
preceding equations, the initial values of the angles you, 
YOM, YOR, will undergo no change. The line oy will there- 

df 


fore remain the same; but as the aigular velocity at is 
a 


always negative, and directed from ow towards oy, the di- 
rection of this velocity will change with that of the primitive 
percussion, because oy now coincides with on’. 

Finally, the arbitrary constants which should be added to 
the integrals of formule (g) and (k), will be determined by 
making ¢ = 0 and ¥ = 0, at the commencement of the motion, 
that is to say, for the given initial value of y. 

VOL. I. R 
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419. We now proceed to take notice of some general pro- 
perties of the motion which has been determined. 

ist. By the formule of No. 408, the expression for the 
square of the velocity of dz the element of the moveable, will 
be 

(gai— ry)? + ra — pay’ + (py — 71)”. 
If this quantity he multiplied by dm, the living force of this 
material point will be obtained (No, 361); and then, by inte- 
grating throughout the entire extent of the mass of the bedy, 
the sum of the living forees with which it is actuated at the 
end of the time ¢ will be determined. Now, if the terms mul- 
tiplied by Gayndm, Sram, Syizdm, be suppressed, because 
the coordinates a, y,, 2, are referred to principal axes, and 
if we take into account the values of the moments of inertia 
A, B, C, We obtain for this sum(s) 
Ap? + By? 4 cr’; 

hence it appears that, in virtue of equation (c), the sum of the 
living forces of all the points of the moveable, is constant 
during the continuance of the motion. 

Qnd. Lf @ denotes the angular velocity about the axis of 
the principal moment, which axis is supposed always to co- 
incide with oz, this component of the velocity w relative to 
the instantaneous axis, may be obtained from this last, by 
multiplying it by the cosine of the angle which the instan- 
taneous axis makes with the axis oz; therefore by No. 407, 
we shall have 

O=al"p t+ by ter; 
and if there be substituted for a”, b”, c”, their values found in 
No. 417, we shall obtain(¢), by having regard to equation (e), 


h 
0 =_ 
Therefore the angular velocity of the moveable, resolved 
parallel to the plane in which the primitive percussion was 
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made, is constant, and equal to the sum of the living forces of 
all the points of the body, divided by the moment of this per- 
cussion with respect to the fixed centre. 

3rd. If 2’, y', x’, be the coordinates of any point whatever 
of the instantaneous axis, referred to the axes ox,, 0y,, 02), 
and w the distance of this point from their origin o, then as 
» r 
p L, — are the cosines of the angles which these lines make 
w Ww w& + 


with the instantaneous axis (No. 407), we shall have 


ad qu ru 
pa ge oA, 
w w 





if therefore equations (e) and (f) be multiplied by =, i lieg 


will become 


av? + By? + cz? = =%, 


0 2 oun _ Wa 
Va? + Bey? + cls? = ue, ; 
tie Ake : 
and by eliminating —; between these equations, we shall ob- 
wy 
tain 
aC? — ah)x? 4+ B(K? — Bh)y” + c(h? — ch)2? = 0; 


henee it follows that the instantaneous axis of rotation exists 
always on the surface of a cone of the second degree, which 
can be traced in the interior of the moveable, when the con- 
stants A and & are known. This cone ts changed into a plane, 
when the square of & is equal to one of the products ah, Bh, 
ch; it becomes a right cone with a circular base, the axis of 
which is one of the three principal axes relative to this point, 
when two of the coefficients of the preceding equation are equal. 

4th. om or oz, the axis of the principal moment of the 
quantities of motion, being immoveable, the series of lines 
along which it traverses the body during the motion, will 
exist ou a cone whose summit is at the point 0. Now this cone 
is of the second degree as well as the preeeding. In fact, if 
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x”, y”, 2”, be the three coordinates of any point whatever of the 
axis om referred to the axes 02,, 0y, 02’, and if the distance 
of this point from the origin 0, be denoted by x, we shall have 





aan, yl Hb, ae’, 
and, consequently, 


ha’ ky’ hz" 
Ap=—, By=—, cr=—. 
my My iy 





By substituting these values in equations (e) and (f), there 


results 


kez!” Fy 22 hey!? - 
y = hu’, 














2? + Yor Bikdad = ups 
and by eliminating «,*, we obtain 
1s 


(Re — ah), (hk? — Bh) ,, , (2 — ch 

R af? + = y 2 + ; ) gi 
which is the equation of the surface of the cone in question. 

5th. In order that this cone and the preceding be not 
imaginary, it is necessary that the three quantities 2’ — sh, 
k? — bh, k? — ch, should not be affected with the same sign. 
This being the case, if a be the greatest, and c the least of the 
three principal moments of inertia, the two quantities k? — ah, 
and k? — ch, must be of opposite signs. Then, aecording as 
the sign of the third quantity 2? — BA is the same as that of 
kh? — ah or kh? —ch, the sections of these two cones will be 
ellipses perpendicular to the axis of the greatest or to the axis 
of the least moment of inertia. Consequently, during the 
continuance of the motion, the instantaneous axis of rotation 
will only deviate from one of these two principal axes by finite 
quantities, and, at the same time, this principal axis will not 
deviate except by finite quantities, from om the axis which 
is perpendicular to the plane passing through the direction of 
the primitive percussion and the point o. 
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420. When ot, the instantaneous axis of rotation (fig. 3), 
deviates very little from one of the three principal axes, for ex- 
ample from the axis oz,, during the entire continuance of the 
motion, its position and that of the moveable at any instant 
whatever, may be determined ina very simple manner, without _ 
having recourse to elliptic functions. Indeed, this other solu- 
tion of the problem, which we now propose to give, is only an 
approximation, but it may be carried to any degree of accuracy 
we please; and we advert to it here particularly, as it enables 
us to complete what has been stated in No. 389, respecting 
the mechanical properties of principal axes. 

We have (No. 406) 








sin 102; = VPS ; 
VP +P +r? 

and since by hypothesis, the angle roz, is very small, p and ¢ 
will be small fractions of ¢ ; and if their product be neglected, 
the first of equations (d) becomes reduced to dr = 0, and gives, 
by integrating, » =, » being an arbitrary constant, which 
expresses the velocity of rotation of the body, or the value of 
Vp +@ +7, the squares of p and q being also neglected, 
‘The two other equations (d) will become 


bdqg + (A — c) npdt = 0, 


1 
Adp + (c — B) nygdt = 0. (1) 


a) 


In order to integrate them, let us assume 
p=B sin (wt +y), 9 =P’ cos (n't + y), 
B; [3’, 2’, y, being constant quantities. If these values of p and 
q be substituted in equations (1), and if the sine or cosine 


which occurs as a common factor to all their terms, be sup- 
pressed, there results 


BB’n’— (A —c) Baz, spr’ —(B—c) Bn = 0; 


hence we obtain(«) 
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wan Ca D=D), 


AB 
pr=aVa(a—o), 
B=aV3B(B—C); 


a being a constant, which, as well as -y, remains arbitrary. If, 
therefore, in order to abridge, we make 


f G=9@=9 _ 5 
AB eat 
there will result 
p=aV(B—C) sin (8nt + y), (2) 
q=aVa(a—€) cos (ont + y)3 
these will be the complete integrals of equations (1). 
If the instantancous axis o1 be projected on the plane of 
the axes of a, and yy, and if the angle which this projection 
makes with the axis of y, be denoted by Z, we shall have(v) 


a 
ngs = 5 


moreover, the value of sin 102,, when p? and 7? are negleeted, 
with respect to 7*, becomes reduced to 


sin 102; =" VP +P. 


Consequently, the preceding values of p and ¢ will make 
known immediately, at cach instant, the position of the axis of 
rotation in the interior of the moveable. The following con- 
sequences result from what has been just established. 

421. If at the commencement of the motion, this line coin- 
cides exactly with the axis oz, then we must have p = 0 and 
y = 0, when ¢ = 0; in order that this may be the case, it is 
necessary that the con8tant a should be cipher. We shall 
then aheays have p=, ¢ = 0, and the instantaneous axis 


ABOUT & FIXED POINT. 127 


o1 will coincide, during the continuance of the motion, with 
the axis oz,, which will remain immoveable (No. 405). When, 
therefore, a body retained by the fixed point o commences to 
turn about one of the three principal axes which intersect in 
this point, it will continue indefinitely to turn about this axis, 
as if it was entirely fixed; this property has been already 
established in No, 389(2). 

But, if at the commencement of the motion, the axis o1 
deviates ever so little from oz,, the initial values of pand g, and, 
consequently, the constant a, will be only very small. Now, 
in order that the values of p and y may always continue very 
small quantities, the constant 6 must be real, for when it is 
imaginary, the sines and cosines contained in equations (2) 
become, by known formule, real exponentials, and the values 
of pand g, which result from them, increase indefinitely with 
the time ¢(y). The reality of 8 requires that the principal 
moment ¢, should be the greatest or least of the three moments 
of inertia a,B,c. ‘Therefore, when the instantancous axis of 
rotation is made to deviate, ever so little, from the principal 
axis, which refers to the mean moment of inertia, this deviation 
increases with the time, and does not continue within very narrow 
limits; and, on the contrary, when it is caused to deviate ever 
so little from the principal axis to which the greatest or least 
moment of inertia refers, its clongation from this axis is always 
avery small quantity, so that it makes only very small ex- 
cursions at each side of it, during the entire continuance of the 
motion. 

There is, therefore, an essential difference between the 
three principal axes of the moveable which intersect at the 
fixed point o ; if a be the greatest and c the least of the three 
quantities a, B, c, the motion of rotation will be stable about 
the axes oa, and o2,, and only instantaneous about the axis 
oy,. If, for example, the moveable be a homogeneous cllip- 
soid retained by its centre of figure, the motion of rotation is 
stable about the greatest or least of its three principal diame- 
ters, and instable about its mean diameter. 
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422. In the case of instable motion, formule (2) will only 
express the approximate values of p and q during the first 
instants of the motion, and while they are very small, as ts . 
implied in equations (1), from whence they are deduced. In 
order to obtain the values of p,q, 7, at any instant whatever, 
it is then necessary to recur to the rigorous solution of the 
problem. In the case of stability, the approximate values of 
pand q furnished hy equations (2), will subsist during the 
entire continuance of the motion; those of the three angles 
yw, 8, @, may be determined in the following manner, 

We shall suppose as in No. 418, that the motion has been 
produced by the impact of a mass p, all whose points are 
actuated by a velocity v parallel to the line rz passing through 
the centre of gravity of , and comprised in the plane of 
the axes of x and y. Equations (i) will constantly obtain, 
and if the distance of this line from the point o be denoted 
always by fj the quantity 4 which occurs in them, will be still 
equal to xxf the moment of the initial percussion. In conse- 
quence of r =» and of formule (2), these equations(?) will 
become(z) 

sin O sing = — a sven) sin (8né +- y), 
BYA(A—C) 
=a 

cn 


ros § = —.. 
cos ef J 


As the angles and ¢ are given at the commencement of 





cos (dnt + y), (3) 


sin 8 cos@ = —a 


the motion, the values of the two constants a and y can be 
obtained by making ¢ = 0 in the two first of these equations. 
Then, if the constant » was determined, these two equations 
would make known the values of ¢ and @ at any instant what- 
eygt. It is necessary that a sHould be a very small quantity, 
in order that the values of p and q furnished by equations (2), 
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may bé very small, as has been supposed. This being the 
case, 8 will be constantly a very small angle, and the principal 
axis oz,, from which the instantaneous axis deviates very 
little, will itself deviate very little from the axis oz, which is 
-Perpendicular to re the direction of the primitive percus- 
sion(a’). 
¥ Lf the square of @ be neglected, the third equation (3), is 
reduced to(b’) 
pif cn; 
by means of which the constant 2 will be known, this is very 
nearly equal to the angular velocity of the moveable about 
the instantaneous axis. - 

In like manner, the third equation (7) of No. 410 will be 
reduced to 

ndt = dp — dy; 
from which we obtain 

proe+o—nt; 
in which cis an arbitrary constant that can be determined from 
"knowing the initial values of ¢ andy. By means of this last 
equation, the value of the angle at any instant whatever can 
be known ; and this completes the solution of the problem. 

423. When the moveable is a solid of revolution, the axis 
of whose figure is 0z,, B =a; and the first equation (d) be- 
comes dr=0; 7 is therefore equal to an arbitrary constant 
n; and all the formule of No. 420, as also equations (3), 
rigorously obtain. 

It is then no longer necessary that the angle @ should be 
very small; but, in virtue of the third equation (3), its value is 
constant during the motion, so that the axis of figure of the 
moyeable describes about oz, which is perpendicular to FE the 
direction of the primitive impact, a right cone with a circular 
base. If the constant and given value of this angle @ be dex 
noted by «, we shall have *. 

uf cose = CN, 

VOL. EH, > 
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by means of which the constant 2 can be determined. Like- 
wise, from the two first equations (3), we can deduce(e’) 


pv?f? sin? e = a? a? (A — C), 


which will enable us to determine the constant a; and in virtue 
of equations (2), w the angular velocity about the instantaneous 
axis will be (No. 406) 


alae 


from which it appears, that this velocity will be constant, so 
that the moveable will revolve uniformly, as well about the 
instantaneous axis, in virtue of this velocity, as about its axis 
of figure, in virtue of the velocity n. 

From the two first equations (3), we can also obtain 


tang @ = tang (ont), go = dnt+y. 
The third equation (7) of No. 410 becomes 








ndt = dndt — cos ehh; 


trom which we obtain(d’) 


¥ = e = “ at Hh, 
in which ¢ denotes an arbitrary constant introduced by the in- 
tegration ; consequently, the angles g and y, the first mea- 
sured on a plane perpendicular to the axis of figure, and the 
second measured on a plane passing through the primitive 
direction of the impact and the point o, vary uniformly. 

424, As the stability of the motion about the principal 
axes of the greatest and least moments of inertia, has been in- 
ferred from equations (2), which, strictly speaking, are only 
approximations, some doubts may exist as to the accuracy of 
this conclusion; but the stability in question may be rigo- 
rously demonstrated by means of (e) and (f), the exact inte- 
grals of the equations of the motion. 
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In fact, if the first multiplied by c be taken from the 
second, we obtain 
A(a—c)p?+B(B—c)g? =D; (4) 
in which, for conciseness, the constant 4? — ch is denoted 
by ». If, therefore the instantaneous axis deviates very 
little from the principal axis oz,, at the commencement of 
the motion, so that the quantities may be very ‘small at this 
epoch, the constant p will be likewise very small; hence it 
follows, that when the signs of the two differences A—C,B—C 
are the same, the values of p and y must remain very small, 
while the motion continues; for in virtue of equations (4), it 
is necessary that their squares, multiplied by quantities having 
the same sign, and then added together, should give a sum 
which is always a very small quantity. We can also in this 
case, assign limits to the values of p and q, for it is evident that 
we shall always have 


2 — Dp a, 2 = — 
} xc * B(B— Cc) 


But if the differences (ac) and (8B—c) have contyar : 
then, though the constant p may still be supposed to be very 
small, it is easy to conceive that equation (4) may nevertheless 
be satisfied, without the necessity of supposing that the values 
of p and 4 continue always very small; and in fact, it appears 
from the analysis of No. 420, that then these values cannot be 
supposed to be very sinall during the entire continuance of 





the motion. 

Finally, the principal axes relative to the fixed point o are 
the only ones which can remain the same in the interior of 
moveable, and continue at rest, when they are not entirely 
fixed, as has been already observed in No. 389. This may, 
in point of fact, be deduced from equations (d). For, in order 
that the position of the instantaneous axis of rotation may re- 
main always the same, it is necessary that the three quantities 
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dr = 0; by means of which, equations (d) become reduced 
to 
(B—a)py 0, (a—c)rp=0, (c—B)gr=0. 

Tf the three moments of inertia a, B, c are unequal, two of 
the three quantities p, 7, 7 must be equal to cipher, in order to 
satisfy these equations; and then the instantaneous axis will 
coincide with one of the three axes 02, oy;, 0%. If two of 
these three moments of inertia are equal, so that we may have 
8 =a, for example, the first equation will disappear, and the 
two others will be satisfied by making 7 = 0. Consequently, 
the instantaneous axis will then be situated in the plane of 
the two axes ox, and oy,; but we know that in such a case, 
all lines existing in this plane, and passing through the point 
0, are principal axes; therefore the immoveable axis of rota- 
tion will be still a principal axis. Finally, when a = n=, 
these three equations are identical, and the values of p, 9, r 
may be arbitrarily selected; but, in this particular case, all 
lines which pass through the point o are principal axes; in all 
cases, therefore, the axis of rotation must, if it remains im- 
moveable, be a prindipal axis. 


III. Solution of a particular Case of the Motion of Rotation 
of a heavy Body. 


425. When the fixed point 0 is not the centre of gravity 
of the moveable, we have not hitherto been able, when the 
action of gravity is taken into account, to integrate the system 
of equations (7) and (b), except in the case in which the 
moveable is a solid of revolution, on whose axis the point o 
exists. It is this particular case which we now proceed to 
consider. 

Let us suppose that the principal axis oz, is the axis of 
figure, and that, consequently, B= A. Likewise, let us sup- 
pose that G, the centre of gravity of the moveable (fig. 9), 
exists on the axis of the positive z\,, in which case (No. 
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413), a= 0, B=0, and y is a given positive quantity, 
that denotes the distance oc. As the axis oz is vertical, 
and drawn in the direction in which «the force of gravity 
acts, the angle @ or zoz,, will be acute or obtuse according as 
the point G exists below or above the horizontal plane drawn 
through the point 0. In these two cases, equations (b) will 
become 


cdr = 0, ] 
Adq — (c —a)rpdt = ya'ugit, es Q) 
adp + (c — a)rgdt = — yb’ ugdt, | 


in which the quantities w” and b’ are, by equations (c), equal 
to — sin@ sing, — sin@cos@, respectively. The section of 
the moveable perpendicular to its axis of figure, and passing 
through the point 0, is termed its equator. Let Nen‘s’ be 
this section, and non’ the line in which it intersects the hori- 
zontal plane passing through this fixed point. As all lines 
passing through this point and comprised in this section, are 
principal axes, the anyle ¢ may be referred to any one of them 
indifferently ; and, & being a determined point of the moveable, 
the angle Noe may he assumed to be equal tog. The angle 
~, the differential of which occurs in the third equation (7), 
will be the angle Now reckoned from the fixed line ox, drawn 
arbitrarily in the horizontal plane. ‘Therefore, at any instant 
whatever, we shall have 


20%, 0, NOE=%, Nowr=ys 


and it has been already sufficiently explained, in No. 378, 
how the position of the moveable can be determined without 
any ambiguity, by means of the three angles yf, ¢, 0. 

426. By the first equation (1), we shall have x = 2, in 
which x denotes an arbitrary constant. Hence it appears, that 
the motion of rotation, parallel to its equator, will be uniform, 
In order to define the direction of this motion, we shall sup- 


pose that the point ~ is the ascending node of the equator; so 
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that when the point & attains to the point n, its radius Eo will 
ascend above the horizontal plane, in virtue of the angular 
velocity , which will be then a positive quantity. In fact, 
by the third equation (7) of No. 410, we shall have 


dg = ndt + cosédy. (2) 


When the point r is at x, theangle gis eithercipher ora multiple 
of 27, and, in the following instant, it will ascend or descend, 
according as @ increases or diminishes (No. 378); therefore, 
in order that the point £ may ascend, as it is supposed to do, 
the motion of the body parallel to its equator being solely 
taken into account, it is necessary that the first term of the 
value of dp should be positive. 

This being the case, if its second term is likewise positive, 
it will increase the value of dg, which will therefore be greater 
than if the node x was immoveable; consequently, its motion 
projected on the equator will be retrograde, or in a direction 
contrary to that of the motion of the body parallel to this plane. 
The contrary will be the case, and the motion of the node 
will be direct, when the second term of the value of dg is ne- 
gative. In this second case, if the second term surpasses the 
first, the complete value of dg will he negative, and the point 
r, after having arrived at x, will descend beneath the hori- 
zontal plane, instead of ascending above it; but this should not 
prevent us from cousidering the point nN as always the ascend- 
ing node, with respect to the motion of the body about its 
axis of figure. 

Hence then it appears, that the direction of the motion of 
the ascending node vy, will depend on the sign of the product 
of cos@ and dy at each instant; and this motion will be direct ~ 
or retrograde, according as cos@ and df have coutrary or the 
same signs. 

427. If equations (1) be multiplied by ¢”, b”, @’, respec- 
tively, and then added together, there results, as in No. 415, 


cedure” 4 ad.gh” 4 sd.pa’ = 0: 
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hence, as =n, ¢ = cos 6, we shall obtain by substituting 
for a and b” their values, and integrating, 
cncos§ — a(psinO sing + gsinOcosp) = 1; (3) 

Z being an arbitrary constant, which expresses, as in the number 
cited above, the moment of the quantities of motion of all the 
points of the body with respect to the axis oz. Therefore, in 
the motion which we are now considering, the moment of these 
quantities of motion is a constant quantity; however this is 
only the case with respect to the vertical axis, and not with 
respect to all axes passing through the point o. 

If the two last equations (1) be respectively multiplied by 
q and p, and then added together, we obtain 


a(pdp + dq) = y(psin8 cosg — sin @ sing) mgde. 


But it appears from the two first equations (7) of No. 410 
that of 


psin6 cosg — gsin@ sing = ~sing B, 


consequently we shall have 
A (pdp + gdq) = — mgy sin0d0 ; 


and by integrating and denoting the &bitrary constant, in- 
troduced by the integration, by A, there will result 


A(p? +97) = 2ugy cosO + h. (4) 
Moreover, by equations (7), cited above, we have (e’) 
psinOsing + gsin@ cose = sino, 
-o,df? db? 
p+ = sin?é + + 
by means of which, equations (3) and (4) can be changed into 
the following : : 
cneos# — asin a, 
dt” 5 
ay? dl? Y 


A (sin"O +e 


1 
)= 2mgy cos? +h. | 
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The values of dt, df, dp will be furnished by equations (2) 
and (5), each of them will be of the form r@d0; therefore, in 
order to obtain the values of ¢, ¢, @ in functions of 6, it will be 
only necessary to integrate these three differential formule ; 
and, in all cases, their three integrals are reducible to elliptic 
functions. But without having recourse to these functions, 
we can also obtain approximate values of y, ¢, @ in functions 
of ¢, in the examples which will be given farther on, after that 
n,l,h, the three arbitrary constants contained in the three 
preceding equations, shall have been determined. The three 
new constants which are introduced in those last integrations, 
can be determined by the values of x, ¢, 8, when ¢ = 0; that 
of 6 will be given; and the initial values of y and @ may be 
assumed to be, if we please, ~ = 0, gx | 

428, Whatever the quantities of motion with which the 
points of the body are actuated at the commencement of the 
motion may be, their principal moment relative to the point 0, 
and the direction of its axis will be known, by means of the 
percussions impressed on the moveable at this instant, with 
which these unknown quantities of motion, estimated in a 
direction opposite to that in which they actually move, should 
constitute an equilibrium (No. 353). If by the rule of No. 
281, this principal moment be decomposed into three other 
moments, whose rectangular axes may be the part oz, of the 
axis of figure, which contains the centre of gravity G, a right 
line perpendicular to oz,, and comprised in a vertical plane 
passing through oz and o2,, and a horizontal line perpen- 
dicular to this plane; as these three lines are principal axes, 
the value of the moment with respect to oz;, will be cr or cx 
(No. 409); it would therefore make known the value of ns 
but we, on the contrary, will suppose that this velocity is 
given directly, and assume this moment to be equal to cz. 

If the moments of the forces, with respect to the second 
and third axes, be denoted by 4 and m respectively, then the 


initial value of the principal moment will be Wc"? +e bm; 
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and because 8 = a and r = a, its square, at any instant what- 
ever, will be a’(p® + 9°) + c?n® (No. 409); therefore if the 
initial value of the angle 6 be denoted by a, we shall have, in 
virtue of equation (4), 


(2ugycosa +h) a =p? + m, 
at the commencement of the motion; from which we obtain 


e+? 


A= ~— 2) . 
h a 2uyy cosa 





The axis of the moment denoted by y will make with oz an 
angle equal to a + 90; and as the axis of the moment m is’ 
perpendicular to this vertical, this moment will not affect the 
value of ¢, the moment relative to oz; therefore by the general 
expression of & of No. 281, we shall have simply (/”) 


= cneosa — psina. 


The angle a which occurs in these values of h and 1, will 
be acute or obtuse, according as G, the centre of gravity of 
the moveable, is at the commencement of the motion, below 
or above the horizontal plane passing through the point o. 

429. In order to verify these different formule, let m, the 
mass of the moveable, be supposed to be condensed into its 
centre of gravity, by which means it is changed into a simple 
pendulum the length of which is y. 

In this case, it will not be necessary to consider the angle 
¢, and the motion will depend solely on the angles yand 9. If 
at the commencement, the material point ¢ is actuated by a 
velocity 4’ perpendicular to co and directed in the plane coz, 
and by a velocity & perpendicular to this plane, we shall have 


p=oMyh, m= myk’, 


We shall likewise have 
c=0, aay’; 
VOL. It. T 
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from which there will result 
A= (Hl? + hk? —2yycosa)M, l= — Myksinas 


equations (5) will become 


soy di - 
ysin’@ “ = Asina, 
2 }2: 
7° (sina ay ae) = 12 +k? + 2gy(cos@—cosa) 5 


and itis easy to make them to coincide with Qhuations (5) and 
(6) of No, 205. 

The first multiplied by }-ydé, indicates that the area de- 
scribed about the point o during the instant dé, by the hori- 
zontal projection of Go the radius vector of the moveable, is 
constant and equal to its initial value } yksina(g’). ‘The first 
member of the second equation is the square of the velocity of 
this material point at the end of the time ¢; and as k? + k’? is 
the square of the velocity at the commencement of the motion, 
this equation is in fact the formula of No. 159. 

430, In the case of a body which is not reduced to a mate- 
rial point, if the moveable is made to deviate from its position 
of equilibrium, and if after a velocity of rotation is impressed 
on it about its axis of figure, it is then remitted to itself, the 
two quantities jz and m will be cipher, and we shall have 


Z=cueosa, h= ~ 2yycosa; 


by substituting these values of J and / in equations (5), they 
will become 


oe cn 


sin? POs — ~ (cos 0 — cosa), 


2g (6 
sin? “e wn = ant (cos @ — cos a). | 





It appears from the second, that the difference cos # — 
cos « is always positive, and from the first, that the differential 
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eh is so likewise ; consequently (No. 426), the motion of the 
ascending node n will be direct when cos @ is negative, which 
implies that c the centre of gravity is above the horizontal 
plane passing through the point 0; and this motion will be 
retrograde, when G is below this plane, in which case cos 6 is 
positive. 

When a is cipher, the differential dp, and, consequently, 
the differential dp given by equation (2), will be cipher ; 
therefore, the angles y and @ will be constant and may be 
asstuned to be equal to zero; the motion will be changed into 
that of the common pendulum about an horizontal axis, rela- 
tively to which the moment of inertia is 1; and in fact, if dp 
be made equal to cipher in the sccond equation (6), it is re- 
duced to equation (a) of No. 394, when in this last, the initial 
velocity is supposed to be cipher, 


Ad on ‘ : 
If bh be eliminated between the two equations (6), there 
ae 
results 


ing 
sin O- = 





2y [sin’*@ — 2/3? (cos@— cosa) ] (cos -— coxa), (7) 


é . 


in which, for conciseness, we make(h’) 


cn? és. 4 gP? 
A 








’ : os ey Oe 5 i 
in this value of sin? 9 “i dis the length of the simple pen- 
We 


dulum, which would perform its oscillations in the same time 
as the moveable, if the velocity x was cipher. At the same 
time, the first equation (6) will become 


oe guath qd. 
sin?) ue = opt (cos 6 — cosa), (8) 
in which j3 must be regarded as a given positive quantity. 


‘The approximate values of @ und ¢ which are deduced from 


these equations (7) and (8), and that of @ which results from 
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equation @). may be easily expressed in a finite form, in the 
two cases that: have been discussed. 

431. Ifin the first place, oz, the part of the axis of figure 
which contains | G the centre of gravity, is supposed to deviate 
by a very small quantity from the vertical oz at the com- 
mencement of the motion, so that the angle a may be very 
small, then the angle @ will be also very small, for we have 
always cos 0 > cosa; hence, if the fourth powers of a and 0 
be neglected in the expansions of cos a and cos 8, equations 
(7) and (8) will become(?’) 


df a Py m 
oT 210 + BDO pret] (at 0%, | 


eta pV Yeo, 


It appears from the first of these equations, that @, which 
must be always a positive quantity (No. 378), can never be 
Ba 


1+, 
+ Vv \ ga 
f . 
VUE + B= Bat] 6 


and as the denominator is to be always regarded as a positive 
quantity, the numerator must be affected with the inferior or 


(9) 


greater than a, or less than . By resolving it with 


respect to dt, we gbtain 


dt= 








superior sign, according as @ increases or decreases. 
Let us assume, in order to facilitate the integration, 
@=asinu, dO = acosudu; 
there results by substituting these values in the preceding 


equation, 
g mere COS tt 





Therefore, by integrating, we shall have (4’) 
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ne VI+ BP xc = are (sin = 1 + B* cos u); 


c being an arbitrary constant introduced by’ thé integration. 
When ¢ = 0, we have 6 = a and cosu = 0; the angle which 
corresponds to the sine cipher, is either cipher or some mul- 
tiple of +; therefore, we have ¢ = iz, in which 7 denotes an 
integral number either positive, negative, or cipher; by sub- 
stituting in the preceding expression for gos w its value, we 
shall have ; 


Bd oe 3 
WE Viep = in + are (sin = ie Ve—@). 


_Ba_ 
V1+p” 
we should take the superior sign in the preceding equation, 
and make ¢ = 0; and as it then increases from this last value 
to 0 = a, we should take the inferior sign, and make i = 1; as 


As the angle @ decreases first from 0 = a to = 


it again decreases from 9 = a to 9= oS Laon the superior 
V14+° 

sign should be taken and ¢ made =2, and so on. It is in 
this manner that we should determine the arbitrary constant, 
which should be added to an are of the circle which is sup- 
posed to be a function of its sine, but it is simpler to pass 
from the are to the sine, previously to this determination. 

We shall have at any instant whatever, by means of the 
preceding equation(?’), 


2 2 awe gQ +p) 
P=a pine xo 


Denoting by 7 the time in which the angle @ passes from 
its greatest value a to the least value that immediately follows 








it, or in which it returns from the least to the greatest, we obtain 


rf ___ 


I+) 


rm 


ne 
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By means of this value of 6°, that of df, which is given 
by the second equation (9), will be(m’) 





BV Lat pa ce 
a= A —pV La. 


io - cos? t f 4a +8) 


We obtain by integrating and assuming yf = 0 when ¢= 0, 


Btang 4/ OB) 
. x pt 9. 
VIi+p x 


by means of this formula, the retrograde motion of the ascend- 
ing node x, on the horizontal plane passing through the point 
0, can be determined(«’). If the constant (3 is not cipher, the 
values of the are comprised in this formula will be 


y= are | tang = 





are (tang = x)= }a, are(tang = 0) = 7, 
are (tang = — ») = qr, &c., 
at the end of the first, second, third, &c., intervals of time 1; 


consequently, the are deseribed by the point n during 'r, the 
first interval of time, will be 


imp 

Vi+ BY 

during the two first intervals 1, it will be 
7p 

alle ea 


at the end of the three first, we shall have 


todr 


iB 


ae eT 


ceo 


and so on. 


Tt appears from what has been now established, that the 
ares deserihed by the node x during the successive intervals 
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v, will be all equal to each other, and that their common 
value will be 
da 


(B+ V1+ Bp) VI + p? 





which will always be so much smaller, as the constant B isa 
greater number. 

With respect to the value of @, it appears that ifthe square 
of 6 be neglected in equation (2), and if % = 0 when ¢ = 0, 
we shall have 


gprnttey; 


the value of » being thus known, the position of the move- 
able at any instant whatever, will be completely determined. 

432. Whatever be the magnitude of the angle a, let us sup- 
pose that the angle @ continues very nearly constant, and, 
consequently, that it differs very little from a during the mo- 
tion; then if we make 


O@=a-—u, W=-~du; 


the angle u must be considered as a very small variable. By 
neglecting all powers of « higher than the square, we shall 
have (o’) 


sin? 6 = sin?'a — wsin 2a + 2? cos 2a; 
cos # — cosa = usina — 4? cosa; 
and at this degree of approximation, equation (7) gives 


de? : P 
aoe 2usina — u’ (cosa + 4/3”); 


hence we obtain(p’) 


tae du 
XY Qusina— we (cosa + 43%)" 








By integrating, and observing that «= 0 when ¢= 0, 
there results(y’) 
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Piet 7 (22° 
t VE (cosa + (cosa + 4/3’) = are [cos = (i _ elena + 48)}, 
sina 
and, consequently, 


ae sina 
™ cosa + 4/3? 
In order that the variable x may be always a very small 
quantity, as has been supposed, it is necessary that 3 should 


[i—eoseV £ (cosa +4,3*) |. 


be very great, and this, in general, requires that there be 
impressed on the moveable a very great rotatory velocity 
about its axis of figure. We can then substitute 4(* for 
cosa + 4/3?, and we shall have more simply(7’), 


1 9 
pipsina sine V2. 


If in equation (8), a—w be substituted in place 9, we shall 
obtain, by neglecting the square of u, and assuming that the 
angle a is not cipher, in which case the factor sin? a, common 
to both members, may be oe 


ayes g sin’ Bt v4; 


dt — 


c= 


hence there results 


p= zat X dpsinzer V2. 
, 
We shall have at the same time, in virtue of equation (2), 
and by assuming that the angles g and y are cipher at the 
commencement of the motion, 


go = nt + pcosa; 


and thus the position of the moveable, at any instant whatever, 
will be completely determined. 

From the equation 9 = « — wu, and from this value of x, it 
inay be inferred, Ist, that when the moveable on which a very 
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considerable rotatory motion has been impressed about its axis 
of figure, is made to deviate from the vertical direction, the 
inclination of its equator on the horizontal plane passing 
through the point 0, remains very nearly constant, during the 
entire continuance of the motion which results; 2ndly, that 
at the same time the intersection of these two planes acquires a 
motion very nearly uniform, and very slow relatively to the ro- 
tation of the moveable, which, as has been stated in No. 430, 
is direct or retrograde, according as the centre of gravity of 
the body is above or below the horizontal plane. Unless in 
the case when the angle a is cipher, the angle y¥) and the mo- 
tion of the node are independent of its magnitude; w the ine 
equality of the inclination of the equator, and the inequality 
which has place in the motion of the node, are always less sen- 
sible, as the rotation is more rapid, and the quantity B more 
considerable, 

Most of the lecture rooms of natural philosophers, are now 
furnished with the machine invented by Bohnenberger, by 
means of which the various cireumstances of this motion of 
rotation are accurately represented, in like manner as all 
the phenomena of the motion of heavy bodies are exhibited 
by Atwood’s machine. ‘The rotatory motion is produced by 
means of a thread wrapped round the equator of the moveable, 
and attached to one of its points, which is rapidly unrolled, 
as when a humming top is made to spin. 

It may be remarked that when a is cipher, @ is so likewise, 
this renders equation (8) an identical one, and the angle y in- 
determinate ; in this case, the angle ¢~y, that is equal to 
nt, represents the motion of the body about its axis of figure, 
which continues always vertical. 


VOL, I oO 


CHAPTER V. 


OF THE MOTION OF A SOLID BODY ENTIRELY FREE. 


433, In order that the motion of a solid body in space 
may be more easily understood, philosophers substitute two 
other motions for it, one of rotation about one of the points of 
the moveable, and the other of translation, in which all its 
points participate. This is evidently the same thing, as if, 
at any instant whatever, the velocity of each point was con- 
sidered to be the resultant of two other velocities, one of 
which is equal and parallel to that of the point which has 
been taken as the centre of the motion of rotation, and of 
which the other is peculiar to each point of the moveable; hy 
means of these particular velocities, the body turns about the 
centre, as about a fixed point; and, in virtue of the common 
velocity, all its points are transferred in space, with a motion 
in which they all participate, but which does not in any man- 
ner affect the motion of rotation. 

‘The motion of translation may be in point of fact one of 
revolution about another body, which last may be cither itself 
at rest or in motion. Ifa given face or section of the move - 
able remains constantly parallel to itself, the body has no mo- 
tion of rotation; if the moveable presents always the same 
face towards the central body, the rotation is performed in the. 
same time as the revolution about this central body. | “This 
second case obtains in the motion of the satellites about their 
respective primary planets. The moon presents always the same 
face to the earth, so that the radius vector drawn from the centre 
of the earth to the centre of the moon, meets the surface of 
the satellite always in the same point (No. 141)(a); hence it 
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follows, that the rotation of the moon on its axis, and its re- 
volution about the earth, are performed in the same time, 
namely, 274,32166. It is demonstrated in the Mechanique 
Celeste, that this equality between the two motions will always 
subsist, although the motion of revolution should be accele- 
rated from one century to another (No. 244); so that the 
motion of rotation must participate in this acceleration, the 
cause of which has been assigned by Laplace. 

If it be merely proposed to decompose the motion of a 
body into two motions which are simpler and more easily 
conceived, the centre of the motion of rotation may be as- 
sumed to be any point we please; but when our object is to 
determine each of these two motions in particular, we should 
assume this point to be the centre of gravity of the moveable, 
because then, in the Jirst instant, these two motions may be 
determined independently of cach other, and in several in- 
stances, this will be also the case, during the entire continu- 
ance of the motion; the selection of this point, as the centre 
of rotation, will always render the differential equations of 
the two motions much simpler, as we now proceed to show. 

434. Let the centre of gravity of the body be denoted by 
G, its mass by m, and any element whatever of u by dm. Let 
x, y, = be the three rectangular coordinates of this material 
point at the end of the time ¢, which is supposed to be rec- 
koned from the commencement of the motion, and Uy Yi» 2 
those of the point G with respect to the same axes; we shall 
have 

Ma =§adm, my, =Sydm, uzy= §zdm, 


‘in whieh the integration is supposed to extend to the entire 
mass. If these equations be differenced with respect to ¢, the 
operation can be effected under the signs §. By this means, 
we shall have 

de, C dx dz 


Oh = (a dz . 
ra ae ee Ma eu MG ap aes dd) 
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and, in order to obtain the components of the initial velocity 
of the centre of gravity, it will be sufficient to know the values 
of these last integrals at the commencement of the motion. 

For this purpose, let us suppose that at this epoch, pp’, 2”, 
&c., the constituent parts of m, are actuated by the velocities 
v, vo’, v”, &e., and that these velocities are the same for all 
the points of which each of these parts consists, so that they 
would acquire the quantities of motion uv, p’v', pv", &e., if 
they were free. By the principle of No. 353, there should be 
an equilibrium between these quantities of motion, estimated 
in a direction opposite to that in which the motion takes place, 
and those which all the points of the moveable actually acquire 
in the first moment, which taken in a direction parallel to the 
axes of 2, y, 2 respectively, will be, relatively to dm, the 
d. dy dz 


Bi . . 
*h dn, am ae Now, as the directions 


of the velocities v, v’, v’, &c. are given, we can resolve the 
quantities of motion which correspond to them, in a direction 
parallel to these axes. Hence if the sums of these compo- 
nents, taken in the directions of the positive ws, ys, zs, be 
denoted by P, Q, R, we shall have, in order to the equilibrium 
in question, as the motion is supposed to be entirely free, 


dx _ dy _ {2 = 
{fjam =P, aim =a, am =R, 


initial values of 


for the particular value ¢ = 0. Therefore, at the commence- 
ment of the motion, equations (1) will become 
dx, dy, dz, 

MG =h MIP =@ Map = , (2) 
from these equations it appears, that the initial velocity of the 
centre of gravity will be the same, in magnitude and direction, 
as ifm, the entire mass of the moveable, was condensed into 
it, and all the quantities of motion pv, p’v’, pv’, &e., or 
their components P, Q, R, were applied to it, parallel to their 
respective directions. 
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435. We may suppose that y, py’, 2”, &c. denote the masses 
of bodies, which, actuated by the velocities v, v’, v”, &c.,° im- 
pinge simultaneously on another body at rest, and that they 
then remain attached to it, so as to constitute a total mass M, 
of which ¢ the centre of gravity has acquired a velocity, the 
values of whose three components, namely, esi am es are 
furnished by equations (2). 

The problem would be different if the impinging bodies do 
not remain attached to the struck body after the impact. Let 
a mass M at rest, be struck by another body in motion, which” 
touches m in only one point £ of its surface (fig. 10), thenif the 
bodies do not slide on each other, during the continuance of 
the shock, or at least, if they only do so to a small extent, it 
is not necessary to take into account the inconsiderable friction 
to which it can give rise (No. 353) ; and if, finally, we suppose 
that mr is the normal to the surface of m at the point g, and 
comprised in the interior of this body, it will be shown ina fol- 
lowing chapter, that the motion of m will be the same, as if Mya 
certain part of its mass, whose centre of gravity is situated on 
EF, should receive in this direction a certain velocity v com- 
mon to all its points. Hence it follows, that er is the direc- 
tion of the impact, and its intensity, that is to say, the quantity 
of motion pv will be determined, in that chapter, when the 
motion of the impinging body, and the form of the two bodies, 
whether elastic or non-elastic, are given. 

This being agreed on, if v be the velocity with which « 
the centre of gravity of m is actuated, its direction will be 
along the line Gp, parallel to ur, and its value will be equal to 
pv divided by m, so that we shall have 


MV = pv. 


‘Conversely, if v the velocity of the centre of gravity is 
given by observation, the quantity of motion impressed on 
the struck body, in the direction of the interior part of the 
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normal to the surface erected at £, the point where the impact 
is made, will be obtained, by multiplying v by m; this pro- 
perty belongs exclusively to G the centre of gravity, and in 
general, will not have place for the velocity with which the 
point £ or any other point of M, situated or not on the direction 
of the line of impact, is actuated. 

436. In order that we may more clearly perceive how the 
motion of rotation of a body is simplified, when it is referred to 
its centre of gravity, let us first suppose that it is proposed to 
determine this motion about c, a determinate point (fig. 11) of 
this body, which we will then cause to coincide with «, its 
centre of gravity. 

Let ca denote the velocity of the point c, in magnitude 
and ‘direction, and bp that of B any other point whatever of 
the moveable. Through the point 8, let the line BE be drawn 
equal and parallel to ca, and let the parallellogram Bevr be 
completed. We can substitute for the velocity up its com- 

“ponents BE and Br, and if the velocity of all the points of the 
moveable be decomposed in the same manner, they will all 
have a common velocity, equal and parallel to ca, and each of 
them will have, besides, a velocity peculiar to itself. Now, if 
a velocity equal, parallel, and contrary to ca, be impressed on 
the point B and all the other points of the body, the point c 
will be reduced to a state of rest, without any change being 
produced in the motion of rotation about this point, which 
arises from the particular velocities of the other points, for 
example, BF for the point B. Therefore, in order to determine 
this motion, we may consider the point c as fixed, after having 
impressed on all the elements of the body, quantities of mo- 
tion equal to the product of their masses and of the v@locity 
ca, estimated in a direction contrary to ca. But as these 
forces are parallel and proportional to their respective masses, 
their resultant will be equal to their sum, and will pass through 
the centre of gravity, like the resultant of forces which arise 
from gravity; consequently, if we denote the velocity ca by 
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u, and the mass of the moveable by M as before, it will be 
sufficient to add to the given quantities of motion impressed 
simultaneously on the different parts of M, another quantity of 
motion, namely, mu acting in the direction of the line Ga’, 
parallel and contrary to ca. The motion of rotation about 
the point c, can then be determined by the rules of the pre- 
ceding chapter, as if c was a fixed point. This determination 
therefore requires that we should know v the velocity of the 
point c; but if the centre of gravity coincided with this point, 
it is evident that when the quantity of motion mu, the direc- 
tion of which passes through the point 6, is appljed to it, we 
need not take it into account, for any force whatever which 
passes through the centre of the motion of rotation, cannot 
influence in any manner this motion, since it cannot make the 
body to turn about this point, in one direction, rather than in 
the contrary. 

~ It follows, therefore, that when quantities of motion given 
in magnitude gud direction, are simultaneously impressed one 
different parts of any solid body, the moveable will commerice 
to turn about the centre of gravity, as about a fixed point, and 
without our being obliged to add any other quantity of motion 
to those which are given. 

437. By combining this theorem with that which pre- 
cedes, we can completely determine the initial motion of a 
solid body of any form, whatever be the manner in which it 
has been produced. 

For greater clearness, let us suppose that the moveable, 
whose mass is M, and centre of gravity (fig. 10), is struck at 
the point & of its surface by another body, which after the 
impaet is detached from it. By taking for its motion of trans- 
lation that of the point c, and having regard to this motion 
solely, all the points of the moveable will in the first instant 
destribe lines parallel to the normal er; we can always, as 
has been just stated, determine their common velocity, which 
will be the entire velocity of the point c; but, for greater 


. 
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simplicity, we shall suppose that it is given by observation, 
and denote it by v. Independently of this motion of transla- 
tion, the body will turn about the point c as if it was fixed, 
and a quantity of motion equal to mv was impressed on a part 
of the mass m, the centre of gravity of which was in the line 
xF, Consequently, in the first instant, the direction of the 
instantaneous axis of rotation and the angular motion of the 
body about this axis, will be determined by equations (1) of 
No. 418, in which we shall make 


k=uvf; 


J denoting the perpendicular cx let fall from the point ¢ on 
the line Er. 

” For this purpose, let this angular velocity be denoted by w, 
and the angles which the instantaneous axis of rotation makes 
with the three principal axes that intersect at the point c, by 
a, 3, y; likewise, let nek be the section of the moveable 

made by the plane passing through the point c, and the line 
ER through c leta perpendicular te this pland*he drawn, and 
let a,.6,¢, be the angles which this line makes with the axes 
to which the angles a, 3, y, are referred ; by formule (3) of 
No. 405, and equations (1), we shall have 


Awcosa =kecosa, BwcosB=khcosh, cw cos y =heose; 


in which a, B,c, denote the three moments of inertia of the 
moveable, with respect to the same axes. By taking the 
squares of each of these equations, and then adding them to- 
gether, we shall obtain, as cos* a + cos? 3 + cos? y=, 


cost ad | Kk? cos? — h® cos? 
w= aa ~ + 
cS B? c 





As the values of a, 4, c, will be given in each particular 
case, the velocity w will be known, and thus, by means ofthe 
preceding equations, the angles a, B, y, can be determined, 
that is to say, the direction of the instantaneous axis. 
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If the perpendicular to the section HEx coincides with one 
of the three principal axes, so that we may have, for example, 
a = 90°, b= 90°, c = 0, there will result a = 90°, B= 90°, 
y = 0, and the instantaneous axis will coincide with the prin- 
cipal axis; hence it follows, thatifa body entirely free, is struck 
in the plane of two of the three principal axes relative to its 
centre of gravity, it will commence to turn about the third 
axis. If we substitute for & its value, that of the initial ve- 
locity of rotation will be, in this case(3), 


_ uve 
=-S. 


Conversely, it is easy to show by means of the preceding 

equations, that the moveable cannot commence to turn about 

' the perpendicular to the plane of the section HEK, go that 
a, (3, -y, may be equal to the angles a, b,c, or to their supple- 
mets, unless this perpendicular is one of the principal axes 
which intersect at the point G(c’). 

When the méveable is either a homogeneous sphere, or 
one composed of concentrical strata, the perpendicular er yfll 
pass through the point , which will be its centre of figure. 
We shall, therefore, have f= 0, k = 0, w = 05; consequently, 
the moveable will acquire no motion of rotation by the im- 
pact. When, as is sometimes the case, a sphere entirely free, 
is made, by the percussion of another body, to turn on itself, 
the reason of this is always because the impinging body slides 
more or less on this sphere, and the motion of rotation is then 
produced by the friction which takes place during the conti- 
nuance of the impact. 

Whatever may be the form of the struck body, if the striking 
body remains attached to it, the preceding formule will still 
obtain, by substituting for mv, the quantity of motion which 
the second had before the shock, and by taking for f, the per- 
pendicular let fall from the centre of gravity of the two masses, 
on the primitive direction of the centre of gravity of the second 
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body ; a, B, c, will then be the principal moments of inertia of 
the body, composed of the two united masses. 

438. We now proceed to discuss the motion of the mass M, 
at the end of any time ¢, and for greater clearness, we shall 
consider, successively, its motions of translation and rotation, 
each of them being referred to its centre of gravity. 

ist. At this instant, let x, y, z, be the components of the 
given accelerating force, which acts on any element dm, re- 
solved parallel to the axes of x, y,23; the forces lost during 
the instant dé, by this material point will be (No. 391), when 
estimated in directions eas to these axes, 


As the moveable is entirely free, it is necessary, in order to” 
the equilibrium of the forces lost by all its elements, that the 
integrals of these quantities extended to the entire mass, should 
be equal to cipher; consequently, we shall have 


ia dm=\xdm, (ey din Van, 7 T4 am=V adn. 
But tecirea: equations (1) a second time, we obtain 
ue Px by =§ 4am Pz, wz 
ez dm, M de = qi Mae = \ae jdm, 





hence there will result 


wee = 
Mop = 





(xan, M eel = Quam 3; (3) 
from which it appears, that during the continuance of the mo- 
tion, G the centre of gravity of the moveable, moves in the 
same manner, as if the entire mass mM was concentrated in it, 
and the motive forces which act on all its points, or their com- 
ponents, were applied to it, parallel to their respective di- 
rections, 

2ndly. If, after the izétiad motion of translation is des- 
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troyed, as in No. 436, we suppose that at each instant, there 
is communicated to all its points, infinitely small increments 
of velocity, equal and directly contrary to that by which the 
point G is actuated at the same instant, this point will be 
reduced to a state of rest, during the entire continuance of 
the motion; and the rotation about this point will not be 
altered. But, this is evidently the same thing, as if there 
was applied during the entire continuance of the motion to all 
the elements of the moveable, accelerating forces equal and 
contrary to that of the centre of gravity ; as the corresponding 
motive forces are parallel, and proportional to the masses of 
these material points, their resultant will pass through the 
centre of gravity G, therefore, they need not be taken into 
account, in determining the motion of rotation about this 
‘centre. Consequently, this motion will be the same at each 
instant, as if G was a fixed point, and the forces which act, at 
this instant, on the moveable, were not changed. 

These two theorems correspond to those of Nos, 434 and 
436, which refeg to the commencement of the motion; but it 
does not follow, that during its entire continuance, the mo- 
tion of translation of the moveable, and its motion of rotation 
about the centre of gravity, are independent of each other, 
and can be determined separately, as at this commencement. 
Equations (3) will be those of the motion of translation, and 
equations (7) and (a) of Nos. 410 and 412, those of the mo- 
tion of rotation, the origin of the coordinates in these last, 
being supposed to be at G, the centre of gravity. Now, when 
the motive forces applicd to the different points of the move- 
able depend on their absolute positions in space, the coordi- 
nates of these points, of which these forces are given functions, 
will oceur at the same time in these two systems of differential 
equations, which can no longer be integrated separately, and 
the two motions that depend on these equations, will mutually 
influence cach other. We cannot, in general, integrate these 
simultaneous differential equations, and determine the two 
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motions of the moveable, except by approximation, never- 
theless,.they will be independent of each other in the two par- 
ticular cases which we now proceed to consider. 

439. If the moveable is only subjected to the sole action 
of gravity, equations (3) will be those of a heavy material 
point, in a vacuum; whatever be the form of the solid body, 
and its motion about its centre of gravity, this point will 
describe in space a parabola, to which the direction of the 
initial velocity is a tangent; the parameter of this curve de- 
pends on the magnitude of this velocity, and its motion on 
this curve will be the same as that of a detached material 
point (No. 208). On the other hand, as the weight of the 
body is a force constantly applied to its centre of gravity, it 
will not affect the motion of rotation about this point, which 
is entirely produced by the initial percussions, and is the same, 
as if the centre of gravity was not displaced. 

Let us suppose, for example, that the body is a homo- 

eneous ellipsoid, struck by another body that touches it at 
ee point E of its surface (fig. 10) ; the line ep, parallel to the 
normal FY, will be a tangent to the parabola that the point ¢ 
commences to describe; and this curve can be easily con- 
structed when the initial velocity of the point c, which we 
shall denote by y, is given. Moreover, let nex, the section 
formed by the plane passing through the point « and the line 
EF, be supposed to comprise two of the axes of figure of the 
ellipsoid ; then, if 2a and 2b denote these two axes, c the 
moment of inertia with respect to the third axis, and m the 
mass of the body, we shall have (No. 370) 


c=im(@’+3?), 


Now, the moveable must turn about the point g, as if it was 
destitute of gravity, and had no motion whatever; but in this 
case, the axis perpendicular to the section HEK should remain 
altogether immoveable (Nos. 389 and 437); and its angular 
velocity of rotation should be furnished by the formula relative 


’ 
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to the initial motion of a solid body about a fixed axis. There- 
fore, if we denote it by w as before, we shall have, (ct the per- 
pendicular let fall from the point c on er being denoted by f 
and the quantity of motion impressed on the moveable being 
equivalent to mv,) by formula (1) of No. 386, 

uvf 


[Cees Rare 


or, by substituting for c its value, 


_ 5 
o> Gre 


Thus the two velocities w and v are connected together, 
since each of them results from the same percussion. 

Hence it appears, that the points of the moveable will de- 
scribe parabolas parallel to the trajectory described by its 
centre of figure; and, at the same time, the body will turn 
uniformly about the axis perpendicular to the section HEK, 
which remains constantly parallel to itself, while it is trans- 
ferred in space. 

440, If the moveable is a homogeneous sphere, or one 
composed of concentrical strata, all whose points are attracted, 
or repelled, in the inverse ratio of the square of the distances, 
by points of other bodies which are either at rest, or in mo- 
tion, the resultant of all these forces will be the same, as if 
the entire mass of the moveable was condensed in its centre 
of gravity, for each of them will be equal and contrary to the 
reaction of the sphere on the centre from which it emanates. 
Consequently, the centre of gravity will move as a detached 
point, subjected to given attractions or repulsions ; and the 
motion of rotation of the moveable will be independent of 
these forces, and the same as if the centre of gravity remained 
at rest, so that in this case, the two motions of rotation and 
translation are independent of each other. 

Therefore, if we do not take into account the circumstance 
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of the carth not being perfectly spherical, it will turn con- 
stantly and uniformly about one of its diameters, which will 
be always the same, and will remain constantly parallel to 
itself; at the same time, the elliptic motion of its centre of 
gravity about the sun, though deranged by the action of the 
other planets, will be rigorously independent of the motion of 
rotation. 

441. This however is no longer the ease, when the com- 
pression of the terrestrial spheroid is taken into aceount. For, 
in the first place, if the axis of rotation does not, at the com- 
mencement of the motion, coincide with the axis of figure, the 
instantaneous axis of rotation will oscillate about this line 
(No. 421), and will meet the earth successively in different 
points of its surface. Therefore the poles and equator will be 
displaced on the surface of the globe, so that the geographical 
latitudes of places on the earth will be changed. The ampli- 
tude of these oscillations will be arbitrary, but their duration 
will depend on the differences between the moments of in- 
ertia of the earth; and, from what we know of these diffe- 
rences(d), this duration will be a little less than a year. Now, . 
in this interval of time, the most precise observations do not 
indicate any variation in the zentth distance of a determinate 
place on the earth from the point where the production of the 
axis of rotation meets the concave surface. It follows there- 
fore, that if the oscillations in question were formerly of a 
sensible magnitude, they have now become altogether insen- 
sible; so that at present the only forces which can cause the 
direction of the axis of rotation of the earth to vary, are the 
permanent forces which arise from the attractions of the sun, 
moon, and planets on the terrestrial spheroid. 

Now as the strata of the earth, though not spherical, differ 
very little from this form, the part of these forces, the diree- 
tion of which does not pass constantly through the centre of 
gravity of the spheroid, is very small, with respect to the at- 
tractions on the entire spheroid. It is this part which pro- 
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duces the perturbations of the motion of rotation, namely, the 
precession of the equinoxes, and the nutation of the axis of the 
earth. 

In virtue of the precession, the annual retrogradation of 
the equinoxes on the ecliptic, the position of which was fixed 
at 1800, is about 50”,36482; the annual retrogradation on 
the plane of the orbit of the earth, which is itself in motion in 
consequence of the action of the other planets, that is to say, 
on the true celiptic, is a little less, and equal to 50”,23427, as 
has been already stated in a former chapter (No. 219). 

The nutation is an oscillation of the axis of the earth, in 
consequence of which it alternately approaches to and recedes 
from the perpendicular to the plane of the ecliptic; it arises 
from the attraction of the moon, and its period is the same as 
that of the motion of the nodes of the lunar orbit, or about 
eighteen years ; its amplitude amounts to 9”,40 (No. 223), on 
the supposition that the mass of the moon is equal to a 
seventy-fifth part of that of the earth. 

The actions of the sun and moon on the terrestrial spheroid 
produce only a very slow variation (which will not be sensible 
except after a long series of years), in the inclination of the 
equator to the ecliptic; the annual diminution of the obliquity 
of the ecliptic, which at the commencement of the present 
century amounted to 0”,45714, arises from the actions of the 
planets, which produce a change in the plane of the orbit of 
the earth (No. 244). 

It appears from a careful discussion of the question, that 
the same forces which produce the variations: adverted to 
above, in the absolute direction of the axis of rotation of the 
earth, or referred to fixed lines, are altogether incapable of 
displacing this axis in the interior of the spheroid, or of pro- 
ducing any variation in its velocity of rotation. Therefore 
the carth turns constantly about the same diameter, which is 
its axis of figure; and its motion is uniform about this move- 
able line, the direction of which, in space, is continually 
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changing. Hence the sidereal day is constant; and conse- 
quently, the mean day also (No. 111), or, at least, it is only 
subject to a variation altogether insensible ; and either of these 
periods may be assumed as the unit of time. 

As the principal results of this important theory can only 
be briefly indicated here, the reader, for their fuller exposition, 
is referred to a memoir of the author on the Motion of the 
Earth about its Centre of Gravity, inserted in the seventh 
volume of the Memoirs of the Academy of Sciences. 

442. The invariability of the day is confirmed by the most 
ancient observations, from which it appears that its duration 
has not altered the one-hundredth part of a second, for ex- 
ample, for the last 2500 years, as we now proceed to show. 

If the duration of the day was variable, the longitudes and 
latitudes of the sun, the moon, and the other celestial bodies, 
computed on the supposition that it was constant, would 
not agree with the observed longitudes and latitudes ; the 
motion of the moon about the earth would, in consequence of 
its rapidity, be the fittest to throw light on this point; and, if 
the variation of the day was progressive, the differences be- 
tween the results of computation and observation would be so 
much the greater, as the epochs at which the observations 
were made, were more remote from the present day. 

This being agreed on, let J and U’ be the true longitudes of 
the sun and moon at a determined epoch, then if an eclipse of 
the sun or moon is recorded to have occurred at this epoch, 
their difference 2 — U/ must differ from a multiple of 180°, 
by a quantity less than the semisum of the diameters of the 
sun and moon; if, therefore, abstracting from the multiple 
of 180°, which this difference may contain, we denote it by 8, 
it is evident that it cannot exceed th8 mean -value of this 
semisum, i. c. half a degree, and that, in general, it must be 
much less than this limit. Now, in the Connaissance des 
Tems for 1800, the values of § in the case of twenty-seven 
eclipses observed by ¢] the Chaldeans, Greeks, and Arabians, have 
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been computed, and the results which are in some cases plus, 
and in other minus, are invariably very small. The greatest, 
which amounts to — 27/,41", is in the case of an eclipse 
observed 382 years before the Christian era; for the most 
ancient eclipse observed hy the Chaldeans, 720 years be- 
fore our era, the value of 8 is only 2". This comparison 
evinces at the same time the accuracy of our present lunar 
tables, and also the necessity of the secular inequalities intro- 
duced by Laplace. It likewise proyes, that the duration of 
the day which was supposed to be constant in the computation 
of the longitudes of the sun and moon, is not, in fact, subject 
to any progressive variation. But in order to remove every 
doubt on this important point, we will compute the value of 3 
corresponding to the most ancient observed eclipse, which 
would result from such a variation, if it really existed, 

443. Let the interval of time which at present constitutes 
the mean day be taken as the unit of time, and let us suppose 
that, from a very remote epoch, this duration has diminished 
from one day to the following, by a constant quantity a. Let 
2 be the mean motion of the moon, that is to say, the number 
of degrees which it describes in each unit of time, abstracting 
from the inequalities of its true motion ; the ares deseribed in 
the day when nis determined and the preceding ones will be 2, 
nd +a), nl + 2a), n(1 + 3a), &c.; and the are described 
in a great number of days such as ¢ will be at+ Sant(é—1), or 
nt +4 ant? very nearly(d). The term ne is already comprised in 
the value of 1, which is computed from the tables, on the sup- 
position that the day is constant ; therefore, in consequence of 
the variation of the day, the true longitude of the moon will 


be increased by svt at an epoch distant from us by a number 


of days represented by ¢. That of the sun at the same epoch 
would be increased by Jan’t?, n’ denoting the mean diurnal 
motion of the sun; therefore we shall have at this epoch, if 
the variation of the day he solely considered, 

VOL. I. ¥y 
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Ja(n—n' jl = 8; dd) 
and, with respect to the eclipse observed 720 years before the 
Christian era, this will be the entire value of the difference of 
the longitudes of the sun and moon, since this difference, com- 
puted on the supposition that the day is constant, is only 2", 
or very nearly cipher. 

If ¢ be the number of centuries contained in ¢ days, we 
shall have 

t = (36525). 
Likewise let 3 = (36525)a, m = (36525)n, m’ = (36525)n’; 
then equation (1) will be changed into (e) 38 (m — m')?P =, 
in which f will now be the secular diminution of the day, and 
m and m’ will represent the secular motions of the sun and 
moon. From their values determined by modern observations, 
it appears that, neglecting fractions of degrees, 

m — m! = 445268°. 

Now, if we suppose that the day has diminished a ten 
millioneth part since the most ancient eclipse recorded by the 
Chaldeans, we shall have Bi = 0,0000001, ¢ = 25,32, from 
which there would result § = 34’, a value of the difference 
of longitudes that would render the observed eclipse impos- 
sible(f). 

Therefore the duration of the day cannot have diminished 
by this fraction, which is a little less than the hundredth part 
of a second, in an interval of time which is greater than 
twenty-five centuries. If there were any periodic variations 
in the duration of the day, there would result from them illu- 
sions in the measure of time, which would produce apparent 
inequalities in the motions of the stars. It would be casy to 
distinguish these inequalities, since they all follow the same law, 
for the sun, the moon, and the planets, and their magnitudes 
would, ig the case of each of these bodies, be proportional to 
the rapidity ofits motion. But astronomers have not recog- 
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nized any inequality of this kind in the motions of the hea- 
venly bodies. ‘Thus then it appears that observation. agrees 
with theory in proving that the duration of the mean day is 
not subject to any variation, either periodic or progressive, 
the magnitude of which is sensible. 

444. Let us now return to the particular object of this 
chapter, 

When a solid body moves in the air or any other fluid, the 
resistances exerted on all the points of its surface must be 
transferred, parallel to themselves, together with the weight of 
the body, to its centre of gravity; and the motion of this centre 
is that of a heavy material point, in a resisting medium; the 
mass of this point being that of the body, and its motive force 
arising from the resistance, which is a force whose components 
will depend on the form of the moveable, on the velocities of 
the different elements of its surface, and on the condensations 
or dilatations of the fluid in contact with these elements. At 
the same time the moveable will turn about its centre of gra- 
vity, as if the velocity of this point was cipher, and the velo- 
cities of the points of its surface were, nevertheless, those 
which really have place at each instant. It follows from this, 
that the resistance of the medium will affect, at once, both the 
motion of translation and the motion of rotation of the move- 
able, and that in the case of a body of any form whatever, 
these two motions will mutually depend on each other, and 
cannot be determined separately. 

If the moveable is a homogencous sphere, or one composed 
of concentrical strata, on which no velocity of rotation is im- 
pressed at the commencement, then no motion of this kind 
will arise during the continuance of this motion, which will 
be merely one of translation, in which all the points of the 
moveable will be actuated at each instant with equal and pa- 
rallel velocities. In fact, if there be drawn through the centre 
of the sphere, a tangent to the curve whieh it describes, it is 
evident that every thing will be similar about this line, with 
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respect both to the velocities of the points of its surface, and 
also ta the condensations or dilatations of the surrounding 
fluid. Consequently, the resultant of the resistances exer- 
cised on all the points of the surface, will constantly pass 
through the centre of figure, which is also the centre of gra- 
vity, so that it cannot produce any motion of rotation. The 
condensations or dilatations of the fluid in contact with the 
elements of the surface, will depend on the velocity common 
to alt the points of the moveable, and will, moreover, be diffe- 
rent for the different sections perpendicular to the tangent 
which we have supposed to be drawn through the centre. 
Consequently, the resultant of the exterior resistances which 
will coincide with this tangent, can only depend on this velocity, 
on the extent of the surface, and on the natural elastic force 
of the fluid; and the motion of the centre of gravity will be 
that of a detached material point, whose mass is that of the 
body, and to which is applied the resultant in question, in a 
direction contrary to that of its velocity, and also the weight 
of the body. ‘This has been assumed in No, 210, with respect to 
bodies projected in artillery practice, which are always sup- 
posed to be homogeneous, and perteetly spherical. 

In this case, the centre of the bullet cannot deviate from 
the vertical plane passing through the direction of its initial 
velocity, and relatively to which every thing is alike on all 
sides. But if the projectile deviates a little from the spherical 
form, or if it has not the same density throughout its entire 
extent, the resultant of the exterior resistances which are 
normal to its surface, will not pass constantly through its 
centre of gravity; it will consequently produce a motion of 
rotation ; and if itis not always comprised in the vertical plane, 
in which the centre of gravity commences to move, it will cause 
it to deviate from this plane ; so that the trajectory of the pro- 
jectile, referred to its centre of gravity, will no longer be a 

“plane curve. Ut is easy to conecive all this when the projectile 
is neither perfectly spherical or homogeneous ; but it may be 


OF THE MOTION OF A SOLID BODY ENTIRELY FREE« 165 
iS 


remarked that, even though the defect of perfect sphericity-or_ 
of non-homogeneity be not taken inte account, still if the bul- 
let is actuated by any velocity of rotation at the mouth of the 
cannon, the friction of its surface againgt the air during the 
motion, may still cause its centre of gravity and of figure to 
deviate from the vertical plane. 

445. In order to show this, let G (fig. 12) be the centre of 
gravity and figure of a spherical homogeneous body, and acs 
the diameter which is a tangent to the trajectory described by 
u. Let us suppose, for greater simplicity, that the axis of 
rotation which passes through the point G, is perpendicular to 
this diameter. Let anpr be the section of the moveable, per- 
pendicular to this axis, and pax a diameter of this section, at 
right angles to acs. Likewise let the motion of the point ¢ 
be from a to B, in the direction indicated by the sagitta s, and 
the motion of rotation in the direction indicated by the sagitte 
placed at a, p, B, £. The friction of each element of the sur- 
face against the air, which arises from the motion of rotation, 
will bea foree acting along the tangent to the surface in a di- 
reetion contrary to this motion. On each section parallel to 
AbBE, it will vary from one point to another, in consequence of 
the difference of density of the fluid. The fluid will be con- 
densed before the projectile, and it will be dilated behind it; 
consequently, the friction will be greatest on the side of the 
point 3, and least on that of the point a. Hence it follows, 
that if all the forees arising from the friction exerted against 
the surface, be transferred parallel to their directions, to the 
point G, there will result a force acting along the part cp of 
the diameter paz. Let this force be denoted by ¥, the weight 
of the body by p, the resistance of the medium transferred to 
the point G, and‘acting in the direction of Ga, a part of the : 
diameter AGB, by R. The motive force of the point « will be 
the resultant of the three forces F, v, rn, and its accelerating 
force will be equal to this resultant, divided by the mass of 
the projectile. 
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This being established, if the axis of rotation be vertical, 
and consequently, comprised in the plane of the two forces p 
and rR, ep the direction of the force F will be perpendicular to 
this ‘plane; it will therefore cause the moveable to deviate 
from this vertical plane, by «urging it on the side of the point 
p; and, in this case, the trajectory of the point c, will be a 
curve of double curvature. If, on the contrary, the axis of 
rotation is horizontal, Gp the direction of the force F, will be 
cogoprised in the vertical plane of the forces p and r, which 
will be that of the section apBE, consequently, the point G will 
not deviate from this plane, and its trajectory will be a plane 
curve, 

446. It appears that in this last case, the vertical compo- 
nent of the force r will increase or diminish the weight p, 
according as the direction of the sagitta a is upwards or down- 
wards, he force ¢ will be vertical, and this diminution or 
increase of weight will be a mazvimum when the direction an 
is horizontal. Thus, in the horizontal level, if the bullet be 
supposed to turn about a horizontal axis, perpendicular to the 
direction of the level, the friction of the projectile against the 
air will increase its weight an@ diminish the range, when the 
anterior part of this body turns upwards from the horizon, 
and when this part turns towards the horizon, the friction will 
diminish the weight and inerease the range. It may even 
happen, in this second case, that the trajectory becomes con- 
vex to the horizon, for in order that this should take place, it 
would be only necessary for the rotation to be sufficiently 
rapid to render the force F greater than the weight p; but 
then as the friction would diminish the velocity of rotation, 
the force F would decrease, and eventually become less than p, 
when the trajectory would again become coneave towards the 
ground as usuil. 

These considerations, combined with those of the preceding 
number, show that, independently of the defect of sphericity 
and homogeneity of the bullet, the friction of its surface 
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against the air, arising from the motion of rotation, which it 
may acquire in moving in the interior of the cannon, may 
affect the accuracy(7) of the aim, because this friction may 
cause the centre of the bullet to deviate from the vertical 
plané of projection, and also produce an inequality in the 
ranges, as this force may increase or diminish the weight of 
the moveable. However, none of these effects takes place, if 
the bullet turns about the diameter as, in the direction in 
which it moves; for then the friction is equal and contrary 
for two opposite elements of each section of the surface per- 
pendicular to the axis of rotation; hence it follows, that the 
forces arising from the friction exercised on all the elements, 
destroy one another two by two, when transferred to its centre 
of gravity ; so that the motion of this point will not be de- 
ranged by the total friction arising from the rotation. 


CHAPTER VI. 


OF THE MOTION OF A HEAVY SOLID BODY ON A GIVEN PLANE. 


I. Case in which the Friction is not taken into Account. 


447. For greater simplicity, we shall suppose that the 
moveable touches the given plane only in one point, which 
we shall denote by K, and which, in general, may vary both on 
its surface and on the plane. As the forces lost in each infi- 
nitely small instant constitute an equilibrium, they must be 
reducible to,a single force, passing through the point kK, nor- 
mal to the given plane, and so directed, that it may always 
tend to press the moveable against this plane. ‘This resultant 
will be the pressure that the plane sustains, and which will 
he destroyed by its resistance Mnoted by R. If to the weight 
of the body, this force x of an unknown magnitude be joined, 
we need not consider the given plane at all, but regard the 
moveable as entirely free. 

Hence it follows, that the motion of its centre of gravity 
G will be the same as that of an isolated material point, whose 
mass is that of the moveable, and to which there is applied, the 
weight of this body and the force R, parallel to their respective 
directions. At the end of the time ¢, let a, ¥, 21, be the co- 
ordinates of c referred to fixed rectangular axes, and ), y, v, 
the angles which the direction of the force x makes with lines 
drawn parallel to these axes, through the point x. If the 
axis of the positive coordinates of z,, be supposed to be ver- 
tical, and directed upwards from the horizon, we shall have 
for the three differential equations of the motion of the point c, 


+ 
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a. 
Si = nes, 
1H = 2 cosy, . (1) 
mu Ti! = ncos v — my, * 


g denoting as usual the gravity, and m the mass of the body. 
If the given plane is fixed, the angles A, 1, v, will be constant 
and given ; if it is in motion, we shall suppose this motion to 
be known, and that it cannot be modified by that of the body ; 
2, wv, will then be given functions of ¢. As the moveable is 
a heavy body, in order that it may never be detached from 
this plane, whether fixed or in motion, it should be always 
situated above it, consequently, Rr cos » the vertical component 
of the resistance of the plane will be always positive, and » 
will be always an acute angle; the other two given angles X 
and » may be either acute or obtuse. At the same time, the 
body in virtue of the forces n and Mg, applied to the points k 
and ¢, will turn about G as about a fixed point (No. 438) ; 
but as the weight mg will not ¢nfluence this motion of rota- 
tion, the differential equations of this motion will depend 
solely on the force r. In order to obtain them, we shall take 
for the second members of equations (a) of No. 412, the mo- 
ments of the force r with respect to the three principal axes 
of the moveable, which intersect at the point G, multiplied 
respectively by dé. Denoting the coordinates of the point kK 
referred to these axes, by a, B,-y, and the angles which the 
direction of the force r makes with lines drawn parallel to 
these same axes through x, by /, 1’, v’, these moments will be 


@R C08 jx’ — BR cos’, 
yR cos X’ — an cos v’, 
BR cos v’ — yR cosy’, 


and equations (a) will become 
VoL. I. z 
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cdr + (B — s) pgdt = i (a cos p’ — B cos d’) dt, 
Bdq + (a — c) rpdt = rn (y cos \’ — acos v’) dt, (2) 
adp + (c — 8) qrdé = x (3 cos v’ — y cos p’) de; 
in which a, b, ¢, denote the moments of inertia that refer to 
the same axes respectively, as the angles 2’, p’, v’, and p, 9,75 


the components of the angular velocity of rotation (No. 407). 
‘To these we must join equations (7) of No. 410, namely, 


pdt = sin Osin gdb ~ cos 90, 7 
qdt = sin 0 cos pdt + sin odd, f (3) 
rdt = dp — cos Od. 3 


We shall suppose that the nine cosines a, b, &c., whose 
values in functions of ¢, y, 8, have been given in No. 378, 
are those of the angles which the fixed axes of 2), #1, 21, the 
coordinates of the point Gc, make with lines parallel to the - 
principal axes relative to this point, drawn through the origin 
of these coordinates ; then it is evident from equation (2) of 
No. 9, that 

cos A’ = acosX + ¢’ cos pu + a! cos vy 
cos p’ = bcos) + b’ cos p + b" cos v, (4) 


cos vp’ = € cos + c’ cos p + c" cos», 


will be the values of cos \’, cos ju’, cos v’, which should be sub- 
stituted in equations (2). 

The position of the moveable at any instant whatever, with 
respect to the fixed planes of the axes of a, y,, 21, will be eom- 
pletely determined by means of these coordinates and of the 
three angles ¢, Y, 0, already defined (No, 378); the position 
of the instantaneous axis of rotation in the interior of the 
moveable, and its velocity about this axis will depend, more- 
over, on the three quantities p, 7,7: the solution of the pro- 
blem will, therefore, consist in our deducing from the nine 
equations (1), (2), (3), the values of these nine unknown 
quantities in functions of ¢; but as these equations contain 
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the force r, and the three coogdinates a, 3, y, which are also 
unknown, four more equations are required, which may be 
obtained in the following manner. 

448. Let L be a given function of a, 6, y, and let us re- 
present the equation of the surface of the moveable, referred 
to its principal axes which pass through the point G, by p= 0. 


If we make 
=(G)+G)+G)T- 
we shall have (No. is 


dt < 
cos =v, cos w= Mle cos vy’ = ‘ay (5) 


a : i 
in which the sign of the quantity v must be such, that the 
angles )/, u’, v’, may respect the interior part of the normal to 
the surface of the moveable, which will be the superior part 
of the normal to the given plane. As one of these equations 
may be deduced from the two remaining, by substituting for- 
mul (4), in place of cos X’, cos nv’, cos v’, the resulting equa- 
tions, together with the equation t= 0, will furnish three 
of the four required equations.” 

Ifz,y, 2, be the coordinates of any point of the given plane, 
referred to the same fixed axes as 2, 91,21, and A, pv, the 
angles which the normal to this plane makes with these axes, 
we shall obtain, for its equation, 


weosrA + ycosu + zcosy =f; 


¢ being a given quantity, which will be constant when the 
given plane is fixed, and, generally, a given function of t. 
Moreover, if a, y, 2, are the coordinates of the point x, which 
exists in this plane, we shall have, by the formula of No. 377, 
e=X+udat bp +ey, 
ya=ypnteatip+ey, r (6) 
ray talat UB +e'y. 


ne 
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The values of x, y, z, sheuld therefore satisfy the pre- 
ceding equation; by substituting them in this equation, there 
will result(a) in consequence of formule (4), 


®cosr + y, cos +2, cosy+acosr\’+ Bcosp’+ycosy’=Z, (7) 


which will be the fourth equation that is requisite to determine 
the unknown quantities of No. 447. 

If the moveable be terminated by a point, and always 
touches the given plane with its extremity, a, 8, y, the coor- 
dinates of the point x, will be constant, and they can be de- 
termined by means of the position of this point on the surface, 
and its distances from the planes of the principal axes of the 
moveable, which intersect at the point. c. But equations (5) 
will not obtain in a point of this nature; however, equation 
(7), which expresses that this point appertains to the given 
plane, will always subsist; and it is only necessary to join it 
to the equations of the preceding number, in order to deter- 
mine the nine unknown quantities of the problem, and the 
magnitude of the force r which these equations contain(d). 

449. When the given plane is fixed and horizontal, by 
assuming it for that of the coordinates x and y, there will 


result 
cosA=0, cosp=0, cosy=1, J=0; 


which will reduce formule (4) to 
cos =a", cosp’=b", cosv’=e". 


In virtue of the two first equations (1), the horizontal mo- 
tion of the point ¢ will be uniform and rectilineal ; its velocity 
parallel to the given plane, will depend(c) on the horizontal 
percussion which the moveable experiences at the commence- 
ment of the motion. 

The third equation (1) will give 


az, 
R=™M Tt) 
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by means of which the value of rn will be known, when that 
of z, shall have been determined. At the same time, equa- 
tions (2) will become 


cdr 4+-(B — a)pgdt =™ e a+9) (ab"— Ba") dt, 
Bdy + (A — c) pdt =™ (G + 7) (ya"— ac") dt, (8) 
pe fz, to pit Fi 
adp + (c— 8) grdt=™ (G49) (Be yb") dt; | 
and equation (7) will be changed into the following, viz.: 


21+ aa + b"B + cy = 0, (9) 


from which the value of z; may be deduced, in order to sub- 
stitute it in the preceding equations, 

Thus, in this case, the problem will depend on equations 
(3) and (8), by means of which, p, q, 7, ¢; ¥, 8, can be deter- 
mined in functions of ¢, as in the motion of solid body about 
a fixed point. If the position of the point x changes on the 
surface of the moveable, the quantities a, 3, y, should be eli- 
minated from these equations by means of L = 0, and formule 
(5), which will in this case be 

atav it, Waves, ata (10) 

Hf, on the contrary, the position of the pojat K on the sur- 
face of the moveable is always the same, the constant and 
given coordinates of this point should be substituted in equa- 
tions (8), in place of a, 8, y. This second case, is that of the 
motion of a top on a horizontal plane, in which the friction of 
the point « against this plane is not taken into account. 

In the state of equilibrium of a heavy body on a fixed hori- 
zontal plane, the line ex will be vertical ; if this state is stable, 
when the moveable is caused to deviate fromit by a sinall 
quantity, and is then remitted to itself, it will make very small 
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oscillations, which we may determine to any degree of approxi- 
mation we please, by means of the preceding equations. We 
shall restrict ourselves here to point out this example, as an ex- 
ercise of the calculus. We may suppose, for greater clearness, 
and in order to simplify the question, that the moveable isa 
homogeneous ellipsoid, or a sphere whose centre of gravity 
docs not coincide with the centre of figure. 

450. It is easy to obtain the two first integrals of equa- 
tions (8); for by multiplying them by e”, 6”, a”, respectively, 
and then adding them together, their second members dis- 
appear, and, if we then integrate, we obtain, as in No. 415, 


aap + Bb"g + cer = 1; 


1 being an arbitrary constant, which expresses the sum of the 
moments of the quantities of motion of all the points of the 
body, with respect to a vertical axis passing through the 
point Gc. 

In order to obtain a second integral of these same equa- 
tions (8), let them be multiplied by 7, 9, p, respectively, and 
then added together, this gives é 


crdr 4+ Bydyg 4+ apdp=™M (& +9) [a (br — eq) 
+ B(c’p — ar) Fy (ag — bp) at 


which, in eensequence of the three last equations (8) of No. 
411, is equal td 


} 2. 
_ erdr + ngdy + apdp = M (@ +9) (ada” + Bab" + de". 
By differentiating equation (9) with respect to ¢, we obtain 


dz, + ada’ + Bdb” + yde = — (a"da + bdB + cdy). 


4 Now, when x is always the same point of the surface of 
‘the moveable, the second member of this equation is cipher, 
hecause its coordinates a, 8, y, are in this ease constant. It 


Y 
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is also cipher, when x is displaced on this surface, for, in 
virtue of equations (10), we have 


ada + b'dp +e"dy =v (¢ da + ii dp + - dy)= vdL; 


which is cipher, because 1 — 0, during the continuance of the 
motion, and, therefore, du = 0. Consequently, in these twa 
cases, we shall have 


ada” + Bdb” + yde" = — dz; 
hence there results, 
crdr + Bgdq + apdp + M ( + 9) dz,= 0, 

and, by integrating, 

2 
cr? + Bq? + ap? + Mm (Fi +292) =h; 

1 

h being an arbitrary constant. & 

These two integrals will be sufficient to enable us te re- 
solve the problem, when the question is respecting a homoge- 
neous solid, terminated by a surface of revolution ; this is what 
has place, for example, in the case of a top. The axisef figure 


is the right line Gk; and if c be the moment of inertia with 
respect to this axis, we shall have . 


B=A, a=0, B=0; 
y will he the length of GK; and, from ace (@ and 
e” = cos0, we shall have A 
2, = — ycos0 


for the value of the vertical ordinate of the point c.  Thé 
first equation (8) will give r =x, 2 being an arbitrary cop- 
stant, denoting the velocity of rotation of the moveable about ~ 
its axis of figure. But, by the values of a” and b” (No. 378); 
and the two first equations (3), we have : 


ay aye 


ay 
2 
a ae ae 


» ps = sind 





ap + bg = — sin 
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consequently, the two integrals which we have obtained will 
become 


cncos 6 — asin?@ = =i, 


. 9,40? 
“a(sioro ay +2) +™ (y*sint0 Fe — 2yg cos 0) ah, 


in which — cx? is comprised in the constant quantity h(d). 
+ These two last equations will make known, by means of 
elliptic functions, the values of y and ¢ in functions of 6; the 
sthird equation (3) will then give the value of g; and the 
} ‘problem will be resolved in the same manner as that of No. 
425, the solution of which has been already given in detail. 
451. The moveable being always a homogeneous solid 
of revolution terminated by a point, and kK, the extremity of 
_this paint, being constantly supposed to touch the given 
~ plane, let now ‘this plane be in motion, so that the angles 
“Ys HE vs and the quantity ¢ may be given functions of t. The 
momeng of inertia belonging to the axis of figure being c, the 
two other moments a and B will be equal, the coordinates a 
and f will be cipher, and y will express the length of ex. The 
first equation will in this case give r= n, denoting an arbi- 
trary constant; so that the angular velocity of the moveable 
about the axis of figure will be constant, as in the case when 
the plane i is. fixed. And, in consequence of formula (4), the 
s two other eauations (2) will become 


“hd + (as ¢)ripdt = Ry (acosh+a'cosp + a’cos v) dt, ) 
5 


~ adp —(A—e) ngdt=—Ry(beosr+Yeosp+b’cosv)dt. | aD 


* An like manner equation (7) will become 
, e085 +y,cosp + z,cosv-+y(ccosr-+c’cosn+e"cosy) = &; (12) 


“and equations (1) and (3) will not undergo any change. The 
“system of-equations (1), (3), (11), (12) should therefore 
enable us "> determine the nine coefficients p,q, 9, ¥, 9, 
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2, ¥, 2,3 but the rigorous integration of these equations is 
impossible in the present state of the science ; agl, in order 
to obtain approximate values of the unknown, which are not 
very complicated, we are obliged to restrict the generality of 
the question by different hypotheses which we will state ac- 
cording as they will be necessary. 

452. We shall suppose, in the first place, that the rotation 
of the moveable about its axis of figure is very rapid, and that 
the different motions of the given plane are very slow relatively 
to this rotation; so that if, for example, the perpendicular to the 
given plane erected at the point x, oscillates on each side of 
the vertical which passes through this point, or turns about 
this line, the duration of each oscillation or cach revolution 
may be very great, relatively to a revolution of the moveable 
about the axis KG; and that the same will be the case, if tHe 
given plane performs oscillations parallel to itself, 

We shall suppose, secondly, that the anglts @ and y vary- 
very slowly with respect to the angle »; a supposition which 
should be confirmed d posteriori, by the values which will be 
obtained for these three angles. 

If in a first approximation, the differential dy which occurs 
in the third equation (3) be neglected, and if we suppose * 
that ¢ = 0 when ¢ = 0, we shall have % = ne, at any instant 
whatever. 

By means of the formule of No. 378, we shall then have 


acosh + a’ cosy + a" cosy = psinnt + acosnt, 
bcosX + b’cosu + b' cosy = Pcosat — eginnt; 
in which, for the sake of abridging, we make(ey 
P = cosA cos@siny +- cosp cos@ cosys— cosy sind, 
Q= cosdA cosy) — cosp sing; 
and equations (11) will become 
adq + (a—c)npdt = ny (rsinnt + acosnt) dt,_ 
adp — (a—c) ngdt = ry (asinnt — vcosnt) dt.” 
VOL. I. 2a 
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Now, in the second hypothesis, the quantities p and q will 
vary very slowly, this will be also the case with respect to R, 
as we shall see immediately; therefore in the integration of 
these equations, we may consider, in a first approximation, 
that P, @, R are constant quantities, and, consequently, only 
take into account the variation of sinné and cosn¢ in their se- 
cond members. If m be a very small fraction of n, and if the 
coefficient of sinzé contains, for example, a term which has 
cosmt for a factor, sinné should be replaced by }sin(n+m) t 
+ Fsin(n—m)t; hence as the coefficient of sinzt is considered 
as constant, mt must be neglected with respect to nt, at least 
in the first approximation(/). 


In this manner, the complete integrals of the preceding 
equations will be() 


p=psin(S—* re ©" nt-+ee0s(*=" =)" nt—~= (qcosnt + Psinnt), 
a 





A~c : 
q=D cos, Ante sin (8 Daeg (asinnti—Pcosnt), 


p and & being two arbitrary constants. In order to determine 
them, let the instantaneous axis of rotation coincide with the 
axis of figure at the commencement of the motion ; we shall 
then have p = 0 and g= 0, when ¢ = 0; and if P’, Q’, R’, be 
the values of P, @, R, at this same epoch, there will result 





RQ’ rp! 
s=P8, p=, 


cn cn 


Therefore, at any instant whatever, we shall have 


ee 2h en er (4-5) , (45) 
p=2[n (: sin = nt + Q’ cos nt 


—R (r sin nt + Q cos at) ], 


qg= +. [x (P/ eos (=) nt — Q’sin (=) nt 
cn A A 


—R (° cos nt — Q sin nt) |. 
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If we suppose, that in the two first equations (3), ¢ = nt, 
we obtain from them(h) 


sin Od) = (psin nt + q cos nt) dt, 
d0 = (q sin nt — pcos nt) dt; 


. and by substituting for p and q their values given above, there 
results « 


: dt cnt cnt - 
y= TE Lwin) — a] 
sin Ody Ga LE’ (P’ cs a + a'sin =~ RP |, 
dt ont 
d= [wv (e" sin cut Q’cos om) + naj. 
cn A A 


Now, if c isnot a very small fraction of a, it is necessary, 
in order that @ and y may vary very slowly, as has been sup- 


e A t 
osed, that the terms depending on sin one and cos should 
Pp P' g z x 


disappear from these formule ; which condition will be always 
fulfilled, by supposing that at the commencement of the motion, 
RG the axis of figure coincides with the perpendicular to the 
given plane. 

In fact, if at the commencement of the motion, ¢ is the 
angle that the perpendicular to the given plane makes with the 
vertical, and ¢ the angle that its horizontal projection makes 
with the line from which the angle y is measured 3 at this 
epoch, we shall have (No. 8), 


cosy = cose, CoS =sinecose’, cosrA =sinesin e’, 


and, ify’ and 6’ be the initial values of y arid 0, there will 
result(?) + 


r= cos 9’ sin ¢ cos (e’— ¥’) — sin 8’ cose, 


Q/= sine sin (e’ — 7). 


Now, if the axis of figure was perpendicular to the given 
plane, when the motion commenced, we shall have PSiel 
and # = «, hence there will result p’= 0, @’= 0; in conse- 
quence of which, the preceding formulz are reduced to 
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sin Ody = — neve 6= = 





(13) 


453. Now, it is necessary still to suppose that the perpen- 
dicular to the given plane and the axis of figure of the move- 
able, deviate very little from the vertical direction during the 
continuance of the motion, the supplement of the angle @ will, 
consequently, be constantly very small; for @ is the obtuse 
angle comprised between the vertical drawn through the point 
G upwards, and the line drawn from G towards the point K, 
which is below c. We shall, therefore, neglect the square of 
sin 6, and assume cos@= — 1(k). The quantities cos A, cos p, 
will be very small, and if their squares be neglected we shall 
have cos y = 1{2). Moreover, we have (No. 378) 


c=sinOsiny, c’=sin@cosy, e¢’=cos0=—1. 


Hence, if the products sin @ cos X, sin 8 cos » be neglected, 
equation (12) will give 
zy +2 —2,cosk—y, cosy. 
If, therefore, independently of the smallness of cos A and 
cos u, the vertical oscillations of the given plane are likewise 
supposed to be very small, the variations of z, will be so 


likewise s the value of rn furnished by the third equation (1), 
namely 


R=Mg+™M =, 
Pz, 


dt?’ 
and of each of the quantities cos A, cos pz, sin #, be neglected, 


will differ very little from mg; and if the products of 


it will be sufficient to substitute mg in place of r, in equations 
(13). Also, by substituting the values of p and a, these 
equations will become(m) 


sin Ody = aa (sin 6 — cos sin Y — cos 4 cos i) dt, 


40 = ae (cos A cosy — cos z sin y) dé. 
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The two first equations (1) will become, at the same time, 





Pr a@ 
“ar = 9 008d, “it = 9 COB Me (14) 


By differentiating the values of ¢ and e’ with respect to ¢, 
and substituting d@ in place of d.sin 0, we obtain 


de = singdO + cos ¥ sin Od, 

de’ = cosyd6 — sin sin Odd ; 
and if, in these formule, there be substituted in place of sin dp 
and d6, their values given above, there results 


de — e'mdt = — mcos pdt, | (18) 
5 
dc’ + emdt = mos dt, | 


in which, for the sake of abridging, we make ~19 =m. Thus 


the question is finally reduced to the integration of these linear 
equations which are of the first order with respect to the un- 
known quantities ¢ and ¢’, and have constant coefficients. It 
may be observed, that it was by employing these same unknown 
quantities, namely, sin @ sin and sin 9 cosy, in the problem 
of the motion of the moon about its centre of gravity, that 
Lagrange succeeded in reducing the differential equations of 
this problem to the linear form; and this enabled fim com- 
‘pletely to explain the phenomenon of libration, which he was 
not able to accomplish in his first investigations on this subject, 
454. By integrating equations (15) in the usual manner, 
we obtain, by substituting for ¢ and c’ what these letters de- 
note(n), 
sin Osiny =Asin mt +h’ cosmt } 
—mesin me (cos pn sinmt—cos) cosmt) dt | : 
~ m.cosme§ (cos. cosme--cos)sin mépdé, |: 
; e (16) 
sin @ cosp=k cos mt— sin mt | 
—mecosmt$(cosusinmt—cosdeosmt)de “| 
+i. sin mt§ (cos u.cosmé+cosX sin mb)dt, | 


in which &, ’, denote two arbitrary constants. 
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If the integrals indicated in these formule be supposed to 
commence with ¢, and if 0 and y denote, as before, the initial 
values of @ and y, we shall obtain, by making ¢ = 0, 

k= sin@’ cosy’, &/ = sin@’siny’, 
for the values of & and &’, which will be cipher, when the axis 
of the figure of the moveable is vertical at fhe commencement 
of the motion, in which case we shall have @ = 0. 

When the actual yalucs of cos\ and cosy are given in 
functions of ¢, by performing the requisite integrations, equa- 
tions (16) will make known the values of 9 and y, and conse- 
quently, the position of the axis of figure of the moveable at 
any instant whatever. At the same time, we shall have, by 
the third equation (3), 

gau— pty, 

by making cos? = — 1, and assuming @ = 0, when ¢ = 0. 
The two first equations (3), in which @ is made simply equal 
to né, will give the values of p and g, which, with the equa- 
tion 7 = 2, will enable us to determine the axis of rotation and 
the angular velocity of the moveable about this axis, at any 
instant whatever. Finally, the values of x, and y, in functions 
of t can be obtained by two successive integrations of equa- 
tion (14)5 from which those of z; and rR may be immediately 
deduced. 

Hence then it appears, that approximate values of all the 
unknown quantities of the problem can be determined, by 
means of the given values of cosX and cosy. By means of 
these approximate values, those of the quantities neglected in 
this first approximation may be computed ; then if in a second 
approximation, the quantities thus computed be taken into ac- 
count, we shall arrive at other values of the unknown quan- 
tities more accurate than the first, and, by procceding in this 
manner, we shall obtain, by the general method of successive 
approximations, expressions of the unknown quantities, to any 
degree of accuracy we please. In the preceding articles, the 
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values of these quantities were not determined beyond a first 
arproximation, there would be no other difficulty attending a 
second or third approximation, but what arises from their 
length. 

455, x the velocity of rotation, impressed on the moveable 
about its axis of figure, being supposed to be very great, the 
quantity m will be generally very small. It follows therefore 
from formule (16), that the variations of cos\ and Cos pu, 
arising from the small oscillations of the normal to the given 
plane on which the moveable presses, will be very inconside- 
rable in the value of 0. Consequently, if the moveable is termi- 
nated at its superior part by a plane surface, perpendicular to its 
axis of figure, and if at the commencement of the motion, this 
surface was horizontal, and the axis vertical, which would 
cause the terms multiplied by & and k’ to disappear(o), this 
surface would sensibly preserve its horizontality during the 
continuance of the motion, notwithstanding the small oscil- 
lations of the given plane, and this so much the more accu- 
rately, as the velocity of rotation impressed on the moveable 
is more considerable. This is the principle of the method 
which has been proposed for obtaining at sea, independently 
of the dipping and rolling of the vessel, an artificial horizon 
which may be used in making astronomical observations. 

In consequence of the smallness of m, sinmt and cos mt 
may be regarded as constant quantities in the integrals which 
formule (16) contain. Thus, for example, by integrating by 
parts, we shall obtain(p) 


§cosA cosmédé = cosmt§ cosddt + msin met §S cosddt? + &e. ; 


and if the variations of cosA are very rapid relatively to those 
of sinmt and cos mt, although very slow with respect to the 
rotation of the moveable, this series will be very convergent, 
and may be reduced to its first term; this comes to consider- 
ing cos mt as constant in the integral §cosr cosmtdt. 

In this way, and by supposing &, h’ respectively equal to 
cipher, formule (16) will be reduced to 
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sinOsiny = — iavcode,. sin@ cosa = Soca 


Likewise, if the centre of gravity of the moveable has not 
received any ise velocity at the commencement of the 


motion, so that - =0, ah = = 0,%6fien ¢ = 0, equations (14) 
will give 

a: 

ale gS cosXdt, ay = g§cos pdt ; 


dt dt 


in which the integrals commence with ¢, as in the preceding 
equations. Therefore by eliminating them, and substituting 
for m its value, we shall have 


The difference of sign in these two formule arises from this, 
that as the angle y is increased by 90°, the axis of the positive 
abscissze falls on the axis of the negative ordinates, and this 
last, on the axis of the positive abscisse (No. 378); so that 
by putting ~ + 90° fori in the first formula, we must, at the 
same time, change y, into — 2; which gives the second formula. 

By dividing these equations the one by the other, there 
results 

tang.~= — oh. 

Now, if through the point c a plane be drawn perpendicular 
to Gk the axis of figure, i) is the angle, which the intersection 
of this equator of the moveable, and of the horizontal plane of 
the axes of 2, and y,, makes with the axis of 2,; moreover, 
the variables 2, and y, are the coordinates of the projection of 
the point c on this horizontal plane ; it follows therefore that 
this intersection is constantly parallel to the tangent to the 
curve described by the horizontal projection of the centre of 
gravity of the moveable. If the horizontal velocity of this 
point be denoted by w, so that we may have 
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4s eae + dy 
de? 
we shall also have(y) x 
ito ge 1 


> 
cn 


for the sine of the inclination of the moveable on the horizontal 
plane, which inclination is the supplement of the angle @. 

These different formule, and the consequences which may 
be deduced from them, will subsist as long as » the velocity of 
rotation of the moveable about its axis of figure is very great ; 
but the resistance of the air and the friction of the point K 
against the plane on which the moveable presses, will con- 
tinually diminish this velocity, and when it ceases to be very 
great, the axis Gx will deviate more and more from the ver- 
tical direction, and the moveable will at length fall on this 
plane, as in the case of a common spinning top. 

It should likewise be observed, that the vertical oscillations 
of the given plane, from which the reciprocal variations of 
the quantity ¢ arise, do not affect the variations of the angles 
and 6. But if the given plane rises or falls vertically with a 
motion uniformly accelerated, the quantity Z which is comprised 
in its equation (No. 448), will contain a term + 4y/t, in which 
g denotes a positive constant quantity. The value of r made 
use of in No, 453, instead of being mg, will be then u(ytg’), 
therefore we should substitute (g+ y’) for g in the value of m; 
so that a motion of this kind will influence the variations of 6 
andy. If the given plane descends, in which case g should 
be affected with a negative sign, it is necessary that g’ should 
be less than g, otherwise the value of r would become nega- 
tive, which implies that the moveable ceased to press on the 
given plane, which would fall quicker than this heavy body, 
and must consequently be detached from it. 
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Il. Case in which the Friction is taken into Account. 


456. In the present state of the science, the laws of the 
friction of bodies in motion, ean only be determined by expe- 
riment; therefore, previously to our taking into account this 
force, which is of a peculiar kind, in the equations of the mo- 
tion of a body which presses on a given plane, it is necessary 
to state the general results, which have been furnished by 
observation on this subject. 

Ist. The friction of one solid body on another is indepen- 
dent of the velocity of the moveable. 

2ndly. It is also independent of the extent of surface of 
the rubbing body. 

3rdly. It is proportional to the total pressure exerted on 
this surface. 

These two last laws also obtain in a state of rest (No. 269), 
at the instant that the equilibrium gives way, and when the 
contact of the bodies has continued sufficiently long to enable 
the friction to attain its maximum, 

When a fluid flows over a solid body, the fais of its fric- 
tion are different. For in this case it appears from experiment, 
that it is proportional to the velocity of the fluid and to the 
extent of surface, and that it does not depend on the pressure. 
In the case of an aeriform fluid, there is reason to suppose that 
the friction increases or diminishes with the density, as has 
been assumed in No. 444; so that at equal temperatures, it 
is found to depend indirectly on the magnitude of the pres- 
sure. 

457. Let us now suppose that a solid body, whose base is 
a plane surface of any extent whatever, is laid on a fixed hori- 
zontal plane, and that the vertical drawn through its centre of 


gravity (fig. 13) meets the fixed plane within the area of 


this base, which we know is the condition that is necessary 
‘and sufficient to insuxg the equilibrium. Let its mass be de- 
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noted by m, and its"weight by pr To any point a of its sur- 
face which is situated in the horizontal plane drawn through 
the point «, let a. cord be attached which may pass over the 
fixed pulley x, in such a manner that BAmay be the production 
of ca. At c the other extremity of this cord, let another body 
whose mass is denoted by m’, and weight by p’, be suspended, 
in such 4 manner that G’ its centre of gravity may exist on 
the vertical drawn through the point c. 

‘The equilibrium will subsist as long as the weight p’, in- 
ercased by the weight of the vertical part of the cord, is less 
than the friction of a1 on the fixed plane, and of the cord on 
the pulley u ; and if v’ be gradually increased, the equilibrium 
will give way, at the instant that pr’ surpasses the sum of these 
frictions, diminished by the weight of the vertical cord.” If 
this last quantity be neglected relatively to p’, and if the 
frictions of » against the fixed plane, and of the cord against 
the fixed pulley, which obtain immediately before the equili- 
brium gives way, be denoted by r and ¥’ respectively, we 
shall have 

Pop ber. 
As the pressure exerted on the base of wis p the weight of 
this body, the friction F is proportional top. Also, by what 
has been observed in No. 302, the friction F’ is proportional 
to the force F; consequently, we have 
rofp, ra f'r, 
fand f” denoting two fractions independent of the magnitudes 
of p and r. By means of these values, the preceding equation 
becomes 
ea fe +f fr: 
from which we obtain 
1 rv 
THf 

As the value of the weight r‘, at the*instant that the equi-~ 

librium gives way, can be known, this equation will determine 


f= 
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the value of f'with respect to the body m and to the horizontal 
plane on which it is laid, when"the value off’ with respect to 
the cord and the throat of the pulley is known. ‘Lhe means 
pointed out in No. 269 will make known this value of f, inde- 
pendently of any other quantity of the same nature, when the 
angle at which the moveable commences to slide down a plane, 
that is gradually inclined, is known. 

458. At the instant that the weight p’, increased by the 
weight of the vertical cord, exceeds ever so little the quantity 
F + ¥’, the equilibrium will give way, and @ fortioré when the 
weight P’ is still greater. ‘The body m will slide on the hori- 
zontal plane, and ou’ will descend vertically. If the friction of 
M against this plane, during the motion, be denoted by H, it 
will be a given fraction of the pressure vp. With respect to 
the pulley 8, we may cither suppose that it is entirely fixed, 
and remains iinmoveable, or, that it turns about an horizontal 
axis, perpendicular to the plane of the cord anc. In the first 
case, there will be, during the motion, a certain friction against 
the pulley, which will be different from r’, and which should 
be added to u; in the second ease, if the cord does not slide 
on the pulley, there will be no fréetion of the one against the 
other; but the motion communicuted to the pulley, by the 
intervention of the cord, should be taken into account, as if it 
was attached to it. We shall suppose that the second of these 
two cases is the one that has place. 

In order to obtain the equation of motion, let the hori- 
zontal and vertical parts of the cord apc at the end of any 
time ¢, be denoted by z and 2’ respectively, and their masses 
by p _ we. ope velocities of m and m’ at this instant, will 


be — ra = and + ; and the resistances of the air exerted against 
dx 2 dz? 
their surfiecs, may be denoted by «=| 7a and a qe and a 


being two constant quantities, depending on their form and 
extent. Therefore, if the gravity be denoted by g, the motive 
forces applied to the system will be the weight Qr + #’)g. 


: » 
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2 


diminished by the resistance-a’ = and the horizontal force 


F , re p 
H, increased by the resistance @ 75. Their moments with re- 
spect to the axis of the pulley 3, should be subtracted the one 
from the other; and if the radius of this circular pulley be de- 
noted by ¢, their difference will be equal to 


dz” dz* : 
¢ [or +y)g-—a’ qua as]. (a) 
az! 
The motive forces which actually have place, are (+ p’) We 
‘. . tots Pz, 7 : 
in the yertical direction, — (a1 +2) a in the horizontal di- 


rection, and those of all the points of the pulley. As the mo- 
ments of these last forces with respect # the axis of the pulley, 


must be added to the vertical motive forces(r), and as the 
F - an bs! 2 a 
angular velocity of the pulley is cae? if we denote its mass 
me 
by m, and its moment of inertia with respect to this axis by 
mh, it follows, from what has been established in No. 392, 


that the moincut of these last forces with respect to this axis, 
mh? Pz! ae : 
—s ne consequently, the sum of the moments of the 
€ 


effective forces, with respect to this same axis, will be 


gnk' yt 2: 
¢ [(w-p n+ =) ee — (at + pn) oh (b) 
Now, in order that the motive forces applied to the system 
may be in equilibrio, by means of the axis of the pulley, with 
the effective forces taken in a direction opposite to that in 
which they act, it is necessary that the two expressions (a) 
and (b) should be equal to each other; hence there results, 


re te =) es Ge saul 
(s bet Old eID ag 





Pz! €s 
= ae \g—-—u~d-— —a—. 
= (+ p')g—u~a de * We 
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Ifthe cord anc be supposed to be inextensible, the sum of 
its parts will be constant, therefore, if the entire length be 
denoted by d, we shall have. 


dz dz ds! Pz 
dt de? de a 








z42/=1. 
Let the weight of the entire cord be denoted by w, and the 
weight of m the mass of the pulley by p, we shall likewise 


have 
we , wz 
$a yw, gmap; 


we have also .c 
yM=P, gw Pv’; 


and since the friction u is proportional to the weight v, we 
have, besides bs 
H = hp, 
in which 4 denotes a constant coefficient independent of p. 
By means of these different values, the equation of motion 
will become(s) 


Why Bs 2 dy 
(r+e’ +4 he 2) pag Lee w+ + + (ata) ]. 


459. It cannot be integrated in a finite form, unless the 
terms which arise from the resistance of the air be neglected, 
in which case it is reduced to(¢) 


Pz 
ob 2+ gx, 


hy making, in order to abridge, 


—Apteue w 


=a; 
, pk? ’ pie 
r+ Ppwet | P+ Pi fw+ts 





=p. 


Its complete integral will be then 


Be Fe 
z= ia ae iw 45, 


‘ 
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c and c’ being two arbitrary constants introduced by the inte- 
gration, and e the base of the Naperian system of logarithms. 

If this value of z be substituted in the terms of the equa- 
tion of motion, which arise from the resistance of the air, and 
if this equation be integrated again, a more exact value of z 
will be obtained; however, as the preceding is sufficiently ac- 
curate for our-purpose, it is not necessary to continue the ap- 
proximation farther ; and, in order to determine the constants 
cand c’, if Y be the initial value of z, we shall have z = ¥ 


and - = 0 when ¢= 0; hence there results(w) 


u 
CHO EE cmc =0; 


from which we obtain 


and, consequently, 


PE PB 
at any instant whatever. 
If @ be the time that the weight p takes to reach the pulley 
B, that is to say, to traverse the distance y, we shall have at 
the same time, ¢ = @ and z = 0; hence we infer 


BE 2 
(al — By) eee atts | = 2al. 
. 
When 6 is given by observation, this equation will enable 
us to determine the value of a, and, consequently, that of h 
the coefficient relative to the friction of the weight p, when it 
moves on the horizontal plane. In this experiment, the value of 
vp’ may be assumed to be what we please, provided it exceeds 
the friction which has place in the state of equilibrium. If the 
weight w is very small relatively to the weights p and r’, Bp 
will be a very small fraction, and the exponentials may be de- 


. 
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veloped into very convergent series, according to the powers of 


B. In this manner, we shall have(v) 


y= (al — By) (5 + Bet + &e.) 3 


and if the quantity 6 be entirely neglected, we shall have 
simpl ’ 
mh y = dab’; : 
which, in fact, we know ought to be the valug of y, for the 
motion of the weight p is then uniformly accelemated. 
Whatever be the motion of the system und onsideration, 
the tension of the horizontal part of the cord aBigjis constantly 
equal to the least of the two forces which act at ‘tts extremities 
(No. 352), that is to say, to the friction m increased by the 
ainst the surface of Mm. There- 





resistance that the air exerts ag 
fore, if the resistance of the air is not taken into account, it 
is constant, and equal to u or hp, during the entire continuance 
of the motion; and its value, measured by the extension of a 
spring placed in the direction of this cord, will enable us to de- 
termine the coefficient h. 

460. The values of this coefficient may be determined, as 
has been just observed, either by observing 0, the time that 
the weight p takes to reach the pulley, or by measuring the 


tension of the cord. They depend in general on the degree of 


smoothness of the surfaces which rub against one another, and 
on the material of which they are composed; they do not 
vary like those of the coefficient /(No. 269), with the time 
during which the bodies have been in contact, before they 
slide the one on the other. When they attain to their maxi- 
mum, they always surpass the corresponding values of h; so 
that, in the state of motion, the friction m is always less than 
the friction denoted by F, that has place at the instant in 
which the equilibrium gives way ; and the tension of the cord, 
when in motion, is also less than that which obtains at the 
last instant of the equilibrium. 


ms 
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The weight p being supposed to be at rest, the equilibrium 
subsists as long as the weight r’ is less than F; but it has been 
remarked that if p’, although less than Fr, considerably exceeds 
H, it is merely sufficient, by means of slight percussions, to 
agitate the horizontal plane a little, in order that the weight p 
may commence to move. * 
When the coefficient A is known, it is easy to determine 
the motion of the weight P on an inclined plane. Let ¢ de 
note the inclination of this plane to the horizon; it must 
always be greater than the angle, at which the equilibrium 
begins to give way, or, in other words, it must be such that 
tang? > f'(No.'269). psin? and pcos? will be the components 
of p, respectively parallel and perpendicular to this plane. 
The first diminished by the friction 4, will be the motive force 
of the moveable whose mass is m; therefore if z be the space 
traversed at the end of the time ¢, we shall have 
wes psing — H. 
dt 

Moreover, as the pressure on this plane is the other compo- 

nent Pcos?, we shall also have 


H = Apcos?; 


and as p = ug, the preceding equation will consequently be- 
come 
a = (I—h cot)g sinz; 

from which it appears that the motion will be uniformly acce- 
lerated, and the same as if, there being no friction, the sine of 
inclination was diminished in the ratio of 1—h coti to unity. 
This quantity 1—/ coti is positive, since by hypothesis, we 
have h 4 fand feoti Z 1. 

461. As the friction u is proportional to the pressure, and 
independent of the extent of the rubbing surface, it follows 
that, the weights p and e’ of No. 457 remaining the same, the 
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motion of Pp on the horizontal plane will not be changed, what- 
ever be the extent of its base, provided that it always has the 
same degree of smoothness. Thus, if this body is a reet- 
angular parallelopiped, consisting of homogeneous matter, 
all whose faces have the same degree of smoothness, its 
horizontal motion will be always the same, on whichever of its 
faces it is placed, and this will be also the case when the 
body descends down an inclined plane, in which case the 
weight p’ is not required to set it in motion. 

Finally, this proposition, that the friction is independent 
of the extent and contour of the base of p, and simply propor- 
tional to the weight 1, implies, that at each point of this base, 
the friction is proportional to the pressure relative to this 
point. In fact, if we denote this base by 8, one of its differen- 
tial elements by do, and the vertical pressure which this ele- 
ment sustains by pdo, p being the pressure referred to the 
unit of surface, the resultant of the pressures exerted on all the 
elements of 5, should reproduce the weight », applied to the 
centre of gravity G; we should therefore have 


Spdo =P (a) 
and if through the projection of the point G on the fixed plane, 
two rectangular horizontal axes be drawn, of which one may 
be, for example, the projection of the line cx, and if x be the 
distance of do from this projection, and y its distance from the 
other axis, we should likewise have 


§apdo = 0, Sypdo = 0; (b) 


in both these equations and also in equation (a), the inte- 
gration must extend to the entire base 6, This being agreed 
on, if we suppose that the friction of the element do on the 
fixed plane, is proportional to pde the pressure which it expe- 
riences, and equal to Apde, h denoting a coefficient indepen- 
dent of p, and relative to the nature of the surface de, we shall 
have 


wns. oe 
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for the value of the entire friction ; and as the frictions of all 
the elements are parallel to cB the direction of the motion, if 
x, be the distance of # their resultant, from the vertical plane 
passing through the line Gp, we shall also have 


ua = Shapde. 


Now, if the base of the moveable has the same degree of 
smoothness throughout its entire extent, the coefficient A will 
be constant, and there will result 


Hx Mpds = hr, ux, = MM apde = 0; 


consequently, the entire friction will depend solely on the 
weight p, whatever may be the extent and contour of its base; 
and since a, = 0(a), the direction of this force must exist in 
the vertical plane passing through the line cx, so that it can- 
not impress any motion of rotation on the moveable, and its 
motion must consequently be parallel to this planc, as we 
have supposed. 

When the centres of gravity of the weight pr and of the 
base } are situated on the same perpendicular to this base, as 
in the case of a prism or vertical cylinder, equations (a) and 
(b) may be satisfied by supposing that the pressure p is con- 


stant and equal to Conversely, when the value of p is 


constant, equations (b) give(y) 
‘ §ado=0, Sydo = 0; 


it is evident from these equations thft the centre of gravity of 
4 coincides with the horizontal projection of the point G 5. con- 
sequently, when this condition is not satisfied, the pressure p 
necessarily varies from one point to another of the base of the 
moveable. The determination of its value at any point what- 
ever, is then an extremely difficult problem, which cannot be 
resolved without taking into account the flexibility of the 
material of which the moveable consists, and also that of the 
horizontal plane on which it rests, for without this reference, 
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there would be an apparent indetermination in the value of p, 
as in the case of the problem of No. 270. 

If the two centres of gravity be supposed to exist on the 
same vertical, we shall have at once, whatever the coefficient 


A may be(z), 
p= i HS 7 Shdo, 2Shdo = Shade. 


Consequently, the base being supposed to remain the same, 
the entire friction # will be proportional to the weight P, just 
as if the degree of smoothness was the same throughout the 
entire extent of this base; but in general, as we shall have 2, 
no longer equal to cipher, the direction of the force 1 will no 
longer coincide with the horizontal projection of the line cs, 
so that when the weight p’ draws the weight p on the hori- 
zontal plane, the friction will cause the moveable to tum 
about the vertical, which passes through the centre of gra- 
vity G. 

462. The weight P being supposed to be laid ona fixed hori- 
zontal plane, and the horizontal projection of the point c to coin- 
cide with the centre of gravity of the base }, if, by any means 
whatever, there be impressed on this body quantities of motion 
parallel to the fixed plane, such, however, as not to detach its 
base from this plane, the moveable will be actuated by two 
horizontal motions, the one of translation, which will be that 
of its centre of gravity c, and the other of rotation about the 
vertical passing through this point. Let us now examine 
how the friction affects these two different motions. 

Let the friction experienced by da the element of 6, the 
direction of which is contrary to that of the velocity of this 


element, be denoted by ae da. Let 7 be its distance from 


the axis of rotation, x and y the rectangular coordinates of the 
centre of gravity of 6 at the end of any time whatever, referred 
to fixed axes drawn arbitrarily in the horizontal plane, and let 


N 
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6 be the angle which r makes with the production of . The 
coordinates of da at the same instant, will be «++ rcos@ and 
y +rsin9, and if its velocity be denoted by v, and the angles 
which its direction makes with lines drawn parallel to the 
axes of a and y by a and £, we shall have 
_ dz in® dg 

veosa= 7 —rsind=, x 

yy do 

vcos 8 =a t7 00s O— 


for the two components of this velocity. Those of the friction 
will be, at the same time, 


he hp 
— F008 ads, — Fr cos Bde. 


Now, since the motion of the centre of gravity is the same, 
as if, the mass of the moveable being supposed to be concen- 
trated in it, the motive forces of all its points were applied to 
it parallel to their respective directions, we shall have for the 
equations of this motion(a’) 


= = — "85 cos ade, 

(2) 
hy 

oy — FS.cos Bdo, 


in which, as g denotes the gravity, Fis equal to the mass m, 


and the coefficient & is supposed to be constant throughout 
the extent of d. 

At the same time, the moveable will turn about the vertical 
passing through the point «, as if this line was fixed, and the 
forces which act on this body were not changed. As the 
moment of the friction of do is equal to the difference of the 
moments of its two components, its value will be 


= Ap = Baa 1008 8 Ap ada sin 6, 
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the rotation being supposed to take place in the direetion in 
which the angle @ increases, that is to say, from the axis of 
the positive as towards that of the positive,ys. This being 
agreed on, if the angular velocity of the moveable at the end 
of the time ¢ be denoted by w, ee its moment of inertia with 


respect to the axis of rotation by = we shall have (No. 392) 


ee te = a2 § (cos 8 cos #— cosa sin #) rdo, (3) 


which will be the equation of motion about this axis, and 
d0 
a 
and extend the integral to } the entire base of the moveable. 

As in these equations (2) and (3), the variables 2, y, 6, are 
not separated, the motions of translation and rotation depend, 
the one on the other, and, in general, can only be determined 
by approximation. ‘There are, however, two cases that can 
be easily resolved, which we now proceed to consider, 


463. If G the centre of gravity is at rest, we shall have 
dx dy 


wn” ae 


when the integration is performed, we should make w = 


= 0; and equations (1) will give(s’) 


dé. 

ai 2 

and, in order that equations (2) may be satisfied, it is neces- 
sary that the integrals {sin @do and § cos @do should be cipher ; 
this depends only on the contour of 4, and will be the case, for 
example, when it is symmetrical about the centre of gravity 
of this base. 

Equation (8) will become 


cosa = — sin 9, cosB=cos0, v=r 


ee = — "2 Sra 


from which we obtain(c’) 


dw _ heg 
at ~~ ble? 
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the constant §rde being denoted bye. Therefore, the motion 
of rotation will be uniformly retarded; and if the initial angu- 
lar velocity be dgnoted by Q, we ghall have, at any instant 
whatever, . « 


wo=g— ho ,¢ 


ve? 
from which it appears, that this motion will cease after the 


< bhQ, . 
lapse of atime expressed by “leg” for which we have w = 0, 


and the body will be at rest. 

On the other hand, when the velocity of rotation is very 
slow with respect to that of the motion of translation, equa- 
tions (1) will give (the square of = being neglected) 


rdO 


dz dy ye 
ie — hae 
v= u 2( sin® cos 9 ra 


dt dt 
in which u denotes the velocity of the point G, and, conse- 


quently 
~ dé" de® 


By means of this and the same equations (1), we can 
* obtain(d’) 








1_ 1 1 fdx . dy rao 

vu + ue G ane = dt 70088) 

_lde 1 fdx dy . dy rd0 
8 a dt ala gon a) dt dt’ 


1 am 1 (dz in dx rd0 
ad a ele cos 8+ sin 9) ii de 


Moreover, as the origin of the polar coordinates 7 and @ is 
at the centre of gravity of the base b, we have 


§rsin Odo = 0, (reostdo = 0. 





This being so, if these values of cos « and cos (3 be substituted 
in equations (2), they will beeome, as (de — fe’), 
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Fx_ hgde dy hgdy Pa she 
BOO Ud eae @) 





For greater simplicitys we shall suppase that the base is 
symmetrically disposed about its centre of gravity, in whioh 
case * ; “ 

§r? cos @ sin Ode = 0, {r*sin? Ado = §7? cos? Odo = by’, 

y being a given line; and if, in equation (3) the values of cos a, 
cos be substituted, it will be reduced in this case to 


PO hgy? 2d0 


2 
7 de u dt? () 


in whicl ee is substituted for its value der pry 
in which “75 is subs av 
The complete integrals of equations (4) are (g’) 


da dy 


oT unt a — hgt) sine; 


= (a — hyt) cose, 


a and ¢ being two arbitrary constants. By means of them we 


obtain 
uxa—hgt; 


from which it appears, that the motion of the point « will be 

uniformly retarded, and that the initial velocity, and the angle, 
which its direction makes with the axis of x, are respectively 
denoted by a and «. Equation (5) becomes 


Lis SE Ce 
dt? i? (a—hgt) dt’ 
its complete integral is therefore (A’) 
2 
eros) 
in which @ denotes the arbitrary constant that expresses the 
initial angular velocity. The values of w and oor w, will be 


so much the more accurate, according as the product of Q 
and of the greatest value of 7 is a smaller fraction of the velo- 
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: ity uit appears from an inspection of them, that the motions 
of translation and rotation terminate together, after the lapse 
. a > 
of a time equal ,—. ‘ 
: a OG 


When a solid Body moves on a fixed plane, which it touches 
in only one point of its surface, a variety-of cases may arise, 
which it is important fo distinguish. 

Ist. The body may roll, without-sliding, on the fixed plane, 
in such a manner, that the two curves traced, on this plane and 
on the surface of the moveable, which are the geometric loci 
of their successive points of contact, may have constantly 
equal lengths. 

Qnidly. Che moveable may turn on itself, while it con- 
stantly touches the fixed plane, in the same point of this 
plane. 

3rdly. The body may slide without turning, in such a 
manner, that the point of contact may constantly be the same 
point of its surface. 

4thly. Finally, it may slide and turn at the same time. 

In the second and third cases, the friction of the moveable 
against the fixed plane is the same as if the contact was of any 
extent whatever; its magnitude is proportional to the pres- 
sure at the point of contact, and its direction is contrary to 

" that of the velocity at this point. If it be denoted by n, and 
the pressure by »p, we have u = Ap; the coefficient h béing 
the same asin No. 458. This law follows from the circum- 
stance of the friction being independent of the extent of the 
contact; it will be, however, necessary to verify it by direct 
experiment. The force w is what is termed « friction of the 
first species. 

In the first case, the friction of the moveable against the 
fixed plane is termed a friction of the second species. It ap- 
pears from observation that this force is in general very smal), 
and may therefore he neglected. 

In the last case, the two kinds of friction obtain at the 
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same time; that of the second species may be neglected rela- 
tively to the friction of the first species, which, at each instant, 
acts in a direction contrary to that of the velocity of the point 
of contact, and is always proportional to the pressure at this 
point. -, 

These results do not obtain, in the case in which the point 
of contact is the extremity of a point, or when it appertains toa 
sharp edge; they will, however, have place when the moveable 
is a cylinder, which touches the fixed plane in a right line; 
and, as often as its surtace has neither points nor sharp edges, 
they will be sufficient to enable us to form the differential 
equations of the motions of translation and rotation. The 
following example will show how they ought to be employed 
for this object. 

464. Let the moveable be a homogeneous sphere, placed 
ona fixed horizontal plane, and let there be impressed on this 
body a motion of rotation about a horizontal diameter, and on 
its centre a horizontal velocity, perpendicular to this diameter. 
It is evident that the moveable will turn about this diameter, 
which will be transferred parallel to itself and to the fixed 
plane, and that the centre of figure and gravity will describe a 
horizontal line, in the vertical plane perpendicular to the axis 
of rotation. It is proposed to determine, at any instant what- 
ever, the velocities of these two motions. 

Figure 14 represents a section of the moveable, perpen- 
dicular to its axis of rotation, and passing through its centre 
c. The line axp is the section of the fixed plane; the pa- 
rallel cep is the line described by the point G, and the contact 
at the end of any time ¢, is supposed to take place at the point 
x. At this instant, let ce, the distance from the fixed point c, 


be denoted by 2, the velocity of the point e by S, and the 


angular velocity of the moveable about its axis of rotation by 
w; this last will be regarded as positive or negative, accord- 
ing as the rotation has place in the direction indicated by the 
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Sagitta s prin the contrary-direction. If, at the same instant, 
the absolute velocity of the point k be denoted by v, and cx 
the radius of the sphere by c, we shall have 


v= S yew. 


According as this quantity is positive or negative, the point 
kK will advance towards 8 or towards A; and the friction which 
has place in this point x in a contrary direction to v, will act 
in the direction ka or KB. When » = 0, the body rolls with- 
out sliding, and the friction is only of the second species, 
This being established, let, as before, the weight of the 
body be denoted by p, its gravity by g, the moment of inertia 


f . ph? ae 
with respect to the axis of rotation by 7 and the friction at 


the point « hy hp; then if the velocity v be supposed to be po- 
sitive, and, consequently, the friction to act in the direction 
kA, the differential equations of the motions of translation and 
rotation will be 


z 
=o k 





dw 
2 a = —heg; (a) 


for c the centre of gravity should move as its the mass of 


the moveable being concentrated in it, the friction was applied 
to it parallel to its direction; and the moveable should, at the 
same time, turn about its axis of rotation, as if this axis was 
fixed, and the point of application of the friction and the di- 
rection of this force were not changed(?). If the moveable 
was a sphere, we would have also 
= oe 3 
=e 
and if this body was a solid of revolution, or a right cylinder 
with a circular base, the preceding equations would likewise 
obtain, if, in cach case, the hody turned about its axis of 
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figure ; however, the value of 2 would in these cases be different 
from what it is in the sphere. 

The coefficient & being supposed to be constant, we obtain 
by integrating equations (a) 


dx . hegt 
sa inte b 
Gat ligt, waa BOD (b) 


a and « being two arbitrary constants which denote the initial 


velocities a and w. We shall have, at the same time, 


vratca— (146) dt 


The constant quantity a + ca is positive by hypothesis; 
therefore, the velocity v is so likewise, for @ an interval: of 
time, the value of which is 


a= Ghee = action, 
in the case of a sphere; at the end of this time v = 0. During 
this interval, the preeeding values of . and w will subsist, 
and the two motions of the moveable will be uniformly re- 


tarded. ‘The value of a will be cipher after the lapse of a 


: a, ; es : 
time equal to ia if therefore this time he less than @, which 


will be the ease if 


2ca 
air 
» pe. . 
the velocity of 7 will become negative beyond ¢ = Bis and 


the centre of the sphere will retrograde. This is the ae for 
example, when a billiard ball is struck in such a manner as to 
be made to turn rapidly about a horizontal diameter, while at 
the same time its centre advances with a less velocity, so that 
the quantities «@ and a may be both positive, and satisfy the 
preceding inequality. The motion of translation is very soon 
destroyed by the frietion against the cloth; but, as the motion 
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of rotation still subsists, the friction continues to act in a di- 
rection contrary to this last motion ; and it is this force, which, 
transferred to the centre of gravity, causes it to return towards 
its point of departure. 

If, at the commencement of the motion, the sphere did not 


turn, in which case we would have a = 0, or, more generally, 
if we had 


2c 
a> ae 


the velocity als would not become cipher before the velocity 


v, and the centre @ would not retrograde. But in all cases, as 
k, the point in which the moveable meets the plane, has no 
longer any velocity after the end of the time 9, Ap the friction 
of the first species will disappear, the sphere will continue to 
roll without sliding, and it will only produce a friction of the 


. a dt : 
second species. The velocities 7a and w will become constant, 


or will only decrease very slowly ; their values will be those of 
formule (b), when ¢= @, namely, 
dx _ 5a—2ca _ 2ea—5a 


di 7 * Te 7 

Thus, the general effect of the ordinary friction, or of that of 
the first species, is to reduce toa state of rest bodies which slide 
without turning, and to reduce solely to a state of uniformity 
and equality, in opposite directions, the two motions of bodies 
which slide and roil at the same time. Ina perfect vacuum, the 
rolling of the moveable which results from these two motions, 
will subsist indefinitely, and the friction of the second species 
will maintain the velocity v continually equal to cipher, and 


a. dt 
cause the two velocities — and @ to be always equal and 


dt 
contrary. But the resistance of the air deranges this equality ; 


the friction of the first species has place again, and the com- 
bined effect of these two forces eventually reduces the move- 
able to a state of rest. 


CHAPTER VII. 


OF THE IMPACT OF BODIES OF ANY FORM WHATEVER. 


465. Tue position and state of a solid body in motion, are 
completely determined at any given instant, when the coordi- 
nates of its centre of gravity, the components of the velocity 
of this point, the directions of the three principal axes which 
intersect in this same point, and the components of the angular 
velocity of rotation about these three axes, are known at this 
game instant. If this body is met by another moveable, all 
the circumstances of whose state are equally known, the 
components of their velocities of rotation and translation will 
be changed by the impact, but, both the positions of their 
centres of gravity, and also the directions of their principal 
axes, will be the same as before the impact; for, although the 
shock is not instantaneous, still the duration of this phenome- 
non is always sufficiently short to permit us to neglect the 
displacement of the different points of the two moveables, 
while it is taking place, and, consequently, we are justified in 
considering their centres of gravity and the points of the two 
moveables which appertain to their principal axes, as sensibly 
immoveable. Therefore in the problem of the impact of two 
bodies, the object will be to determine in magnitude and di- 
rection, their velocities of translation and rotation after the 
impact, from knowing the values of these same quantities be- 
fore the impact, and also the relative forms and positions of the 
moveables, 

We proceed now to give the general solution of this pro- 
hlem, in the two extreme cases, in which the moveables are 
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soft and destitute of elasticity, and in which, on the other 
hand, these bodies are perfectly elastic. 

466. First, let us suppose that there are only two move- 
ables which touch in one sole point, and that they are entirely 
free. Let m and m’ denote their masses, ¢ and c/ (fig. 15) 
their centres of gravity, K their point of contact, uKu’ the 
normal to their surfaces at this point; likewise, let az, ey, Gz 
be the principal axes of m, and ca’, Gy’, Gz’ those of mM’, Let 
u, v, w be the components of the velocity of G in the direction 
of the axes Ga, Gy, Gz immediately before the impact, at the 
same time let the angular velocity of m about the instan- 
taneous axis of rotation passing through the point c, be de- 
noted by w, and the three components of this velocity about 


r 
the same axes ew, Gy, Gz, by p, 4, 7, so that Pp q, — may be 
Ww Ww 


the cosines of the angles which the instantaneous axis makes 
with these lines (No. 407), and also 


e=p+Ptrr. 


This being agreed on, if x, y, 2 be the three coordinates of 
any point m referred to the axes G2, Gy, Gz, the components 
ofits velocity parallel to these axes, and arising from the mo- 
tion of rotation of the moveable (No. 418), will be 


GF-TY, TE— pz, py — 9x3 
consequently, we shall have those of its absolute velocity, by 
adding to them respectively u, v, w, the components of the 
velocity of the point ¢, which are therefore relatively to the 
axes of a, y, 2, 


u+tqze—ry, v-+re— pz, w + py — qa. 
Let m1, t%, &15 Pry qi» 7 denote what u, v, w, Pr 7 be- 
come immediately after the impact. Then, as the point, whose 
coordinates are a, y, z, does not sensibly change its position 


during the impact, the three preceding components will be- 
come 
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METH NY, WANT pry wi + PY Pes 


and as the axes G2, ay, Gs, to which they are parallel, are also 
supposed to be immoveable during the impact, the velocities 
lost by this point, estimated in the directions of these axes, 
will be obtained by taking these last quantities from the pre- 
ceding. If, therefore, the clement of the mass M, whose 
coordinates are 2, y, =, be denoted by dm, the components 
parallel to the axes Gx, Gy, Gz, of the quantity of motion lost 
during the continuance of the impact, will be 


{u—wm+(y— az — @ — myldm, 
[va t+ (r—n)e— (p — pide lam, 
[wei + (p — pily — (9 — qi) Jem. 


In virtue of the general principle of dynamics (No, 353), 
the quantities of motion thus lost by ™ and m’ ought to be in 
equilibrio; and, by what has been observed in No. 265, the 
equations of equilibrium of these two solid bodies which press, 
the one against the other, can be formed, by considering each 
of them by itself, when there is added to the forces relative to 
man unknown force N, acting in the direction KH, and to the 
forces applied to m’, the same force w acting at the point K in 
the direction Ku’. 

These forces N, acting in the directions ku and Ku’, will 
be the quantities of motion impressed by the impact on the 
masses M and mw’; and, previously to describing the equations 
of equilibrium, it may be remarked that the effects of the im- 
pact which they will enable us to determine, will be the same 
for the mass M, for example, as if » an arbitrary part of this 
mass, having its centre of gravity in the line Ku, was applied 
to it, actuated by such a velocity & parallel to xu, that 
pk = N; for it is evident that the resultant of the quantities 
of motion of will be equal to v, both in magnitude and di- 
rection ; therefore the percussion exerted on M, in the direction 
ku, is always equivalent, as has been stated in No. 435, to 
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equal velocities impressed parallel to this nérmal xu, on all 
the points of a part of m, whose centre of gravity exists on 
this line. 

467. This being established, let a, 5, ¢ be the three co- 
ordinates of K, referred to the axes Gx, Gy, Gz, and a, 3, y, 
the angles which the line ku makes with lines drawn parallel 
to these axes through the point k; the six equations of equili- 
brium of the quantities of motion lost by all the points of m, 
will be 

Neosat S[u—m+(y—q)z—(—n)y]dm= 0, 

Neos B+S§[v—u+(r —n)a—(p —p)z]dm= 0, 

Neos y + §[w—w,+ (p— pi)y— (G ~ H)a]dm = 0, 


“Nn (a cos B — bcosa) +§ [v—v,4(r—7))u—(p—p))z]adm 
—§[u—u+(q—q)z—(r —r)ylydm=0, 
N (ec cosa — acosy) +§[u—m+(y—91)2—(r—ry) y] zd 
S$ [ww + (p—py—(y ~ ux] adm=0, 
N (bcos y — e cos 8) +§ [w—we,+(p—pily—(q—qie zd 
—S[e—at+—7))a—(p—p)z]zdm=0, 
in which the integrations are supposed to extend to the entire 
mass M. 
As G is the centre of gravity of m, and ca, ay, az, are 
principal axes, we have : 
§adm=0, Sydm=0, §zdm=0, 
Syzdm = 0, Szadm=0, Saydm = 0. 


Moreover, let a, B, c, denote the moments of inertia of M 
with respect to these same axes, so that 


A=SYrta*ydm B=§(2?+2*)dm, cm §(a?+ yx) dm; 


then as {dm = M, the six preceding equations of equilibrium 
will be reduced to 
VOL, I, 2&5 
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Neosa+M(u —~%,) = 0, 

N cos 3 + M (» — v,) = 0, 

Neosy +M(w—w,) = 0, Q) 
N(acosP — beosa) + c(r— 7) = 4, 

N(ccosa — acos y) + B(g —%) = 9, 

N (bcosy — ccosB) +a(p—p) =0. | 


With respect to m’and its principal axes 6/2’, a’y’, c’2’, let 
the quantities which occur in the preceding equations be de- 
noted by the same letters, with a stroke above each of them, 
so that, for example, a’, {3’, y',-may be the angles which the 
line KH’ makes with lines drawn through x parallel to these 
axes, and a’, b’,c’, may be the coordinates of this point, re- 
ferred to these same axes. As the magnitude of x must be the 
same in the case of the two bodies m and a’, the equations of 
equilibrium of the quantities of motion lost by m’, will be 

N cos a’ + M!(u’ ~ uy’) = 0, 
woos Pp! + M/(v' — v') = 0, 
weosy’ +’ (2/— wy) = 0, 
x (a’ cos B'— b' cosa’) + 0" — 7) = 0, [ @) 
N (e’ cos a’ — a’ cos y’) + B (y’— gi’) = 0, | 
J 


N (b’ cos y'— ¢’ cos 3’) + a’(p’— px’) = 0. 


Besides the twelve unknown quantities 2) Uy, 5 %y'501/ 21's 
Pis Gio M15 Pv's 713 71’, Which these twelve equations (1) and (2) 
contain, they also involve the unknown quantity N, conse- 
quently they are not sufficient to determine these thirteen un- 
known quantities; a thirteenth equation must therefore be 
joined to them, which, in the ease of bodies destitute of clas- 
ticity, may be obtained by the following consideration. 

468. If the two moveables were considered to be perfectly 
hard, and if the compression which they experience during the 
continuance of the impact, was not taken into account, the so- 
lation of the problem would, in point of fact, be indeterminate. 


OF ANY FORM WHATEVER, 211 


But, if this compression, (however small we may suppose it 
to be), be taken into aecount, then it may be conceived to 
arise from this, namely, that those points in which the two 
moveables are in contact, have not the same velocity in the 
direction of the common normal to their surfaces. In conse- 
quence of the difference of the normal velocities of these two 
points, the two bodies lean and gradually press the one against 
the other ; at the same time, this difference diminishes by insen- 
sible degrees until it entirely ceases ; and when the two bodies 


are destitute of elasticity, the phenomenon of the impact is com- 


pleted at the instant in which this difference becomes cipher, and 
these two bodies retain the form which they assume at the in- 
stant of their greatest compression. It is this equality of the 
normal velocities of the two points of contact, at the end of the 
impact, which furnishes the thirteenth required equation, and 
which consequently causes the indetermination, that would be 
otherwise in the problem, to disappear. Inasmuch as the 
point k appertains to the body M, its coordinates referred to 
the axes Gx, Gy, Gz, are a,b,¢; by substituting them in place 
of x,y, =, in the formule of No. 466, we have immediately 
after the impact w+ gc— nd, v-- ra —~ pre, wy + pb — Ha, 
for the values of the components of its velocity parallel to 
these three axes, and as a, 3, y are the angles, which the line 
ku makes with the directions of these components, the value 
of the final velocity of this point in the direction of this line, 
will be 


(u -Age—rb)cosa + (0%, 7,4 —p,c)eosB +(e pd —qya)cosy. 


If the same point x be considered as constituting a part of 


the body a’, its velocity after the impact in the direction of 


KH’, will be 


(ul + qe — 7/0’) cosa’ + (uy!- ria — pyc’) cos B’ 
+ (e+ pb! — 9q'a’) cos y’. 


Now, in order that in the two cases, the normal velocity 
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of the point k may be the same, and have the same direction, 
these two last quantities should be equal and affected with 
‘eontrary signs, or in other words, their sum should be cipher, 
consequently, we shall have 

(4 + que — 7b) cos a + (uy' + g)'e’— 7)/b') cos a’ 

+ (x) + ra — pe) cosB + (0) 7/a'— pic’) cos (3 (3) 

+ (wy pib— Qajcosy +(e + p/b’—g/a/)cosy’=0. | 

As equations (1), (2), (3), are all of the first degree, with 
respect to the unknown quantities N, «, 2%, &c., determinate 
values of these quantities may be obtained by means of these 
equations, which values will make known the state of the two 
moveables after the impact, and also the equal and opposite 
quantitics of motion which are impressed on them by the per- 
cussion in the direction of the common normal to their sur- 
faces. 

469. If now, the two bodies are elastic, there are three 
successive epochs to be distinguished in the phenomenon of 
the impact; the first respects the instant at which the two 
moveables commence to touch at the point k of their surfaces ; 
the second will be that of their greatest compression, when 
the normal velocities of the point « will be equal and directed 
the same way for the two bodies; the third will be the termi- 
nation of the impact, at which instant the two moveables will 
separate, the one from the other, and will exactly resume their 
primitive forms, if they be perfectly elastic. 

From the first to the second epoch, the phenomenon will 
be the same as if the bodies were destitute of elasticity. 
Therefore we can determine by means of the preceding equa- 
tions, the twelve components w,, v,, &c., of the velocities 
of translation and rotation of the moveables at the instant of 
their greatest compression, and n the quantity of motion which 
will be impressed on cach of these bodies in the direction of 
KH for M, and of ku’ for mM’. From the second to the third 
epoch, these two bodies, in rever‘ing to their original forms, 
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will receive, along these directions, a new quantity of motion, 
which, in the case of perfect elasticity, will be also equal to N. 
Consequently, this second part of the phenomenon ought to 
be considered as a second pereussion identical with the first, 
but exerted on bodies actuated by the velocities of translation 
and rotation, which obtain at the end of the first part. 

Therefore, by this principle, agreeably to what has been 
already explained in No. 360, if, at the third epoch, u,v, w, be 
the components of the velocity of the point c in the direction of 
the axes Gaz, cy, cz, and p,a,R, the components of the angular 
velocity of a, about the same axes, we shall have, in order to 
determine these six unknown quantities, these six equations 

Ncosa + ™M(um— v) = 0, 

N cos 8 + M (v,; — v) = 0, 

N cosy + M(w,— w) = 0, 

N (acos B— 6 cos a) + c(7;—2) =0, 

N (€ cos a —acos y) + B(q,— @) = 0, 

N (bcos y —¢ cos 3) +4 (p,—P) = 0, 
which are obtained from equations (1), by substituting v, v, 
W, P,Q, R, in place of a, %, Wis Pis G19 M1, also these last 
quantities in place of u, v, w, p, g, 75 and retaining the quan- 
tity N. 

If each of these six equations be added to the equation (1) 
which corresponds to it, the intermediate unknown quantities 
M15 Vip 1s Ps Gry “1, Will disappear, and there will result 

2ncosa+M(4—t)=0, 7} 
2ncosP+mu(v—v)=0, | 
2N cosy + M(w—w) = 0, | 
2N (a cos 8 —L cosa) +c(r—n)=0, (4) 
2N (e cos a —acosy) + B(g—@) =, | 
2n (bcosy—ecosB)+a(p—vr)=0, 3 
These equations (4) are those of the equilibrium of the quan- 
tities of motion lost by m during the entire continuance of the 
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impact, joined to the quantity of motion 2x, which is im- 
pressed on this mass, in the direction ku, during this same 
pereussion. The value of x, which can be obtained from 
equation (3), after having substituted in it the values of the 
unknown quantities x, 1, &¢., w15 v1, &c., which are fur- 
nished by equations (1) and (2), should be put instead of it in 
this equation (4); however, as the general expression of this 
quantity N is extremely complicated, and as its numerical 
value can be calculated without any difficulty, in each particu- 
lar case, we shall not write it down at length. If the two 
moveables were not perfectly elastic, n will be less in the se- 
cond part of the impact than in the first, we should then assume 
for its value in the second part, a certain fraction, such as f, of 

"its value deduced from equations (1), (2), (3), and then sub- 
stitute (1 + /)N in place of 2N in equations (4), This frac- 
tion f will depend on the degree of elasticity of the two move- 
ables, and can only be determined by means of experiments 
instituted on bodics consisting of the same kind of matter, and 
in the simplest case, with respect to their primitive form and 
initial motion. We shall restrict ourselves to the consideration 
of the case of perfect elasticity, observing, howaver, at the 
same time, that the concluding remark made in No. 466, 
obtains equally, whatever be the degree of elasticity. 

With respect to the body m’, if u’, v’, w’, be the compo- 
nents of the velocity of c’ in the direction of the axes G'2’, 
o/y’, G's’, at the end of the impact, and ¥, @’, Rr’, the compo- 
nents of the angular velocity of m’ about these axes, we shall 
obtain equations similar to equations (4), namely, 


2ncosa’ + m’(u’ — v’) = 0, 
2ncosf’ + m’(v’ — v) = 0, 
2neosy’ + m/(w'— w)=0, 
2 n(w'cos[3’ — b' cosa’) + cr’ — 2’) = 0, 
2N(c’cosa’— a’ cosy’) + B(q’ — a’) = 0, 


Det Bi apa! alse fy oe. a ol. ath ee ee 


———— + — 
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By means of which these six unknown quantities may be 
determined, 

The complete and general solution of the problem of the 
impact, in the case of two bodies entirely free, which are either 
destitute of all elasticity, or perfectly elastic, is obtaincd in 
this manner. It may without difficulty be extended to the 
impact of three or a greater number of moveables; we shall 
give farther on an example of this. 

470. From the preceding equations it appears, that in the 
impact of the bodies m and m’, the velocities of their centres of 
gravity G and a’, estimated in a direction parallel to the plane 
which is a common tangent at x, to their surfaces, is not 
changed. 

In fact, if through the point G, a line be drawn parallel to 
this plane, making the angles ), y, v, with the axes ca, GY, G2, 
we shall have, as this line is perpendicular to the parallel to 
ku drawn through the same point c, 


cosa cosA + cos 3 cos + cosy cosy = 03; 


and, therefore, if after having multiplied the three first equa- 
tions (1) or (4) by cos, cos u, cos », respectively, they be 
then added together, there will result 


ucosr + vcosn + weosy = mCosr + v,cosp + w, cosy 


= WeosA + veosu + weosy, 


From which it appears, that the velocity of ¢ estimated in 
any direction whatever, parallel to the tangent plane at K, 
will be the same before and after the impact, whether the 
bodics be soft or clastic. Therefore, in order to obtain the 
final velocity of G, it will be sufficient to determine, in each 
case, the velocity of this point after the impact parallel to the 
normal KH, and to take the resultant of it and the velocity of 
G parallel to the tangent plane, which it had previously, and 
which is net changed during the percussion. The same will be 
the case relatively to «’ the centre of gravity of m’. 
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If, after having multiplied the three last equations (1) or 
(4), by cosy, cos, cosa, they be added together, there results 


creosy + Bg cos 8 + apeosa = cr, cosy + Bg, cos 34+ Ap; Cosa 
= cReosy + BacosB + APcosa. 


Now, these three equal quantities are the moments relative 
to the axis ku (No. 409), of the quantities of motion, with 
which all the points of m are actuated, before the impact, at 
the instant of its greatest compression, and at the end of the 
impact; hence it follows, that the magnitude of this moment 
for the moveable m, is not at all affected by the impact, and 
the same is the case, for the moveable m’, and this obtains 
whether the bodies be soft or elastic. 

471. We now proceed to apply the general equations 
which have been obtained to several examples. 

First, we shall suppose that Ku, the normal at the point of 
contact of the two moveables, passes through c the centre of 
gravity of m, so that it may coincide with the line ken (fig. 
16). Itis evident from a consideration of what the letters 
a, Bs Ys 4, 0, ¢ signify, that in this case we have 

acosB = bcosa, 
¢ cosa = acosy, 
bcosy = ecosp; 
and then the three last equations (1) and (4) will give 

PIP NEG NHry P=p, Q=q R=; 
from which it appears, that the direction of the instantaneous 
axis of m, and the velocity of rotation immediately before and 
after the impact, are the same. Therefore, whenever the normal 
at the point of contact passes through the centre of gravity of 
one of the two moveables, the impact does not at all affect the 


rotatory motion of this body, it only influences the motion of 
translation, and this is the case whether the bodies be soft or 
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If the same normal passes also through e’ the centre of gra- 
vity of m’, in which case we have likewise 
a’ cos B’ = b’ cosa’, 
c’ cosa’ = a’cosy’, 
8 cosy’ = «cos 3’, 
the velocities of rotation will disappear from equation (3), 
which will be reduced to 
uw, cosa + % cosB + wcosy + w/ cosa’ 
+ u/ cos B' + w;' cosy’ = 0; 
but from the three first equations (1) and (2), we obtain(a) 
yom [(w,—w) cos a+(2,—v) cos B+ (wy, —w) cos y], | 6) 
N=M'[(u’—w)eosa’+(v/+v/)cos p+ (w,/—w’)cos y']3 | 


and by dividing each of these equations by m and m’ re- 
spectively, and then adding them to the preceding, there results 


ae ucosa + v cos 8 + weosy + wu cos a’ 
+ 2’ cos B’ + w’ cos y'= 0. 


< 45 


Mw’ 


Now, if ct and ot’ are the directions of G and G/ before 
the impact, and @ and 6’ their initial velocities, we shall have 
OcosnGL = ucosa +vcosB + w cos y, 

Oeos HG’! = wu’ cos a’ + v' cos 2’ + w'eosy’, 
as is evident from a consideration of what is denoted by the 
letters u, v, w, a, {3,-y, w’, 2%, uw’, a’, Bs 7’. Consequently, we 
shall have(b) 
mM’ (@ cos uGL + 6 cos H’G'L’) 
M + Mw’ 


for the value of x, which must be essentially positive, for if it 





9 


was negative there would evidently be no impact between the 
two moveables mw and M’. 
VOL. I, 2r 
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In like manner, if Gd and el’ be the directions of a and o’ 
at the instant of the greatest compression of the two move- 
ables, and @, and 6,’ their velocities at the same instant, we 
shall also have : 


0, cos uel = um cosa + 2%, cos B + w, cos y, 
8) cos H’G'l! = u;' cos a’ + 0,/ cos [3’ + w/cos 5 
and from these several equations we obtain(c), 


MO cos HGL — M0 cos H’G/L’ 
6, cosuel = 





M -+ MM’ 2 (7) 
‘ 
A 7. M'0' cos uc’ — M8 cos HGL 
0,'cos n/a! = ——_-_-_,_ 7 
M+™mM 


for the components of the velocities of e and cin the di- 
rections Gi and cn’, at the instant in question. They are 
(as appears from inspection) equal and contrary; hence it 
follows, that at the instant of the greatest compression the 
velocities of the centres of gravity of the two moveables, esti- 
mated in the direction of the normal at the point of contact K, 
are equal. In the case of soft bodies, this normal velocity 
will be that which obtains after the impact. When the two 
moyeables are perfectly elastic, we shall have 


0, cos Hal = U cos a + Vv cos 8 + w cosy, 
6) cos H’G'l’ = wv’ cosa’ + Vv’ cos B’ + w'cos 7’; 
the velocities 9, and @,’, and the directions Gi and o’l’ being 
supposed to be those which have place at the end of the im- 


pact. Hence, in virtue of the three first equations (4) and 
(5), and of the value found above for n, we shall have(d) 


6, cos ual = 





M+M™’ 
(m’ — M)@’cos u’e't’ — 2u@ cos NGL 
M+’ 2 | 
which will be the components of the final velocities of c and 
c/ in the directions Gu and c/n’. 


(i — uM’) 0 cos HaL — 2M'6’ cos H’6/L | 
> 


(8) 


6/cos n/c = 
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472. In the particular case, in which the points G and G’ 
move, before the impact, in the direction of the normal HKH’, 
their velocities estimated in a direction perpendicular to this 
line will be cipher, and they will be likewise so after the im- 
pact ; so that we shall have 


cosHGL= +1, cosucl= +1, 


cosH’/G'l/= £1, cosne’= + 1, 


the sign depends on their directions, the velocities 0, 8’, 0,, 0/, 
being always regarded as positive, 

If G and «’ move in the same direction before the impact, 
as for example from n’ towards u, the angle neu will be 
cipher, and the angle u’e’t’ equal to two right angles ; there- 
fore, in virtue of equations (7), we shall have 
; MO + 6’ 
cosucl=1, cosu’cl’/=—1, %=6/= ——-. 

M+M 

If, on the contrary, & and G’ move in opposite directions 
before the impact, in such a manner that the point & proceeds 
from it towards 1’, and the point a’ from uw’ towards H, we 


shall have cos ut. <= eos W’u/L/ = — 1, and equations (7) will 
give 
MO — Mm’ 
cosucGl=7l, cosWeV=t1, @=0/=+ 








M+M 
in which, the superior or inferior sign should: be taken, ac. 
cording as the difference m@ — w'@! is positive or negative. 
Formule (8) may, in the same manncr, be applied to these 
two hypotheses. . 

These results coincide with those obtained in Nos. 361 
and 362, relatively to the impact of homogencous spherical 
bodies ; but it appears, from what has been just established, 
that they are independent of the form of these bodies, and of 
their motion of rotation, and that they only suppose that 
the centres of gravity of the two moveables move, before the 
impact, along the normal to the point of contact. 
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473. If we suppose m’= M, equations (8) become 
0, cos uGl = — 0 cosu’a’t’, 6, cos H’a/’ = — 6 cos HGL, 


from whence it follows, that in the impact of two perfectly 
clastic bodies whose masses are equal, the centres of gravity 
of the two moveables interchange their velocities estimated 
in a direction parallel to the normal at the point of contact, 
when this normal, which is common to the two surfaces at 
this point, passes at the same time through these two centres. 

If the point a’ is at rest before the impact, in which case 
0’= 0, and if, moreover, the mass m, on account of its density, 
is so small that it may be neglected with respect to m’, we shall 
have, in virtue of equations (7) (e). 


0, cosucl=0, 9,'cos Wel = 0;-. 


so that when the bodies are soft, their centres of gravity ¢ and 
c’ will not, in this case, have any uormal velocity after the 
impact. Butif, on the contrary, the bodies are perfectly elastic, 
we shall have, in virtue of equations (8), 


0‘cosn’cl’= 0, 6, cos HGl = — @ cos HGL; 


from which it appears, that the centre of gravity a’ will not 
be actuated by any velocity, and that @ will aequire, after 
the impact, a normal velocity equal and contrary to that which 
it had before.’ 

It is easy to infer, that the centre of gravity G will be re- 
flected, making with the normal at the point of contact of the 
two moveables, the angle of reflexion equal to the angle of 
incidence. In fact, let there be assumed on the production of 
Gu (fig. 17) a part such as gG to represent the velocity of 
which moves from g towards G, before the impact; and let Gu 
be the normal to the point of contact of the two moveables, 
which passes by hypothesis through the point G; if the velo- 
city ga be resolved into two others, the one ac acting in the 
direction of this normal, the other 4c parallel to the tangential 


Pr 
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plane, the second will not be affected by the impact, and the 
first will be changed into a velocity ca equal and contrary to 
ac. Conscquently, if the rectangle cbdc be completed, and 
if the diagonal Gd be prolonged, so that Gi may be equal to 
ad, the velocity of the point « after the impact will be repre- 
sented in magnitude and direction by GZ; hence the angle of 
reflexion nad will be equal to the angle of incidence neg, and, 
morcover, the magnitude of the velocity of the moveable be- 
fore and after the impact, will be the same. This case is that 
of an elastic body that meets with a fixed obstacle, which is 
itself also endowed with a perfect elasticity. 

474. When the moveables are homogeneous spheres, the 
condition that the normal mxw’ (fig. 16) passes through their 
ecntres of gravity G and a’, is always satisfied. Conse- 
quently, if these bodies are perfectly elastic, when they im- 
pinge they will interchange their velocities in the direction of 
the line drawn from one centre to the other, and they will re- 
tain without any change, their velocities perpendicular to this 
line; and when they strike a fixed obstacle, which is itself per- 
feetly elastic, they will be reflected, making the angle of inci- 
dence equal to the angle of reflexion. It is on these principles 
that the game of billiards is founded ; but it is necessary to ob- 
serve, that not only the balls and sides of the tables are sup- 
posed to be perfectly elastic, but likewise, that the fact of the 
velocity of the moveables, when estimated either in a direction 
parallel to their common tangential plane, or in a direction pa- 
rallel to the sides which they meet, not being affected by the 
impact, is only true on the supposition that the friction arising 
from their rotation, and from the sliding of one surface on the 
other, is not taken into account. We proceed to show, for 
example, that the angle of reflexion depends on the rotation 
of the ball, and that it is not equal to the angle of incidence, 
when the friction of the ball against the side is taken into ac- 
count. The same is the case in rocket firing, when a bullet 
hops on the earth; the friction of this projectile against the 
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ground and its velocity of rotation likewise affect the angle of 
reflexion, which may, on this account, be different from the 
angle of incidence. 

This question will enable us to explain in what manner the 
friction should be taken into account in the impact of bodies, 
and thus complete what has been stated, in the second para- 
graph of the preceding chapter, respecting this kind of re- 
sistances. We now therefore proceed to detail the principles 
which are to guide us in this delicate matter; we have been 
conducted to them by analogy, but they, as well as the con- 
sequences which follow from them, should be confirmed by 
direct experiments. 

475. When the equations of equilibrium of the quantities 
of motion lost in the impact, by the two masses m and m’, 
were formed, the quantities of motion produced by the weights 
of these bodies during the continuance of the pereussion, was 
not taken into account, because as this duration was very 
short, these quantities, which are proportional to it, are like- 
wise very small, and may be neglected relatively to. those 
which the moveables receive from their mutual impact. But 
this is not the case, as has been already remarked (No. 353), 
with respect to the friction which takes place during the impact, 
when the surfaces of the two moveables in contact slide the 
one against the other, Although no observations have been 
made on the intensity of this friction, it may be supposed by 
induction, that it follows the general laws of the friction of 
bodies subjected to pressures properly so called, since the per- 
cussion is only a pressure of very great intensity, acting for a 
very short interval of time. It may therefore be admitted, 
that during the-continuance of the impact, the friction, at each 
instant, is proportional to the magnitude of the normal pres- 
sure, which at this instant causes the two moveables to press 
against one another, and that, in the ease of cach moveable, it 
acts in a direction contrary to that of the relative velocity 
with which this moveable slides on the other, being at the same 
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time independent of the magnitude of this velocity ; also that 
when the friction is changed into a simple rolling of one body _ 
on the other, it disappears, or may be neglected. 

Now, the entire quantity of motion impressed on in the 
direction of the normal Kx (fig. 15), has been denoted by n, 
when these two moveables are destitute of elasticity, and by 
2n, when they are perfectly elastic. If, therefore, during the 
continuance of the impact, the surface of m slides in one and 
the same direction on that of m’, and if q be the quantity of 
motion impressed on m by the friction, estimated in a sense 
opposite to that direction, we shall have Q = AN, in the case of 
bodies destitute of elasticity, and @ = 2An in the case of per- 
fectly clastic bodies; h being a coefficient which depends on 
the nature of the surfaces of and ’ at the point of contact 
x, and for which that value may be assumed which has been 
determined by experiment, relatively to ordinary pressures 
(No, 459). If the sliding takes place in one direction during 
one part of the impact, and in the opposite direction during 
the other part, we shall have @ = h(~/—N”), in which n’ and 
n denote the quantities of motion produced by the percussion 
during these respective parts of the impact, so that their sum 
w’ + nN” may be equal ton or 2Nn, N’ being supposed > wn", 
If, at the end of the first part, the sliding is changed into a 
simple rolling, we should assume q = An’, the friction of the 
second species, which has place during the second part, being 
neglected. 

If a’ denotes what @ becomes relatively to m’, it is evident 
that, in all cases, Q/ will be a quantity of motion equal and di- 
rectly opposed to @, for the normal pressure that ™’ exercises 
on Mm during the continuance of the impact, is of the same 
magnitude as that of m on Mm’, and the relative velocity of the 
sliding of m’ on M, is always equal and contrary to that of w 
on M’. 

It follows from this, that in order to obtain the equation 
of equilibrium of the quantities of motion lost during the im- 
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pact by the body m, the effect of the friction being taken into 
account, it will be sufficient to join to the quantity of motion 
N or 2N, impressed on the normal in the direction of the nor- 
mal KH, another quantity of motion a, acting in a direction 
contrary to KH, and expressed in the manner just stated 
above; and that, in order, at the same time, to obtain the 
equations relative to m’, there should be joined to the quan- 
tity of motion N or 2N, acting in the direction KH’, a quan- 
tity of motion Q/ equal and contrary to a. This is what we 
now proceed to do in the case of the impact of a homogeneous 
spherical projectile against a fixed obstacle. 

476. For greater clearness, we shall suppose that the fixed 
obstacle that is struck by the sphere m is a horizontal plane, 
and that previously to the impact, this sphere turns about a 
horizontal axis, which is perpendicular to cu the direction of 
its centre of gravity. Figure 18 represents a section of the 
fixed plane and of m made by a vertical plane passing through 
c. As every thing is similar on each side of this section, the 
point @ will not deviate trom this last plane during the impact, 
m will continue to turn about the diameter perpendicular to 
this same plane, and the point of contact x will slide, during 
this percussion, along an, the intersection of this vertical 
plane and of the fixed plane. 

Let a be the horizontal velocity of c, immediately before 
the impact, acting in the direction Gp, & its vertical velocity 
acting in the direction Gk, y the angle of incidence nex, in 
which case we have 


a 
tangy = ra 


As the moveable m, and also the obstacle which strikes, are 
supposed to be perfectly elastic, it will first lose, during its 
compression, its quantity of vertical motion denoted by Mb; 
then in returning to its primitive figure, it will resume an 
equal and contrary quantity of motion, so that after the im- 
pact, « the centre of gravity will be actuated by a vertical 
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velocity & acting in the direction of cx the production of ex. 
If therefore its horizontal velocity at this epoch directed along 
Gp, or in the opposite direction, according as it is positive or 
negative, be denoted by a’; if cu’ be the direction of this 
point, and if the angle of reflexion neu’ be denoted by y', we 


shall have . 
a 


tany’ = ee 

The line cx’ will be situated to the left of the vertical Ex, 
like the line Gu, or to the right of Ex, according as the quan- 
tity a’ is positive or negative. In order that the angle of 
reflexion may he equal to the angle of incidence, this velocity 
a’ should be positive and equal to a. When these velocities 
are not equal, the sign of y/— y, the difference of these two 
angles, will be always the same as that of a’—a; and the 
point c will retrograde when the velocity a’ is negative. 

In like manner, let the angular velocity of rotation of m, 
before the impact be denoted by a; we shail consider it as 
positive or negative, according as it has place in the direction 
indicated by the sagitta s, or in the contrary direction, Let 
a’ be what this velocity becomes after the impact. The ob- 
ject of the problem will be to determine a’ and a’ when a and 
aareknown. Its solution gives rise to several distinct cases, 
according as the absolute velocity of the point K is positive or 
negative, that is to say, according as it is directed along Ka 
or kB, during a part of the continuance of the impact, or 
during its entire continuance; these cases we proceed to exa- 
mine successively in the following number. 

477. In the first place, let us suppose that the velocity of 
the point x is plsitive, or directed along Ka, during the entire 
continuance of the impact; then if cx the radius of m be de- 
noted by ¢, this velocity will be equal to a@+-ca at the com- 
mencement, and to a’ + ca’ at the end of the impact, so that 
these two quantities should be positive. As the entire quan- 
tity of motion impressed on ™ in the direction cx, while the 
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moveable is compressed, and also while it reverts to its primi- 
tive figure, is equal to 2m; by No. 475 the quantity of mo- 
tion arising from the friction, and acting in the direction kB, 
will be 24m; consequently, a’ the horizontal velocity of the 
centre of gravity c after the impact will be the same, as if the 
mass M being condensed into it, the quantities of motion ma 
and 2hmb were applied to it, in directions contrary the one to 
the other; this gives 
@a=a—2h. 

Now since 3 mc? is the moment of inertia of m with respect to 
its axis of rotation, and 2Amdc is the moment of the friction 
directed along kw with respect to the same axis, it is easy to 
perceive that a — a’ the diminution of the angular velocity of 
rotation will be determined by the equation (/) 


}Me?(a — a’) = 2hbe; 


from which we obtain 


From these values of a’ and a’, there will result 
ad +ed zateca—Thb; 


and, as in the case we are considering, @ + ca’ must be posi- 
tive, the quantity a+ ca, which is also positive, must be 
greater than 7hb. When this condition obtains, we shall 
have 


tangy’ = ; — 2h= tangy — 2h, 


by means of which the angle of reflexion y’ can be deter- 
mined, when y the angle of incidence and the coefficient 4 are’ 
known. 

If the absolute velocity of the point x is constantly nega- 
tive, or directed along kB, the friction will act in the direction 
Ka, and it will be sufficient to change the signs of the terms 
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multiplied by h, in the formule of the preceding case, which 
will become 


@r=a+2hb, ad s=at = tangy’ = tangy + 2h. 


In order that this case may obtain, the direction of the 
initial velocity of the point x must be contrary to that of c, 
this implies, that the direction of the primitive rotation is con- 
trary to that which is indicated by the sagitta s. Moreover, 
as 

a +ca’=atca+Thb, 
it is necessary that this negative quantity a + ca should ex- 
ceed the positive term 74b.(g) In this second case, the angle 
of reflexion will be greater than the angle of incidence, while 
in the first case, 7’ was less than y. 

If, the velocity of the point K being positive ‘at the com- 
mencement of the impact, it becomes at a certain point of its 
duration, cipher, and if it continues to be nothing unto the 
end of the impact, the total effect of the friction should, by 
No. 475, be taken equal to At() +1), bf denoting the verti- 
cal velocity of c at the instant in question, which should be 
regarded as negative or positive, according as this instant oc- 
curs during the time the moveable is compressed, or while it 
is reverting to its primitive figure. From hence we infer, as 
in the first case, 

@=a-hb+bh), a =a- aot), 


and, consequently, 





tangy’ = tangy — h caae) 

If the velocity of the point x is cipher from the commence- 
ment of the impact, we shall have 2?/ = ~}; and as the friction 
is cipher, or of the second species, during the entire continu- 
ance of the percussion, it will not affect the values of a, a’, 
tangy’. Tf on the contrary, the velocity of the point k does 
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not become cipher until the end of the impact, we shall have 
b=, and these formule will coincide with those of the first 
case. In general, the value of J’ will be unknown, and all 
that is determined respecting it is, that it cannot surpass +b; 
but as the final velocity of the point x is supposed to be cipher, 
we must have 


a t+ca =~atca—fh(b+b)=0; 


from which we obtain 


A(b 0) = 2a + ea) ; 
and, consequently(i), 
5 _— 
a=—e’= Sette, tangy’ = tangy — (eco), 


If, the velocity of the point x being positive in one part of the 
impact, it becomes negative in the following part, and if ’ be 
the vertical velocity of ¢ at the instant of this change of sign, 
which velocity may be either positive or negative, the quan- 
tities of motion impressed on m in the direction of ke, during 
these two parts of the percussion, will be m(b-+4’) and 
m(b—B’) respectively. ‘Therefore, by No. 475, hm (b + b+), 
— hm (b — ’) will be the entire quantity of motion produced 
by the friction in the direction KB or Ka, according as it is posi- 
tive or negative; and as this quantity is reducible to 24d’, 
it follows that the formule relative to this fourth case may be 
deduced from those of the first, by substituting b’ in place of 
b. If the velocity of was first negative, then in order that 
it should afterwards become positive, the sign of h should be 
changed, as in the second case. But as the quantity 6’ is not 
given, the diminution or increase of the angle of reflexion can- 
not be known by means of these formule; all we’ know re- 
specting them is, that both the one and the other is less than 
in the first or second case. 

The question would be still more complicated, if the pro- 
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jectile turned about an axis which was not perpendicular, as 
has been supposed, to the vertical plane in which the point c 
moves before the impact. The friction would then cause this 
point to deviate from its plane during the percussion; and not 
only would the angle of reflexion differ from the angle of inci- 
dence, but likewise these two angles would no longer be com- 
prised in the same vertical plane. 

478. Now in order to show, independently of friction, the 
influence of the impact on the motion of rotation, let a simple 
example be taken, in which the normal at the point of contact 
of the two moveables, which may always be regarded as the 
direction of the impact, does not pass through the centre of 
gravity of one of these two bodies. 

If during the impact the instantaneous axis of rotation of 
o be supposed to coincide with one of the principal axes, which 
intersect at its centre of gravity, for example, with the axis az 
(fig. 15), we shall then have p= 0 and g =0. Likewise, 
let us suppose that the point K and the common normal to the 
two surfaces at this point, are comprised in the plane of the 
axes Gx and cy; in consequence of this, the two quantities ¢ 
and cosy will be cipher. By making p= 0, g =0, e=0, 
cos y= 0, in the two last equations (1) or (4), it follows that 
P,\=0, and g,=0, or p=0, and @=0; 80 that in the two 
cases, namely, when the bodies are soft, and also when they are 
elastic, the axis of rotation will still coincide after the impact 
with the axis cz, and the impact will only change the velocity 
of rotation without at all affecting the instantaneous axis, 
agreeably to what has been already observed in No. 437. 

If the body m’ be a homogeneous sphere, the direction of 
the impact will pass through its centre of gravity ; conse- 
quently, we shall have, as in No. 471, 


a’ cos B' = b/ cosa’, ¢’cosa’=a'cosy’, b/ cosy’=c'cos B, 


hence, the suppositions just stated being taken into account, 
equation (3) will be reduced to 
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(acos B — bcos a)r; + u, cosa + v, cos 8 ~ 
+ m;/cos a, + v;/cos 8, + w,'cos y/ = 0; 


and, by combining it with equation (6), we obtain(?) 


x45 = | + (a cos — bcosa)7, + ucosa + v cos B 
+ u'cosa’ + v'cos RB’ + w’ cos y/= 0. 


Through the point x, let lines be drawn parallel to the 
directions of @ and @, the velocities of G and «’ before the 
impact; then if 6 and 3’ be the angles which these parallels 
make with Ku, we shall have 


ucosa +vcos 3 = 0 cos 8, 
u! cos a+ v’ cos 3’ + w’ cosy’ = — 6’ cos 0, 
which will, therefore, be the components of @ and 6 along 
this part of the normal to the point kK; and if 7, be eliminated 


by means of the fourth equation (1), the preceding equation 
will become 


> (a cos 3 — bcos a)?N 


~ +5 a aes + (a éos B — b cosa)? 


+ Ocosd — OW cos¥=0; 


from which we deduce 


_ Mm’c [bcos a — acos B) 7 4-6 cos 8 — 9 cos 8] 
(m + M’) c + Ma’ (2 cos a — @ cos py 





By means of this value of x, the three first equations (1) 
or (4), according as the moveables are soft or elastic, will 
make known w,, 7, %, or U,v, Ww, the three components of 
the velocity of ¢ after the impact; and the three first equa- 
tions (2) or (5), will, in like manner, determine the final 
velocity of «’. With respect to the value of 7“ or n, it may be 
deduced from the fourth equation (1) or (4). 

The quantity N must, as has been already remarked, be 
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always positive; for when its value is negative, there cannot 
be any impact between the two moveables. The denominator 
of this valuc is positive, and so is the factor of its numerator, 
namely mm’c. @ and 6’ the factors of its two other terms, 
are also positive, but the quantities a, b, cosa, cos B, cos 6, 
cos 8’, may be either positive or negative; and their signs 
will be given in cach particular case. As p=0, and g=0, 
r will be, abstracting from the sign, the velocity of rota~ 
tion before the impact. In order to know the sign with 
which it should be affected in the value of N, let a point be 
assumed on the axis G2, at the unit of distance from the point 
G; the velocity of this point before the impact, estimated 
in a direction parallel to the axis ay, will be v + r (No. 466); 
hence it follows, that its part » must be positive or negative, 
according as the direction of the primitive motion of rotation 
is from the axis Ga towards the axis cy, or from the axis cy 
towards the axis ux, that is to say, in the direction of the 
sagitta s, or in the opposite direction. After the impact, the 
rotation will have place in the first or second direction, ac- 
cording as the value of 7; or x is positive or negative. 

479, Hitherto we have supposed, that the two bodies m 
and m’ are entirely free; but if they are retained by a fixed 
point or axis, the determination of their motions after the 
impact will always depend on the same principles, and will 
merely differ in the number of equations which should be 
considered. 

For example, if the moveable is retained by a fixed 
point G, the three first equations of No. 467 will be no longer 
necessary for the equilibrium of x and of the quantities of 
motion which are lost, during the impact, by all the points of 
this body. This fixed point ¢ will not be always, as in the 
preceding cases, the centre of gravity of M, and, consequently, 
the integrals [xdm, Sydm, §zdm will be no longer cipher; but 
the six quantities wv, v, w, w,, %), w,, will be zero; and by 
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which intersect in this point ¢, the three last equations of 
equilibrium will be then reduced to 

n(acos B —beosa) +c(7—71) = 9, 

N (ccosa — acosy) + B(g—4q) = 9 

N (bcos y — ccosB) + a(p— pi) = 9, 
as in the number cited. If to these equations there be joined 
the six equations (2) relative to the body m’, which is assumed 
to continue entirely free, and also equation (3), in which we 
should make 2, = 0, 7, = 0, w,= 0, we shall then have the 
ten equations which are necessary in order to determine the 
value of n, and the motions of the two bodies after the impact, 
when they are destitute of elasticity. If they are perfectly 
elastic, the three last equations (4) should be substituted for 
the three preceding equations, and equations (5) should be 
employed in place of equations (2). If the body is retained 
by a fixed axis cz, which is not a principal axis, the fourth 
equation of No, 467 will be the only one necessary in order 
to determine the equilibrium of and of the quantities of mo- 
tion lost by M. As the axis of rotation then coincides with 
Gz, before and after the impact, we shall have p=0,¢=0, 
pi = 9, 9. = 0; and as the three components of the velocity 
of G are also cipher, this equation will be reduced to 


N(acos B — beosa) +c (7 — 7) = 03 
c being always the moment of inertia with respect to the 
axis Gz. When the two bodies are perfectly clastic, it should 


be replaced by 
2n (acos B — bcosa) +c(r—R); 


and by joining to it equation (3), and those which refer to the 
body a’, we shall have all the equations which are required 
for the determination of N aud the motions of the two move- 
ables after the impact. 

480. If in place of two bodies only, three or a greater 
number impinge on each other simultancously, the equations of 
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equilibrium of the quantities of motion which are lost in the 
impact, by each of these bodies, should be formed by consider- 
ing it by itself, after having joined to the quantities of motion 
lost by all its points, other unknown forces N, nN’, N“, &c., ap- 
plied to the points of contact of this body with all the others, 
and drawn from each of these points internally, in the direction 
of the respective normals to its surface at these points. When 
all,the moveables are considered, the number of these un- 
known forces will be the same as that of the points of contact 
of these bodies; for they will represent equal and contrary 
quantitics of motion, for every two of the moveables which 
touch in each point. But, at the instant of the greatest com- 
pression, that is to say, at the end of the impact of bodies 
destitute of elasticity, equation (3) will obtain for each point 
of contact ; hence it follows that we shall have always a suffi- 
cient number of equations, to enable us to determine the state” 
of all the moveables, and the values of N, nN’, N”, &e., at this 
instant. When the moveables are perfectly elastic, the solu- 
tion of the problem can he obtained for each of them sepa- 
rately, by considerations similar to those employed in No. 469. 

481. In order to give a simple example of this general so- 
lution, let m, m’, 4, denote the masses of three homogeneous 
spheres, whose centres are G, G’, c, (fig. 19). If the sphere ju, 
which is supposed to be at rest before the impact, be struck 
simultaneously by wand mM’, which touch it at the points « 
and k’, then though ot and Mw’ should be actuated by a motion 
of rotation before the impact, it will not be affected by this 
impact; and as » does not acquire any during this percussion, 
we have only to determine the velocities of c, G’, c, after the 
impact, in magnitude and direction, by means of the velocities 
and directions of & and «’, before this impaet. 

Let therefore a, b, c denote the components of the velocity 
of c before the impact, parallel to the three fixed rectangular 
axes, ox, oy, oz, and let a’, b’, e’ he the components of «’ pa- 
rallel to the same axes. Let x, 7, 1, wy 0’, ee’, represent the 
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values of these six components at the instant of greatest com- 
pression, and 2, 2, ~,, the components of the velocity of ¢ in 
the direction of the same axes, at this instant. Likewise, let 
a, 8, y, be the angles comprised between the radius Kc, sand 
lines drawn through the point x parallel to the axes 02, oy, 02, 
and a’, PB’, y/ the angles, which the radius x’c makes with 
lines drawn through the point x’ parallel to these axes. Let 
wn denote the quantity of motion communicated at the instant 
in question to ~ by ™ in the direction of Kc, or to M by pin 
the direction ka, and n’ that which is communicated to p by 
m’ in the direction x’c, or to om’ by p in the direction x’c’. 
‘The nine equations of equilibrium, of the quantities of motion 
which are lost, and of the forces w and n’, which it will be 
sufficient for us to consider, will be 


M(a@-— wu) — Ncosa = 0, > 
M(b— v) — NeosB = 0, 

M(ce — w) — Ncosy = 0, 

w’(a’—u’) — n’cosa’= 0, 
w’(b!—0') — n’cos 3’ = 0, (a) 
u(c'— w’) — n'eosy’ =9, 

N cosa + N’cosa’ — prt, = 0, 
N cos + N’cos/3’ ~ pv, = 0, 


Ncosy + Ncosy’ — pw, = 0; 





eee 
with respect to which it should be remarked, that Ke and x’c’ 
are the productions of Kc and x’c. 

Equation (3) applied to the points x and k’ will give, at 
the same time, 
u, cosa + v,cos3 + w,eosy = «cosa + veos3 + weosy, 
cosa’ -} 0, cos 3’ + w, cosy’ =u’ cosa’ +v'cosB’-w'cos-y’; 
and, in this manner, we shall have the eleven equations which 


are necessary and sufficient to determine the eleven unknown 
quantities N,N‘, ¥, 0 &e. 
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If we make 
cosa cosa’ + c0s{3 cos /3’ + cosy cosy’ = cos, 
acosu + bcosB + ccosy =k, 
@ cosa’ + b’ cos’ + c’cosy’ = k’, 
8 will be the angle ace’, and & and k’ will represent the primi- 


tive velocities of c and’ in the directions Gx and ¢’x’, 
‘And since 


cos’a + cos*{3 + cos*y = 1, cos’a’ + cos’’ + cos?y’ = 1, 


equations (2) will give 








N 
wu cosa + vcos{3 + w cosy = k — a 
, ni 
w'cosa’ + v' cos! + w' cosy’ = k— m? 
N-+N/cosd 
u,cosa +, cos + w,cosy = + ; 
7 
N’-+ Neosd 
u, cosa’ +2, cos 3’ +, cosy’ = ATEN COBS ; 


by means of which equations (b) will beeome 
Muk = N(M + #) + N’Mcos8, 
Muh! = N'(M’ + p) + NM’ cosd; 
hence we obtain (’) 
_ kQn' + pup —h’MM’p cos 
™ (Mot wt) (+ 2) —M1c08"6” 
wis 2M) (au —kum'pc08 8 | 
™ Or +p) (+) —Ma’cos’d’ 





values which should be always positive. By substituting 
them in cquations (a), the values of u,v, &c., the nine com- 
ponents of the velocities of «, c’, c, which have place at the 
end of the impact, may be determined when the bodies are 
destitute of clasticity. 

If, on the contrary, they are perfectly elastic, and if v, v, w 
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be the components of the velocity of , and tv’, v’, w’, those 
of the velocity of c’, and vu, ¥, w, those of the velocity of c at 
the end of the impact, we can obtain, by considerations similar 


to those already employed in No. 469, the following ftine 
equations : 


M(u—U)—Neosa = 0, 
M(v—v)—NcosB = 0, 
M(w—w) — Neosy = 0, 
w’(u'—v') —N’cosa’ = 0, 
m’(v’— v/) — ‘cos’ = 0, 
M/(w!—w’)—N’cosy’ = 0, 
Neosa + n’cosa’ + u(u;—v,) = 9, 
sos 3 - x’cos 3! + (ty —v,) = 0, 
Ncosy -- N’cosy’ + p(w) -~-W)) = 0. 
If cach of these equations be added to the equation which cor- 
responds to it amongst equations (a), there results 
M(a@—v)—2Ncosa = 0, 
u(b—v) —2Nn cosh = 0, 
u(e—-W)— 2N cosy = 0, 
w'(a‘ — 0’) — 2.x’ cosa’ = 0, 
w/(U! —v/) — 2‘ cos 8’ = 0,* 
a(c' —w’) — 2ncos r= 0, 
; 2N cosa + 2N'cosa’'— wv; = 0, 
: 2n cosB + 2n/cosP’ — py, = 0, 
2N cosy + 2N’ cosy’—pw, = 0; 
and in order to obtain immediately from these last equations, 


the values of the uine unknown quantities t, v, w, vu’, Ww, W’, 


U1, Vip Wi, it is only requisite to substitute the preceding values 
of s and n’ in them. 
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The final velocities of the points G, G’, c will be still the 
same, whether the impacts of a and m’ on H» instead of being 
simultaneous, follow one another at such a very short interval 
of-time, that these three points may not be sensibly displaced 
during this very short time. The very short durations of the 
two impacts, whether simultaneous or successive, may likewise 
be unequal, and the instant of the greatest compression at the 
points k and K’ may not be the same. 


CHAPTER VIII. 
EXAMPLES OF THE MOTION OF A FLEXIBLE STRING. 
I. Vibrations of a Flexible String. 


482. Ler amp (fig. 20) a perfectly flexible string, very 
little extensible, homogeneous, and of the same thickness 
throughout, be stretched in the direction of its length, by a 
force equivalent to a given weight 2, and let it be attached at 
its two extremitics to the fixed points 4 and B. As its weight 
is neglected relatively to w, it can be considered in its state 
of equilibrium as rectilinear(a). This being the case, if it be 
made to deviate ever so little from this direction, and if small 
velocities be impressed on all its points, this string will oscillate 
on each side of the line ams ; and the object of this chapter is 
to determine its position and the velocities of its different 
points, at any instant whatever. At the end of ¢ any time 
whatever, let us suppose that the string assumes the form of the 
curve am’3, which may be either plane or one of double curva- 
ture, and let w’ be the position that M, a given point on this 
string assumes. Let p be the projection of m’on the line aun, 


and 
AM=&@, AP=2+4u; 


likewise let y and z be the two other coordinates of m’, per- 
pendicular to each other and to the axis aB. 

As the displacements of the points of the string are very 
small, the variables w, y, z will be likewise very small, and the 
object of our investigation will be to determine their values in 
functions of « and ¢. 

Let the differential clement of the curve am’s at the point 
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m’, be denoted by ds, and the density of the string at this point 


by «, the area of the section perpendicular to its length at this 
same point multiplied by «, or eds, is equal to the element of its 
mass. In the state of equilibrium, the elements of this mass 
are proportional to the lengths, as the string is homogeneous 
and of a constant thickness; hence the pad of the element 


at the point m being dz, its mass will be EW p and Z de- 


noting the weight and length of the aire string, and g the 
gravity; hence as the mass of this element does not change 
during the motion, we shall have constantly 

pdx 


eds = 


gi 


If this element eds was solicited by a given motive “fofce,. 


whose components parallel to the axes of the coordinates 
were Xeds, Yeds, zeds, the components of the motive force 
lost, during the instant dé in the direction of these axes, 
would be 


(x- ome, (x oH" as, (2 - oes; 


consequently, in order to obtain the cquations of equilibrium 
of these forces, which will be those of the motion of the string, 
Pu dy Pz 

de ae 7 — Gi 

should be put in place of x, y, z, in equations (1) of No. 298, 
and its preceding value should be substituted for eds. Now, 
as by hypothesis, the quantities x, y, z, are sipher, there 
results 


x 





d. td(xtu) pu ie ~ 
ds ~ gl de 4 
dy pty 
‘Tas = gl ae (1) 
are - pda. | 


ds ~ gl dé 
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ry being the tension of the element eds, and x + uw the abscissa 
of the point m’ to which these equations refer. They can 
only be integrated, when reduced to a linear form, by the 
consideration of the small extent of the vibrations of the string. 

483. As dx the element of the string in the state of equi- 
librium becomes ds in the state of motion, and as w and T 
are the measures of the respective tensions which it expe- 
riences in these two states, 1 — w their difference must be pro- 
portional to the ratio of its extension ds — dx to its primitive 
length dz (No. 288), therefore, we shall have 


T—w=q — ; 
q being a given constant weight, .which will depend on the 
material and thickness of the string. * Besides, we have 


ds? = (dx 4- du)? + dy? + dz’; 


and if not only the points of the curve am’s, but also the di- 

rections of its tangents deviate little from the line amu, the 
sh dy. : 

quantities ¢ and a will be very small fractions; therefore, 


if their squares be neglected, we shall have 


ds de+du, rouw+ a ; 


dx 


. du dy du dz 
and if the prodtcts Fas and da ds 
equations (1) will become(e) 


be likewise neglected, 


ie ae Pu Py dy Pz dz 


dt’, de? ae ae? UE a () 





in which, fer.concigeness, we make 
glt le 
gd — a’, I — @. 
P P 


As the variables w, y, =, are separated in these equations 
(2), it follows, that the vibrations of the string parallel to the 
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axes of x, y, z, will be independent the one of the other, and 
will coexist together without mutually influencing each other. 
Moreover, it appears that the ¢ransversal vibrations will be 
the same in the direction of the axis of y and of the axis of z, 
so that it will be sufficient to consider one of them, the first, 
for example. With respect to the longitudinal vibrations, it 
also appears from comparing the first of equations (2) with 
either of the two last, that they follow the same laws as the 
others, from which they only differ in the magnitude of the 
coefficient a’, which surpasses a? in the ratio of q tou. 

484. The complete integral of the following equation of 
partial differences of the second order, 


ay dy 
ae a} 
is 
y= f(e+at) +r (x — at); (3) 


fand F denoting two arbitrary functions. In fact, we have, 
whatever be the nature of the function y, 


dy (x at) =k ate at) 


dt ~ dx ‘ 
Ey (x= at) a pe at). 
tle da? 





hence we infer, 


By @ @f (ae + at) +@ PE (x — at) 








dé de de 
and as we have also 
Py Gf (e+ at) , Pr (2 —at) : 
dg. 


dx? ~ de® 


these values render the given equation identical. 
If the time ¢ is reckoned from the commencement of the 


ie ats : if we 
motion, and if @ or Vf we be regarded as a positive quan- 
P 
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quantity, 2 +-at will be positive during the entire continuance 
of the motion, and a — aé will be either a negative quan- 
tity, or a positive quantity less than 2. If therefore, @ be 
a positive variable, it will be sufficient, in order to be able to 
apply formula (3), to know the values of ff and r (—@) from 
%=0toZl = ~w, and those of rZ from Z =OtoZ=1. Now 
these values of fZ and rv (+ Z) may” be determined, as we 
proceed to show, by the condition of the immobility of the 
points 4 and 3 during the motion, combined with the initial 
state of the string. 
485. If, at the commencement of the motion, 


dy _, 
¥ = $2, ae ets 


these two functions gv and ¢’x will be cipher when «= 0 
and when v = 7, and from x= 0 tox = J, they will be given 
by the initial figure of the cord, and the velocities impressed, 
at this epoch, on its different points. If ¢ be made = 0 in for- 
mula (3), and in its differential relative to ¢, we shall have 
fe drx 
peer at ie cas pes ep Sete, 
gu sfet ra, pe = 7 ae? 
and if we make 
1 { 4 
- ade = Px, 
a cy x x 
and substitute Z for a, we shall have(e) 
SE=4G6 4 02, ro=3go—$0%. (4) 
The function bZ will contain an arbitrary constant, but it is 
evident that it will disappear in formula (3), which is composed 
of the sum of the values of fZ and r¥, relative to two different 
values of Z. It is not necessary therefore to take this constant 
into account, and we may assume, for greater clearness, that 
the function @Z vanishes when Z == 0. By means of equations 
(4) the values of fZ and rZ will be known, but only from 
f= 0 tof = J, since the functions ¢% and #2 are only given 
in this interval. 
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As the points a and B are fixed, the values of y, when 
x= 0, and when x = J, must be constantly cipher. If at be 
supposed equal to @, we shall therefore have by equation (3), 


SEt+¥(—-2=0, fI4+S)+r(1-f)=0, (5) 
for all values of the positive variable Z. 

In virtue of the fit of these two equations, the values of 
¥(—@) will be equal and of a contrary sign to those of f(Z). 
If 2+ be substituted for Z in the second equation (5), and if 
it be then taken from the first, there results 


S21+2) =ft; 
by means of which, f€ will be known from = 0 to = R, 
when this function shall have been determined from Z = 0 to 
¢= 20. Finally, if {2 2, we obtain by substituting /— & 
for & in the second equation (5), 
FQl— 0) = ~ Fe, 
Consequently, the values of f(22—Z) from = OtoZ=h, 
. or what is the same thing, those of ff from = 1 to Z = 21, 
will be known, when the values of rZ, from Z= 0 to f=1, are 
given. Llence, as the values of ff and ¥¢ are given by equa- 
tions (4), from ¢ = 0 to =, equations (5) will determine 
those of f(1-+ 2) and of r(—Z), from Z=0 to Z=e@ (f). 
Therefore all the values of these two functions, on which those 
of y depend, will be known for all points of the string, and at 
any instant whatever of the motion. The corresponding va- 
aYfe ave 
dé? dz 


: d , . 
wise known; and the values of z and ae BY be obtained in 


lues of , and, consequently, those of 2 will be like- 


the same manner. Consequently, the figure of the string, and 
the transversal velocities of all its points at any instant what- 
ever, will be known; and this completely solves the problem, 
as far as the motion of the string perpendicularly to its natural 
direction, is concerned. 
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There is nothing in the question, by means of which the 
values of f(—Z), or those of ¥Z, can be determined, when @ is 
greater than 2; consequently, these parts of the two arbitrary 
functions, the knowledge of which is not necessary in the ap- 
plication of formula (3), will continue altogether indeter- 
minate. e 

486. In order to know the value of y which will result 
from equations (33), (4), (5), we shall consider successively the 
part of this value which arises from the initial figure of the 
string, or of the function gz, and that which arises from the 
initial velocities of its different points, or form the function 
g’x. 

Ist. At the commencement of the motion, let acw (fig-21) 
be the given projection of the string on the plane of the axes of 
x and y, so that ifon aB, a part ap = « be taken, pc the cor- 
responding ordinate may be equal to gz. On the production 
of as, let there be traced a curve Bc’a’, equal to acs, but in- 
versely posited, so that if Bp’ be assumed equal to sp, the or- 
dinate pc’ may be equal to nc, and affected with an opposite 
sign. On the two productions of aa’, let the curve acBc/s’ 
be repeated indefinitely, so that a’c’R’c’’a"” may be the posi- 
tion which acnc‘a’ would assume, if this curve slided parallel 
to the axis of w, until a coincided with a’, and a’ with a”, and 
that ac,B,c,4, may be the position of a’c’sca, when it slides in 
such a manner that a’ may coincide with a, and 4 with a,; and 
let the same be supposed to take place with respect to the 
productions beyond a” and a, This being done, if there be 
taken two abscissz, 


AE=2+at, ab’ =2—at, 


of which the second may be either positive or negative, and if 
the corresponding ordinates Er and k’r’, which may be either 
positive or negative, be erected, their semisum 


3 (F + BF’), 
will be the part of y depending on the initial figure of the cord. 
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2ndly. Let us suppose that the ordinates of the curve acu, 
instead of representing the primitive displacements of the 
points of the string, denote now their initial velocities divided 
by a, so that if av be taken equal to x, then pc may be equal 


to yn, Let another curve acu (fig. 22) be so traced that 


* 1 
to the abscissa ap = 2 the ordinate pc = = \pede= @x may 
correspond, Then as the integral commences with x, and as 
the function ¢’x is also cipher when 2 = 0, this curve will 
touch the axis of x at the point a. If an be taken = J, and 
if Bu be the corresponding ordinate, we shall have 


1¢Z 
BH= 1 i elede, 


and because $/a = 0 when a = J, the tangent at # will be pa- 
rallel to the axis of the abscisse(g). Let there be traced the 
curve Hc’a’ equal to acu, and so placed that if Bp’ be taken 
equal to Bp, we may have p’c’= pc; then on the two produc- 
tions of aa’, let the curve actic’a’ be repeated indefinitely, as 
in the preceding construction ; and this being done, if there 
be taken the two abscissw 


AK =a@-+at, ak’=a#—at, 


the second of which may be either positive or negative, and 
if there be raised the corresponding ordinates KL and x’L’, 
which may also be positive or negative, we shall have 


}(an — K'L!), 


for the part of y, which results from the initial velocities of the 
points of the string. 
Therefore the complete value of y will be 


y= her + er’) + 4 (KU KL’); (a) 
and a similar construction will give the corresponding value 


of dy In fact, we have 
dt 
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d.er der duuly d.x'r’ 
qe de? ae ae 
d.Ku_ dv Ku Can d.x'L! | 
dé Ode? de Oa 


therefore we shall have . 


dy _ a (ee oer) a (& KL, d. a 
dt~2\ de ~ “de et dx /* 


3 

Now, if through the points F, F’, 1, 1/ (fig. 21 and 22), the 
tangents rf, ¥/f’, LI, LU’, be drawn, and also the lines Fx, FX, 
ux, L/x, parallel to the axis of 2, and in the direction of the 
positive values of 2, we shall also have 





der d.n/y! 





-E’) 

= tang vr —— = tang er’ f’, 

de Buy de tang ery’, 
dK dx’ 

TS tanga, = tane a; 

“de Sel, dx ang * 


hence there will result, 


ly a 
4 = 5 (tang rEf — tang xr“f’), 


: ; ©) 
+ 3 (tang en + tang el’) ; J 


in this formula the angles may be either positive or negative, 
but they will be ulways acute, (which is indeed indicated by 
the figure), for each of the points r, Fr’, 1, L. The values of 


dz : ar 
2 and ae MAY be constructed in a similar manner. 
a 


487. It appears from the construction of the curves repre- 
sented by figures 21 and 22, that when the product az is in- 
creased by 2/, the ordinate y and the velocity a expressed 
by formule (a) and (b) resume the values which they had be- 


fore this addition of 22. The same is the ease with respect to 


- dz : 
the values of z and re Consequently, at the end of an inter- 
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. 21 A 
val of time equal to —, the string reverts to the same state re- 
a 


latively to its form and the transversal velocities of all its points. 
Therefore in a vacuum, if the points a and B be firmly fixed, 
the string will perform an indefinite series of small oscillations, 
and the duration of each oscillation, which the string takes in 


: 7 * 21 . 
going and returning, is equal to a But the resistance of the 


air and the communication of a part of the motion of the string 
to its extreme points 1 and B, gradually diminish the ampli- 
tudes of its osciilations, and at length eventually destroy them, 
without however sensibly affecting the isochronism; this is a 
result similar to that furnished by the motion of the pendulum 
in the air (No. 190); and it has been adverted to here, as a 
consequence of analysis, that has been confirmed by observa- 
tion(A). Hence if 7 denote the duration of an entire gscilla- 
tion or vibration of the string, and if 2 be the number of 
vibrations whieh take place in the unit of time, we shall have 


vai ag/P, anasyq4fse 


gw pl 

The greater the number of vibrations performed in a given 
time, the higher will be the fore. It is therefore determined 
by the number 2, which is evidently independent of the mag- 
nitudes of the amplitudes supposed to be very small. For the 
same string, this number is proportional to the square root of 
the tension w ; for two strings of equal thickness, and consisting 
of the same materials, the weight p is proportional to the 
length Z, and, when the tension is given, the number x is in 
the inverse ratio of this length; finally, for two strings of the 
same length, and equally stretched, » is in the inverse ratio of 
the square roots of their weights. These different laws have 
long since been confirmed by experiment. Nevertheless there 
are edses to which we shall shortly advert, in which the string, 
in consequence of its initial sfate, is divided into equal parts 
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connected by points which remain immoveable during the en- 
tire continuance of the motion; this raises the tone propor- 
tionally to the number of these aliquot parts. 

Ifthe points of the string are not actuated by any initial 
velgeity, we shall have simply 

a 
ym Erte, = § (tanger f— tanger’ f’). 

It is evident from a consideration of the form of the curve 

represented by the figure 21, that when a¢ is any multiple of 2, 


the velocity ] will be cipher, and the string will resume the 


same figure, but situated in positions, which are alternately 
the reverse one of the other. acs (fig. 23) being its figure 
when ¢= 0, it will be likewise its figure and position, when 
at is an even multiple of 2; but if at be an odd multiple of J, 
“then the cord will assume the inverse position ac’s, which is 
such, that If we make ap’ = BD, we shall have p’c’ = — ne. 
In these two extreme positions, AcB and a’c’B’ the transversal 
velocities of all the points of the cord will be cipher; and the 
cord will take $7, the time of a semiyibration, to pass from 
the one to the other. 

488, In general, the parts of the lines represented by 
figures 21 and 22 are not the analytical productions the one 
of the other; these lines form discontinuous curves, that 
is to say, curves, all whose points are not subjected to the 
same equation between the abscissa and ordinate; but, at 
the points of junction of ,, 8), a, B, 4’, BY, &e. (fig. 21), ay, thy 
A, H, a’, 8’, &e. (fig. 22), of two different portions, the tan- 
gent is always common to the two adjacent parts. The curve 
relative to the initial form of the stfing, and that which repre- 
sents the law of the velocities impressed on all its points, may 
likewise be discontinuous curves ; provided that in each of the 
points in which their form changes, the tangent continues 
nevertheless the same for the two adjacent parts. This re- 
striction is founded on this, that by their nature, the accele- 


: 
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rating force of a material point, and the velocity with which it 
is actuated, are always finite, real and measurable, so that in 
the problems of dynamics, the functions of the time which 
express the velocities and accelerating forces of the different 
points of a moveable, can never become infinite. In the pre- 
sent case, the condition relative to the velocity is satisfied; for 
the transversal velocities are expressed by formula (b), by 
means of tangents of certain angles, multiplied by the con- 
stant. quantity a; and by hypothesis, these angles never attain 
to 90°, but, on the contrary, are always very small. With re- 
spect to the accelerating forces, they would become infinite in 
the points where two portions of the curve intersect under a 
’ finite angle, and these forces would increase without limit, near 
to similar points of junction. In fact, let m and m’ (fig. 20) 
be two points of the string, very near to m’, whose distances 
from this point we shall suppose infinitely small ;-and let the 
forces, which at any instant whatever, act on the portion ma’! 
of the string be considered, that is to say, the tensions which 
have place at its extremities, and which act in the direction of 
mh and m‘h’, the parts of the tangents at m and m’. If these 
tensions be denoted by # and u’, and the mass of mm‘m’ by py 
then in ogder that the accelerating force of this smal} mass, . 
resolved parallel to az, may not be infinite wheff'pptis infi- 
nitely small, the difference H — un’ must be very small, anda 
least proportional to». Moreover, the components of s.and 
H’ perpendicular to an and parallel to the axis of 9; will be 


wv) | wy) e ., dy. : dy F 
o( anda 3 » in which de ee for a as in 


No. 483,. and (2), [# ral denote the values of oY, at the 


points m and m‘ respectively. Hence the value of the motive 
foree whith draws 4 towards a#, will be 
dy Tay 
H ( py) wy} 
VOL. I. 2k 
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Therefore, in order that the corresponding accelerating 
force may not be extremely great, and become infinite, when 
the mass pz is infinitely small, it will be necessary that this dif- 
ference should be also very small, and at least proportional to 
3 and as the quantities u and u’ differ already very little 
from each ether, the same must be the case with respect to 


(%) and [ “1, the difference of which should be infinitely 


smaily when the points m and m’ are infinitely near to M’. 
Therefore, in no point of the string, and at no instant, can the 
tangents mh and m’h’, at two points infinitely near to each 
other, intersect under a finite angle; which was required to 
be demonstrated, i « 
This conclusion will likewise obtain, when the string is com- 
posed of two parts consisting of different materials; at their 
point of junction, the ordinate y and its differential cocflicient 


3 must have constantly the same value for these two parts; 


dx 

this, like the constant position of the extreme points, will fur- 
., nish the equations that are indispenssble ‘for the determina- 
_ tion of the arbitrary functions, and withoutwhich the solution 


~ of the problem would be incomplete ; however, for further in- 
formation on this point, the reader is referred to the Journal 
def Ecole Polytechnique, 18th Number, page 442. 

489. D’Alembert was the first who resolved the problem 
of vibrating strings; the solution which he gave was that which 


_ has-been detailed in the preceding numbers, and which is 


founded on the integration, in a finite form, of the equation - 
ota 

se ma eS = 43 but this question may be also polved in another 

manner by means of formula (a) of Nov. 323. "Whatever 

may be the nature of the given functions gx arid 9’, provided 

‘that they vanish when x= 0 and when x = J, wé have, by 

the formula just cited, 
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ot = 7 = (V sin ™© ga/dz’) sin ae 
0 L U (a) 
a 
2 (y + tra! ) «tre 
ered baler? , ee 
a= 7d oa y’x'da’ ) sin Tt | 
for all values of », from z= 0 to x = 1 inclusively, that {s te 
say, for the entire length of the string; ¢ being, as in No. 323, 
& positive integer number, and the characteristics 5 indicating 
sums which embrace all values of ¢, from i = 1, to i=, 
On the other hand, it is easy to shew, that all expressions, 
such as 
y = (asinaat + 8 cosaat) sin (ax + 8), (b) 
satisfy the given equation(h) 
ay _ ty. i 
We =a ae? 7 (c) 4 
4, B, a, S being arbitrary constants. 
Hence if we assume 


y=7 2s (( sin’ sin = a a a pe "dx ‘) sin a cos’ mat 


( aay tra. imat 
+m > ((j sin, eyla'da) psu scain-- 


@: 
this aes of y will satisfy all the conditions of the problem, 
cand, consequently, will contain its solution. In fact, each of 
“the terms of the sums satisfy, separately, equation (c);.con- | 
sequently, as this equation is linear, these sums will likewise 
satisfy it. If in formula (d), we make x= 0, or a= 1, we’ 

” have y = 0, whatever be the value of ¢; this satisfies the con- 
dition of the extreme points of the string being fixed. -Finally,. 
formula (d) gives (7) 


: o2 Kies - ine, , . tra émat . } 
F “nore ( sao ‘dx’ | sin “pes | 
= gd « trat | © 
- = ae ce eae ‘da!’ \isin in in 3 
J 
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and if in ‘these values of y and oF; we make ¢ = 0, they will 


become respectively x and ¢’a, in virtue of equation (a); this 
satisfies the initial state of the string in all its generality. 

We are indebted to Lagrange for this other solution of 
the’problem, who has also demonstrated that it coincides with 
‘that of D’ Alembert. 

“ Previously to the time of Lagrange, D’ Bernoulli had al- 
ready solved the problem of vibrating strings, by assuming for 
ie y, a value composed of terms comprised in formula (b), and 
which are subjected to become cipher, when « =0 and when. 
. # 23 4. that is to say, by means of the expression, 
Tx 1 


«mat rat 
y= (asin 2 +n e08 wet) sin 


i 2mat |,  Arat\ . 2re 
+ | a’sin I + 3B’ cOs sin—— | 


+ ("sin : ae 














+ B’'CO: 


. + &c. ' 

“jn which a, a’, A”, &c., B, BY, BY, &c., are arbitrary constants. 

‘In order that this solution may be complete, these tpefficients 

should be determined by means of an initial state of the string 

which is arbitrarily given; but this (as far at least as the 

. analysis was concerned) constituted the principal difficulty of 

the question ; otherwise, this formula (f) enables us to deter- 

mine the different modes of transversal vibrations of musical 
strings, and the laws of these vibrations. 

490. Formule (d) and (e) indicate the laws of motion 

of a vibrating string which were stated in No. 487; they 


likewise shew, that the tone may sometimes rise, as was 
observed in that number, and 2 the number of vibrations per- 
formed in the unit of time, become a multiple of its general 
value, without the tension of the cord undergoing any change, 
In fact, if we suppose, that the values 6f gafiand 9’2’ are 
such that. 
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vi ge’ sin == dz’ = 0, iv ga’ sin dx'=0, (g) 
for all values of ¢, which are not multiples of a given number 
m, conditions which can be satisfied in an infinite variety of 
different ways ; formule (d) and (e) will only contain sines and 

. mrat 
i 
position of the cord will become the same, whenever a¢ is in- 





cosines of the multiples of ; consequently, the state and 


. ereased by a multiple of at and from the value of a given ay 
ma 


No. 483, it is evident that the number », on which the eleva- 
tion of the tone depends, (No. 487) will be my gt 
af ye 
5 pl < 
that is to say, it will be increased in the ratio of m to unity. 
In this ease, formula (d) will only contain the sines of the 


multiples of = 3 we shall therefore have y=, for N,N’, N”, 


&c., the equidistant points of the cord (fig. 24), which corres 
pond tora, = 2 el &c.; so that these points, the 

m m m : 
number of which is m — 1, will remain immoveable, during 
the entire continuance of the motion, like the extreme points 
AandB. On this account, the points nN, N’,N”, &c., ate 
termed nodes of vibration. At the commencement of the 
motion, they will not be actuated by any velocity, and will 
not, therefore, deviate from the line aB. acn, Ne’N’, N/c’N% 
&c., the parts of the string which are situated alternately on 
one side or the other of as, will vibrate as detached strings 


l 

whose lengths an, nn’, N‘n”, &c., are equal to —, and of which 
m 

the isochronous and simultaneous vibrations will be performed 


. 3 2 
in a time equal to fal 
ma 
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P The simplest manner in which the conditions expressed by 
equations (g) can be satisfied, is by taking, for example, 


Mrz 


gx=hsin T 





h being a given constant. This implies, that the points 
of the string are not actuated by any initial velocities, and 
that at the commencement of the motion, it consisted of 
m equal parts, which are situated alternately. on one side or 
the other of an. Each of these parts of the curve is termed 


a trochoid, the length of which is L and. the height (4). In 


“this case, the value of y in formula (d) is reduced to the first 
term of the second member, which corresponds to i=: m. If 
the integration be perforshed relative to a’, we have simply(J), 


+ Maz marat x 
y = hsin 7 cos 3 Ses 


therefore, during the entire continuance of the motion, the 
figure of the cord is composed of a number m of trochoids, of 
a-constant breadth and variable height; and when at is an 


odd multiple of a it coincides with the line an. This par- 
m 


*., ticular solution of the problem of vibrating strings was the 
one given by Taylor, before the general solution was known. 
491, All that has been stated relatively to transversal vi- 

“ prations, may be immediately applied to longitudinal vibra- 
tions. For, in order to have at any instant whatever, the 
expression of the variable u of No. 482, it is only necessary 
to substitute in that which has been found for y, the constant 
a of No. 483 in place of a. Then we should take for gx the 
displacement of the point m (fig. 20), at the ¢dmmencement 
of the motion, in the direction of the length of the string, that 
js to say, the initial value of wr; and g’x will express the 
initial velocity of the point a, which will be in the direction 
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MB or Ma, according as it is positive or negative. These 
functions gx and gy’ will be given arbitrarily from # = 0 to 
«=; and if they change their form in this interval, it is 
necessary that for those values of x in which this takes place, - 
each of these functions, and its differential co€fficient, should 
notwithstanding have the same values in the two adjacent 
parts of the string. ~e : 

It follows from this, that if r be the entire duration of a 
longitudinal vibration, that is to say, the interval between 
two identical states of the string, and »’ the number of vibra- 
tions in the unit of time, we shall have (No. 487), 


Lee VA Le EV ALE 

a gy pt . 

This number 2’, and the tone which it determines, do not 

depend on the tension w; ‘however it appears from obser- 

vation that the Jongitudinal tone is raised a little when the 

tension is inereased ; which must be attributed to the cireum- 

stance, that while the length of the string comprised between 

the points 1 and B remains the same, its weight p diminishes 

according as it is more stretched. 

492. It appears from a comparison of this number n’, with 

that of the transversal vibrations of the same string, that 


g 
v=n V4; 
w 


so that, when every thing else is the same, the tone pi 
duced by the longitudinal vibrations will be acuter than that © 
which corresponds to the transversal vibrations in the ratio of 
v. 9g to Vw. 
The weight q is the tension which should be employed in 
order to double the natural length of the string, on the sup- 
position that the law of its extension is constant. In fact, 
if fora given tension A, the length of any part of the string is - 
increased in the ratio of 1 +8 to 1, the clement adjacent to 
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the point m, which experiences successively, the tensions w 
and T; in the state of equilibrium, and in the state of motion, 


will be inepensed in the ratio of 1 to = and of 1 + ae to unity 


respectively ; therefore, the iene de and ds in ae two 
states, will be to each other as A + dw is to A + dr, so that 


we shall have ® 
ds__ A+8r. 
dz ~ A +8w’ 
hence we obtain 





ds—dx __ (t—w) 
d~ a’ 
the square of the fraction 3 being neglected. Therefore, from 
the values of ds — dz and of tT — w given in No. 483, we shall 
have 


* 
= sy _8 
consequently, g will be the tension which corresponds to 8=1, 
or which will double the length of the cord, if its lengthen- 
ing always increases uniformly(d). : 
As w the tension of a musical string, is always consider- 
ably less than what is requisite in order to double the length, 


za ; 
it follows that the ratio VA 2 which is equal to ~, is always 


very great} it may be determined d priori, from knowing the 
increase of length produced by the tension w, and measured 
“directly ; for if this increase of length be denoted by y, we 
shall have, 


wat 


Mt’ 
since &/ is that which corresponds to the tension 4; and by 
Substituting this value of w and that of g in the expression of 


a 
= vi, 


n! 
W there results, 
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hence we obtain, conversely, 


n 2 
1=(3)4 


P : n 
for the value of -y, the increase of length, when that of ap is 


known, 

This simple relation between the number of longitudinal 
vibrations and that of transversal vibrations of the same string, 
has been verified by an experiment made by M. Cagniard- 
Latour on a very long string, the transversal vibrations of 
which were visible and sufficiently slow to permit him to 
reckon them. 


Il. Longitudinal Vibrations ofan Elastic Rod. 


493. We shall suppose that this rod is homogeneous, and, 
that in its natural state, it is either of a prismatic or a cylindrical 
form; figure 25 then represents a section made through the 
mean filament an, that is to say, through the line which 
passes through the centres of gravity of all the sections of the 
rod perpendicular to its length (No, 314). If, for example, 
the rod is a cylinder with a circular base, aw is its axis of 
figure ; its diameter is very small, and, in all cases, the dimen- 
sions of the normal scctions are very small relatively to the 
length of this line; but they are, however, sufficiently great to 
enable the rod to resist the flexion, so that it may be what 
has been termed an elastic rod in No. 306. In the longitudi- 
nal motion of this rod, which we propose to consider first, all 
the points that belong to the same normal section will have, 
at each instant, the same velocity parallel to ab; so that it 
will be sufficient to determine the motion of any point what. ., 
ever of this line, such as a1. 

Let a fixed point c he taken on this line, and let z denote 
the distance cm in the natural state of the rod; this distance 
will be positive or negative according as “ appertains to the 

VOL. 1, Pam 


258 LONGITUDINAL VIBRATIONS OF AN ELASTIC ROD. 


part cp or to the part ca of an. In the state of motion, let 
m’ be the position which m assumes at the end of the time ¢, 
then if mm’ = u, it should be considered as positive or nega- 
tive, according as this displacement has place on the side of 
B or on that of a, hence we shall always have cm’ = «+4. 
It is proposed to determine the value of u in a function of x 
and ¢. 

Let p denote the weight of the rod, J its length an, and g 
the gravity. In the natural state of the rod, the mass of the 
element which corresponds to the point m, and whose length 


* . pdr. : : 

is da, is or this mass will not undergo any change during 
6 

the motion; and if the clement is solicited by an accclerating 


force such as xX, acting in the direction m’b or M’a, according 
as it is positive or negative, its force lost during the instant dt 
will be ; 
par ( Pu 

—~{x-— +]. 

gl dé / 

Let T denote the tension of the same element acting at its 
extremity m’, and which will be positive or negative, according 
as it is directed from within the rod outwards, or from without 


, dx F , ‘ 
inwards 3 1 + a dx will express the tension, which will act at 


the other extremity, in an opposite direction from that of 7; 
consequently, it will be drawn in the direction m’s, by a force 


equal to ade and, in order that this force and the preceding 


may be in equilibrio, we should have 

dy p (x =a) 

de +o x— wel 0; 
- which agrees with equation (a) of No. 316. 

It is necessary besides, that at the two extremities a and B, 
the value of 1 should be equal to a particular foree, which will 
act in the direction of an at the extremity a, and in that of 
the production of aB, at the extremity B. 
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494. As the natural length of the element under conside- 
ration is dx, and as its length becomes dz + du, when it is 
subjected to the tension 1, we shall have 

vant, 
HT} 
q denoting a constant coefficient, the value of which, given by 
observation, will be(m) 
_A 
> 3 
if 82 denotes the entire lengthening of the rod, when it is sub- 
jected to a constant and given tension A (No. 492). If no 
given force acts on the points of the rod, then we should make 
X = 0 in the equation of the motion, and, by substituting for 
'r its value, there will result 
Pu Pu 
(1) 


27 
dé * a 


in which, for conciseness, we make 
ay =a. : 
P 


Moreover, if » be the velocity of the point m’, and s the 
dilatation of the rod at this same point, we shall have 


When the value of s is negative, this dilatation will be changed 
into a contraction ; and the tension tr will act in the direction 
m’a, or in the direction mB’, according as the rod is dilated or 
contracted. : 

Hence then the state of the rod, at any instant whatever, 
will be known, when w shall have been determined in a fune- 
tion of x and ¢; but, in order to obtain its value, equation (1) 
should be combined with those which refer to the initial state 
of the rod and to its extremities. Now, when f= 0, we shall 


suppose that 
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u= Ot, UGE; 
so that gx. and ¢’x may be functions arbitrarily given from 
z=0 to x=, c being taken as the initial position, of a. 
Moreover, it is necessary, that at each fixed extremity of the 
rod, « should be equal to cipher during the entire continuance 
of the motion; and T will then express the pressure which this 
fixed point will have to sustain. In like manner it is requi- 
site that at each free extremity, which is not solicited by any 


given force, we should have r = 0, or = = 0, for all values 
of t. 

495. This system of equations may be resolved in the 
same manner as those which refer to vibrating strings, either by 
setting out from the integral under a finite form of equation 
(1), or by formulz similar to those of No. 489. The follow- 
ing are the results which correspond to the different hypotheses 
that may be made on the state of the extremities of the rod. 

Ist. If the two points a and B are fixed, the given func- 
tions gx and g’x must be cipher, when 2 =0 and when 
w= 1, and we shall have, as in the number cited, 


F2((\s eck te!) sin ogee 
sg ey 


+2 — an 24! sin gs eda! ) fein 2 sin 
As often as aé is increased by 22, this value of uw, and 
those of v and s which may be deduced from it, and conse- 
quently the state of the rod, become the same as before ; 
hence, if T denote the time of an entire vibration, and 2 the 
number of vibrations in the unit of time, we shall have 


pettoe fra Ta 
99 pl? 
so that the tone will be the same, as if the rod was a flexihle 
string vibrating longitudinally. 
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2ndly. If the point ais fixed and the point x entirely free, 
thesfunctions gx and ¢’x must be cipher when x = 0, and we 


must also-have dpe = 0 when x=; the expression for wu will 


in this case be 
tf yer (2i—l) ra (2i—1) wat 
T 7 3( (Si sin’ OP patda’ sin! ap 8 ay 
1 sine ee eat 


gat) ol 


ae 
0 20-1 21 2l 


Le, 
+4 ne 
in which the sums indicated by 3, extend to all the valucs of 
the integer number 7, fromi=0 to i=». In fact, all the 
terms of this value of u satisfy equation (1)(n); they fulfil, 
whatever be the value of ¢, the conditions « = 0 when a= 0, 


and o = 0 when «= J, which answers to this second case ; 


and, for ¢ = 0, we obtain from it 
7 le td ra a (28 =D) we 
=}z 2 (i sin 5 pe’ da’ ) in — 3 
as =~2= 25 ae sin —__7 — 
dt ~ 7 


which we know is in fact the case, in virtue of equation (7) 
of No. 326. 

The value of u, and those of s and v which are deduced 
from it, will become the same as often as at is increased by 
any multiple whatever of 42; consequently, if 1’ denotes the 
duration of an entire vibration of the rod, or the interval 
comprised between two consecutive returns of the rod to same 
state, we shall have 


“yee 1) mex 


. (2i— ; 
—p'x'dx! ) sin Ges, 


,_4 


To. 


This duration is therefore double of that which has place 
in the first case, and the number of vibrations in the unit of 
time will be only half. Consequently, the longitudinal tone 
of a rod fixed at one end and free at its ther extremity, is an 
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octave below the tone of the same rod, when fixed at its two 


ends, which is in fact, confirmed by experiment. * 
8rdly. Finally, if the rod be free at both ends, the values of 
dpx 


re must be cipher for 2 = 0 and 2 =/, and we shall have 
in hls case 


_1¢cl 2.2 ie ine’ 4a) tar trat 
ah Vigna’ 73 (608 ude!) cos" eos HH 


+5 g'x'da! 4- — = 3(f cos ae Ee gis'de’) * = cos se sin sal 
in which the sums indicated by ], extend as before, to all 
values of the integer 7, from i = 1 to? = ». 

This value of w satisfies, in fact, equation (1), and also the 


condition S= 0, for «= 0 and a=, which ought to have 
bit 


place in this third case, whatever be the value of &. Fort= 0, 
it gives 
U ima! i 
ux gr bs ) guide’ + 5 2 3( (§ cos = gud’) cos ime 
ZJ0 q 
du ltde! 423 , 
Uae t= =e ada! 43 = (oni “p’a'det ) cos", 
which agrees with formula (8) of No. 326(0). 


When \ g’x'dz’ does not vanish, the rod has, indepen- 


dently of its vibrations, a uniform progressive motion, the 
common velocity of all whose points is equal to this integral 
divided by 7. If it be supposed cipher, the rod will revert. to 
the same state, for all values of ¢ which differ by a multiple 


of 20, ; so that the duration of each of its vibrations, and their 
a 


number in the unit of time, will be the same as in the first 
case. It follows, therefore, that the tone of a rod fixed at its 
two ends is in xnison with that of the same rod entirely free, 
which likewise agrees with experiment. 

It is to be observed, that in what precedes, it is only the 
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JSundamental, or lowest tone, of an elastic rod, that has been 
considered. ‘The remark made in No.490, on the nodes of the 
vibrations, and on the elevations of tone which correspond to 
them, may be easily extended to- the motion of this red, in 
each of the cases that have been examined. 

496. When the rod, the loitgitudinal motion of which has 
been considered, extends indefinitely on each side of the point 
c, it will be no longer necessary to take into account what 
occurs at its two extremities, and the values of the velocity v, 
and of the dilatation », relative to any point and instant what- 
ever, may be immediately deduced from the integral of equa- 
tions (1) under a finite form, in which it will be sufficient to 
determine the two arbitrary functions, by means of the initial 
values of v and s, which will be given in functions of 2. 

This integral is 


u=o(xt+at)h+y(e—at); 


in which ¢ and y indicate the two arbitrary functions. 
We obtain from it, at any instant whatever, 


du pape: (ats (e+ at) dy (« — 2), 








di dx dx 
du dp (a + at) df (a — at) 
de °= dx dx 


When ¢ = 0, we suppose that 
va fr, s= Fu. 
In the case under consideration, these two functions will 
be given for all positive and negative values of the variable ; 
by making ¢ = 0 in the preceding formulz, we shall have 


ate 


as ia Fa, 





du al® 
“Ue dx 


hence we obtain 


=SJ*; 


doz _y dpe, 1 
de = BE? +55 ft, dx = aPe— yo Se 
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and, consequently, 


4ere dF (bat) +5 Se + at), 


AL Ban eye 


ds at) — + f(e—at). 


Therefore, whatever be the values of t and x, we shall have 
v= iS@+at) + fe — at) 
a a 
+5r@ + at) — 5 (@—at), 


1 : (2) 
8 = a7 Se tat) — sf (x— at) 


+ 4F (a +at)—}r(a+at); 


these formula enable us to determine the state of the rod at 
any instant whatever; and thus the problem is completely 
solved. 

497. By means of these equations (2), the laws of the 
propagation of sonorous waves along an elastic rod can be ob- 
tained, and in general, along an homogeneous solid bar of 
indefinite length, whose sections, perpendicular to its length, 
are every where equal, and of small extent. 

If the sound issues from the poiut c, the bar will be agi- 
tated, at the commencement of the motion, through an ineon- 
siderable extent on cach side of this point. If the length of 
the primitive agitation be denoted by 2a, the functions fx and 
Fa will be cipher from 2 = a to a= «, and from x = —a to 
z= — «; they will be given arbitrarily and independently 
of each other, for all values of x comprised between + a3 and 
likewise the functions f(@ 4+- at), f(«— at), ¥ (a + at), 
F (w—at), will not have values different from zero, except 
when x + at or « — at, the quantity contained under the sign 
Jf or F, is greater than — a, and less than a, regard being had 
to the signs, and the quantity @ being always considered as 
positive. 
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From this it appears that when at surpasses 2a, we shall 
have v = 0 and s = 0 for all points contained in the extent of 
the primitive agitation; so that the motion of this part of the 
bar will only continue for a time equal to s. We shall have 


for any point situated beyond the sphere of this agitation, 
and on the side of the positive xs. 


w>a, S(e+ath=0, F(e+at)=0; 
and equations (2) will be reduced to 


0 = 4 f(e—at)~$r(~—al); 


1 
s= aq (@— at) +4F(@—at); 
hence there results 
vas. 

As long as «>at +a, these values of »v and s will be 
cipher; and they will become so again when 2 Z at — a; 
wv—a ‘ 

rae the agita- 





after the lapse of a portion of time equal to 


tion will reach the point , its duration will be =p); and 


the length of the part of the bar which will be agitated all 
at once, will be 2a. The same results obtain on the side of 
the negative values of 2. 

Thus, on each side of the primitive agitation, a sonorous 
wave will be produced, the extent of which will be constant 
and equal to that of this agitation, and it will be propagated 
with a uniform velocity equal to a. The velocities with 
which the points of the bar are successively actuated, will not 
vary with their distance from the place of the primitive agita- 
tion; so that the intensity of sound, which depends on the 
magnitude of these velocities, will be constant, and will not 
become feebler according as it is propagated farther; this 
arises from the circumstance of the propagation taking place 
in a cylindrical or prismatic bar. 
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In the extent of a sonorous wave, the velocity will not be, , 
as in all the points of the primitive agitation, independent of 
the corresponding dilatation ; for the one will be proportional to 
the other, in virtue of the equation y= —as, from which it ap- 
pears that v the velocity of m any point whatever, is a fraction 
of the velocity of propagation, expressed by s the dilatation 
which corresponds to the same point, and that the proper mo- 
tion of m will take place in the contrary direction to that of the 
propagation, or in the same direction, according as there is a 
dilatation or condensation at this point. 

It is of importance to observe that it is in consequence of 
this relation between v and s, each sonorous wave that is 
produced is not divided into two others, but is propagated in 
one sole direction. In like manner, if this relation exists in 
the entire extent of the primitive agitation, the motion will 
only be propagated on one side. Thus, if we suppose that 
fe = — avz, equations (2) will be reduced to 


va f(e—at), s= —1y@- at); 


therefore, for negative values of a, and which are, abstracting 
from the sign, greater than — a, we shall-have v = 0, and 
s == 0; so that the motion will not be propagated beyond the 
extent of the primitive agitation on the side of the negative 
values of a. This will likewise be the case on the side of the 
positive values of x, when fx is supposed to be equal to arz. 
It appears from No. 495, that a, the velocity of the pro- 
pagation of sound in an indefinite bar, may be inferred from 
the duration of the longitudinal vibrations of an elastic rod 
consisting of the same materials, and having a given length. 
If this rod is supposed to be fixed or free at its two extremities, 
the value of a will be equal to twice its length divided by the 
duration of each of its vibrations, which duration is obtained 
from their number in the unit of time, and, consequently, from 
the lowest tone of the rod; if the rod was fixed at only one 
extremity, the result of this division should be doubled. 
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498. If the bar, instead of extending indefinitely in the 
direction of the positive values of 2, is terminated at a point B, 
situated beyond the extent ofthe primitive agitation, the sound, 
after having reached B, Will be reflected towards the point 
c; and there will be an echo at this point B, whether it be sup- 
posed to be fixed, or entirely free. 

Tf the distance cz, which will be greater than a, be de- 
noted by c, and if B is a fixed point, we must have always 
v= 0, when a=c. Now, this condition can be satisfied by 
substituting for formulz (2) the following, 


vad fle $ at) +f@—al) — }f(2e—2—at) 
+5 F(a + at) — SF (eat) +5%(2c—2—al), 


$= p fle bat) — 5. f(e at) — jah (2e~2—at) 
+4r(e+al) +3 4r(x—at) +} F(2c—x—al), 
which expressions continue to represent the initial state of the 
bar; and the value of u which may be obtained by means of 
the equations 
du du 
an” Gaz 
still continues to satisfy equation (1). 

In fact, a8 the variable x cannot be greater than ¢ for any 
point of the bar, and as ¢ surpasses a, we have 2e—a>a, 
and, consequently, f(2e — x) = 0 and F(2c — x) = 0; hence 
there results v= jx and s= Fa, when ¢=0. And since 
c> a, we have also f(c + at) = 0 and F(e + at) = 03 conse- 
quently, we have v = 0 when x = whatever be the value of ¢. 
Finally, we have identically S = as and the value of u(q), the 
complete differential of which is vdé + sdz, will be the sum of 
a function of « — at and of a function of 2 + et, which will, 
consequently, satisfy equation (1). This being established, 
for a point w such that a> a, the quantities /(« + aé) and 
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F (x +-at) will be cipher, and the preceding values of v and s 
will be reduced to 
yo wy 


veuv+n, SS ata? 


by making, for conciseness, 


3 (w — at) ~ Fr (@~ at) = vw; 


sPQe— a —at)—3f(2Qce—x—at) =v. 


The quantity v’ ceases to be cipher when at > x—a3 it be- 
comes so again for at =x + a; the time continuing to in- 
crease, v, ceases to be cipher for at = 2c —x—a, and will 
become so again for af = 2c — x + a; hence it follows that 
the point will experience two agitations separated the one 


from the other by an interval of time equal to ——-——. ee ot a 


The first will be the direct, and the second the aes sound; 
the intensity of each of them will be the same, and they will 
be propagated with the same velocity @; and as, agreeably to 
the direction of the propagation, the one corresponds to v’, and 
the other to — 2, it is evident that the same relation exists, 
for each of them, between the proper velocity of the point m, 
and the positive or negative dilatation with whieh it is aceom- 
panied. The same results are obtained when the point 8 is 
supposed to be entirely free, in which case we must have 
constantly s = 0 for =e. 

These laws of the propagation or reflexion of sound in a 
solid bar, obtain equally in the case of air contained in a very 
narrow, cylindrical, or prismatic canal. Those of the longi- 
tudinal vibrations of an elastic rod, which have been explained 
in No. 495, are likewise applicable to the vibrations of air 
contained in a tube of a given length, open or closed at its 
extremities, that is to say, to the sounds of flutes, in which, 
however, we should always except the modifications which 
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may ariseat the embouchure. For further details on this sub- 
ject, the reader is referred to the author’s memoir on the Motion 
of Elastic Fluids in Cylindrical Tubes, and on the Theory of 
Wind Instruments, in the.second volume of the Memoires of 
the Academy of Sciences. 


III. Longitudinal Impact of Llastic Rods. 


499. The formule of 495 are applicable to the impact of 
two or more elastic rods, consisting of the same materials, and 
having the same normal section, in which also the mean fila- 

‘ments move in the same right line. For this purpose, they 
can be considered as constituting, during the entire continu- 
ance of the contact of these bodies, one elastic, cylindrical, 
or prismatic rod, the state of which being variable from one 
instant to another, can be determined by these formulw 
throughout its entire length, except for an extent of insensible 
magnitude, on each side of the points of junction. 

In fact, if only two rods whose mean filaments are az 
and Fx (fig. 26) be considered, then when, in consequence 
of the differences of their velocities, they approach each other, 
eF the distance of their extremities r and Fr will become in- 
sensible, and will no longer exceed the radius of activity of the 
molecular forces, so that the extreme molecules of one of the 
two rods will commence to act on those of the other, and con- 
versely; this mutual action will subsist, with varying inten- 
sity, “as long as the distance rr is less than the radius of 
activity ; the total foree may be repulsive or attractive, and it 
is in this action at insensible distances, of the extreme points of 
the two bodies, that the phenomenon of the impact really con- 
sists. Now, as the law of molecular action in a function of 
the distance is unknown to us, we cannot determine the value 
of EF in a function of the time, no more than the variations of 
the velocities which the extreme points of the two rods expe- 
rience in virtue of this force; so that if ¢ and fbe points of 
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AE and FB, situated at distances from g and Fr, which are in- 
sensible, and less than the radius of molecular activity, the 
velocities of the material points that belong to the slices 
whose thicknesses are ex and rf, will be unknown during 
the entire continuance of the shock. But beyond e and J, 
and in the entire extent of ae and fs, equation (1) of 
No. 494 will obtain, and the state of these two parts of the 
entire rod will be determined, at any instant whatever, by 
means of the integral of this equation, according as the two’ 
ends R and B are supposed to be fixed or moveable, that is to 
say, by means of the different formule of No. 495, in which it 
is only necessary to substitute suitable values for the arbitrary 
functions gz and ¢’x. 
500. As the molecular forces vary very rapidly with the 
. distance, it follows that the unknown velocities of the extreme 
points of the two rods will also vary, so that at any instant 
whatever, the velocities of the points & and r may differ con- 
siderably from those of the points e and f, although the dis- 
tances eg and fr be insensible. The same will be the case 
with respect to the velocities of the points e and f, compared 
with one another, and determined by means of their initial 
values, for they will be unequal, and may even have different 
signs; but it may be demonstrated as in No. 488, that rv the 
tension, whether positive or negative, must be sensibly the 
same in these points e and 7, otherwise the accelerating force 
of the mass of insensible magnitude, comprised between the 
normal sections in these same points, should become extremely 
great and almost infinite. We shall suppose, that before the 
impact, each of the two rods is actuated by the same velocity 
throughout its entire extent; in this state, T the tension will 
be cipher for all the points of the two moveables; therefore at 
the commencement of the impact, that is to say, when the dis- 
tance Er is equal to the radius of molecular activity, we 
shall have r= 0 at the points e and f, as in all others. 
The tension, which is always equal for these two extreme 


LONGITUDINAL IMPACT OF ELASTIC RODS. 271 


points, will then cease to be cipher; and it will appear, by a 
determination of its value, that it becomes again cipher after a 
certain interval of time. Now, if at this epoch, the velocities 
of the points e and fare such that the two rods may separate, 
that is to say, if the rods move with these velocities in oppo- 
site directions, or if when they move in the same direction, the 
velocity of that which precedes is the greater, the two rods 
must, in point of fact, separate, and the impact will terminate. 
But if, at the epoch in question, the velocities of e and f do 
not satisfy one of these two conditions, the impact will, so to . 
speak, recommence; and the tension, which at the points e and 
J is equal, will reappear; it will become cipher again at the 
end of a new interval of time; and so on, it will continue to 
move in this manner, so that the two rods will not separate, 
but will vibrate as a single rod, whose length is an. 

Thus, the condition which is necessary and sufficient in 
order that the impact may terminate, and that one of the two 
rods may separate from the other, is the concurrence of these 
two circumstances: Ist, it is necessary that the tension should 
be cipher at the points e and f, in order that the two rods may 
not press the one against the other; 2ndly, it is also neces- 
sary that, at the same time, the rods should move in opposite 
directions, or, if they move in the same direction, the velocity 
of the point which precedes should be the greater. 

With respect to the two extremities a and B, we shall sup- 
pose, first, that each of them is entirely free, and secondly, 
that only one is free and the other fixed. 

501. Let az and Fs, the lengths of the two rods, be de- 
noted by ¢ and c’, and the entire distance aB by J, so that, the 
insensible distance EF being neglected, ¢ + c’ may be equal to 
2 during the entire continuance of the impact. Let m be any 
point whatever belonging either to az or FB ; and immediately : 
before the impact, let denote the distance of the point m 
from a fixed point taken on the line as, which will be the po- 
sition of the point a at this instant. Let x + x be the distance 
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of the same point m from this fixed-point, at the end of the 
time 4, reckoned.from this ‘epech ; we shall have 


&u Pu 


we = ae Q) 
a being a constant qnantity, which denotes the velocity of the 
propagation of sound in that description of matter of which the 
rods are formed (No, 497). 
At the same time, v the velocity of the point m, and 7 the 
tension at this point, which may be either positive or negative, 
will be respectively expressed as follows, 


q denoting a given constant. The dilatation which accom- 
panies the velocity »v may be deduced from 7, and will have 


for its value u vT. 
q 


These three equations will obtain for all values of x, from 
x= 0 to x = d, except those which belong to points situated 
between e and f, and which consequently differ from c by an 
insensible quantity either more or less. 

502. In the case of ¢ = 0, we shall have x = 0 throughout 
the entire extent of aB ; consequently, the term depending on 
gz should be suppressed in the formule of 495. We shall first 
examine the case in which the two extremities a and B are 
entirely free. 

Let & be the velocity common to all the points of az, at 
the instant when the impact commences, which velocity we 
shall suppose to be positive, or directed from 4 to B. In like 
manner, let h’ denote the velocity of the points of FB, at the 
same instant, which will be positive or negative, according as 
the two rods move in the same or opposite directions. These 
constant quantities h and A’ will be given, and their difference 
h—h' must bea positive quantity, in order that the shock may 
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have place. In the expression of u relative to the third case 
of No. 495, o’x should be assumed equal to h, from = 0 to 
a value of a ever so little Jess than #, and equal to A’, from a 
value of x ever so little greater than c, to x = J, or, what is 
nearly the same thing, z=e-+ ce’. We shall then have, 
without any appreciable error(), 


¢ g' ada! = he + h’c’, 
Zt, 1. tre Z . tre | 
(ee ‘xz’ cos Twa a, 4B) sin—- ; 


Rial 
and, since gz’ = 0, the expression for u will become 


= tet 28 an Sl. tre tne. tnat | 
w= (he + Wel) +. (hi Wi) B 3sin —- cos 7 sin 


in which the sum & extends to all integer and positive values 
of ¢, from 7 = 1, tod = x. 
Therefore, in this first case, we shall have(r) 
. ime ine  imat } 


1 2 1 
v= zie +he)+ pt RYE sin—- cos~j-cos—-—, 


_ 29 ngl yin imat 
TH 7, (h— W’) B= sin 5- cos ra | 


(2) 





and if m and m/ denote the masses of the two rods, which are 
respectively proportional to their lengths ¢ and ¢’, the first 
term of this value of » is ibe the velocity of their centre 
M+ mM 

of gravity. If the two velocities A and A’ are equal and af- 
fected with the same sign, we shall have constantly v = h 
and T = 0; and, in fact, the two rods move the one after the 
other, with a common velocity, and without compressing each 
other, 

The periodic and convergent series that these formule 
contain, are comprised among those of which the sums may 
be exactly determined. For all given values of x and ¢, these 
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sums may, without difficulty, be deduced from the known 
formula 


-40xsindrs} jsn26'4 Jsin30— ysin40+&c, (3) 
in which 0 is a variable contained between the limits = 7 
exclusively. Consequently; the values of the velocity » and 
of the tension 1, 4nay be calculated at each instant, and for 
every point of ae and Bf; and this is, in fact, the complete 
solution of the problem. 

There are several ways of arriving at formula (3). For 
example, it may be obtained by differentiating equation (8) 
of No, 326, with respect to x, x” being previously substituted 
for px; this gives 

“= ~} 2((j2teos 2. a) sin 3 
an equation which obtains for all values of x less than d, and 
in which the sum & extends to all values of the integer num- 
ber 7, from i=: 1toi=. We shall have, by performing 
the integration in the usual manner, 

tg trae inde! _ 2r 
ee C08 SS — C08 tr 5 


consequently, we shall have 


Te cosin . tmx 


yee 27 -sin 7-3 
a result which coincides with equation (3), by making (s) 
> =% 


503, In virtue of the second equation (2), the variable T 
is cipher, not only when ¢=0, but also when ¢ is any mul- 
tiple whatever of £, it is also cipher, whatever be the value 

a 
of ¢, at the two extremities a and B, in which case we have 
e=O0anda=l. 

Ifé is cipher, or an even multiple of Us the first equation 

a 


(2) gives (é) 
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= ; (he +Fc’} 
1 t . = 7 . f 
+ 2G W) [sy sink Hg gain EN], 


or, what comes to the same thing, because e+e'= 1, and 
cos im = (—1), * 


ox} (he + hie’) 





la 

1 ‘aay z . , Ul (cl i + ( 
—=(h nfs! Ysin ZC ,. sf Mein se 
Now, if in formula (3) we take ren for 9, there will 
result : 
(—1)}' . in(e’—2)_ x (— 2) 
ae ee 


If aZc, that is to say, if the point m appertains to ae, we 


il ss *) which will 





may likewise assume for @ the quantity 


be less than +; hence we shall have 


(=), te(’ta)_ _ ale’+2), 
2 or? 





in consequence of these values, equation (4) will be reduced 
tov=h. If, on the contrary, the point m appertains to fs, 
we shall have «>e and 21+ ¢’—aZ1; we can therefore 


take 
_m7(2l—ec'—2) 
O= OS 
and since 


. , y os ig ps 
ihe 2) =—sin™ (21 ; € t) 


sin 
formula (3) will give 


2D jn BO +2) a (Qh 4). 
a 2é 
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by means of this value, and of, that of sil a jn 2), (c’=2) 


equation (4) will be reduced tov= hu). 

Therefore, A and h’ the initial velocities of ae and fs, the 
two parts of the entire rod, are by this means verified. More- 
over, it appears that they obtain not.only when ¢ = 0, but 


: A A : L * 
likewise whenever ¢ is an even multiple of —; and since at 


these epochs, T is cipher for the entire rod, it follows that for 
all these values of ¢, the two parts of the rod will be in the 
same state as at the commencement of the impact. ‘ 

It should be remarked, that the first equation (2) fails, when 
it is applied to the initial velocity of the point £; for if ¢ is 
supposed equal to cipher, when 2 is exactly equal to c, there 
will result, 


She + We) + 24H) 3) sin in SE, 
But, by equation (3), we have(v) 
(-1)' .. iwe me. 
2 sin = — 5 


consequently, we shall have v=’, which will not be true 
except when h = h’, in which case the state of the part cor- 
responding to ¢E cannot differ from the rest of the rod. But 
it was already stated that, in the general case, this part, and 
that which belongs to Ef, are not comprised in the equations 
of motion. 


If ¢ is an odd multiple ore a the first ea (2) gives at 


ae 


(he + hic’) : 7 





=7( 
1 ah oem? ag —ly, 2 
+ 7 A h’) [so ; ) sin < 2), sf » sin az ce 2; 


Now it appears, by comparing this value of v with for- 
mula (4), that the one may be obtained from the other by 
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merely changing the letters A and h’, ¢ and ec’; hence it fol- 
‘lows, without amy new calculation, that when ¢ is an odd 


multiple of 7 the points which belong to a value of x less 


than c’, will be actuated with the velocity of 2’, and those 
which refer to >c, with the velocity h; that is to say, if c 
is a peint so situated, that ac = ¢’ and GB = ¢, andifgandg’ 
be assumed at insensible distances on each side of a, the part 
ag will move with the velocity h’, and the part g’s with the 
velocity h. 

504. It results from this discussion, that if ¢ = ¢’, the part 
ae will be actuated with the velocity 4’ at the end of ¢ a por- 


tion of time equal to 4 and the part fs, with the velocity 4 


at the end of the same time; and as at this instant, 7 the ten- 
sion is every where equal to cipher, and since, by hypothesis, 
we have h> X’, it follows, that the rods will separate from 
each other (No, 500) ; so that, in this case, the duration of the 


impact will be!, and the two moveables being perfectly elastic 
a 


and equal in mass, will, after the impact, exchange the veloci- 
ties which they had before the impact. 

Conversely, if the lengths ¢ and c’are different, the impact 
will not terminate, and the two elastic rods cannot separate ; for 
the epochs at which the tension is cipher will always coincide 
with those in which the two extremities & and ¥, or more ac- 
curately, the two points e and f; have acommon velocity equal 
either to hor’. But if c’ >, in which case the point ¢ will 
belong to/s, and if the elastic rod be supposed to be cut in this 
point, so that the part rB may itself be supposed to consist of 
two parts Fc and GB, which are actuated by the same velocity 
kh’ before the impact, the part cB will separate from Fe at the 


‘ . U 5 
end of ¢, a portion of time =F: In fact, at this instant, the 


tension 7 will be cipher, and 2 and A’ the velocities of the points 
g and g’ will be such, that the parts ac and GB may separate 
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from one another. After the impact, the duration of which 
will be equal to ay as in the case of = c, the part cB will 
a 


move with the velocity A, and the parts az and rc, with the 
common velocity h’. The same thing will also obtain, if the 
three parts aE, FG, GB, were themselves cut and divided into 
other portions either equal or unequal, provided that before the 
impact, all the portions of aE had the same velocity A, and all 
the portions of rc and GB acommon velocity h’. Thus, for 
example, if we suppose that a prismatic or cylindrical ho- 
mogeneous rod is cut into m+n’ equal parts; and if the 
n first parts actuated with the velocity A, impinge on the 
series of the x’ other parts, supposed to be at rest before this 
percussion, then if # surpasses ’, no part will separate, 
and they will be all transferred in the direction of the impact 
by oscillating in this direction, and producing a sound cor- 
responding to the entire length of the rod, supposed to be 
free at its two extremities; but if x’>, a number n of the 
anterior parts will be detached from the others, which will 
move with a common velocity equal to A, and the n’ other 
parts will remain at rest and in juxta position, This result, 
which may by analogy be applied to a series of spheres, is 
applicable to the phenomenon discussed in No. 363. 

505. Let us now consider the case in which the point a is 
fixed, and let us suppose that before the impact, the part az is 
at rest, and that all the points of the part rp are actuated by 
a common velocity, the direction of which we shall suppose 
to be negative, and denoted by —&. It is necessary then to 
employ the expression for w relative to the second case of No. 
495, in which we shall make g’z = 0, from = 0 to x =e, 
and ge = —hkfromz=ctor=e4ec’=l. Since gu = 0, 
for all valucs of x, there will result (y) 


Blk 1 (BR-1) (221). (2i—L rat 
PE @—iyp cos oT we SUL o7 sui oy] > 





tam 


LONGITUDINAL IMPACT OF ELASTIC RODS. 279 
hence we obtain 


44. 1 = (2i— Dre. (2 Vrx (28 1)xat 














os PT any] a a” ' 
ra My 1 (2 Nme, Bi Vw. (2i—L)rat @) 
a 21° gy OS ay 2a 


in these formulz, the series are such, that the sums may be de- 
termined, consequently, the velocity and tension may be exactly 
obtained at cach instant for any given point of ae, or fs. We 
shall employ, for this purpose, the known formula(z) 


$= cos 0 ~ }cos 38 + }eos50-+ &e., (6) 


which obtains for all values of 8 comprised between -+ = exe 


clusively, and which may, for example, be deduced from fore 
mula (7) of No. 326, by substituting x for gx, then differ 
oe the result with respect to x, and finally making 


ST = 
506. In virtue of the second equation (5), 7 the tension 


is nothing in all points of the two rods, when ¢ is cipheror any 


odd multiple whatever of a 


If ¢ is cipher, or an even multiple of ae the first equation 
a 


(5) gives 


_ 2h 1. (2i-Dr(e+e) « (2¢—1)r(a—c) 
v= ~[255-si0 + sin. 3] ‘| 





20 


or, what comes to the same thing, because ¢ + ¢’= J and 
sin Ci De = whan — (- l(a), 
2 
v= [al y(-D' , os CE=D laa e} 7 
a7-1 ° 2¢ | i 
(=, os Gir are) [ *) 
; J 


1° 24 





= 
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Now, it appears from the initial state of the two rods, 
that this formula, must in the case of t¢='0, be reduced to 


v =0, for a Zc, and to v= —h for « >c; which it is easy 
at once to verify. 
By taking reo“) equal to 6 in equation 6), there results 
= Qi-l)r@-ec)_ or 
25I1 cos ee =-7 


We may also assume sete) for 6, when a Zc, this gives 


(=)! (G1 e(ete) or 
2 TT 8 -4 


and these formule, in fact, reduce equation (7) to v= 0. 
When x > ¢, we shall also have 2)—x—c' Zl; therefore, by 


assuming 
= (2l—2—c’) 
ae) aa 
and observing that (b’) 


os CEN) mete’) (2i-1) 2 (2l—-27—c) 
a aaa ae 08 


formula (6) will give 


(<1) (5 (iN w+) _ 
2 rT 08 Ql =73 





1yé 
by means of which, and of the preceding value of 25 = cos 


zor | - 
Cer ene) equation (7) will be reduced to » = — &, 


as we know it should. When ¢ is an odd multiple of 
et » the value of v, furnished by the first equation (5), is equal 
a 

and of a contrary sign to that which obtains when ¢ is cipher, 


or an even multiple of oly it follows, therefore, that at the end 
a 
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of a portion of time equal to ae the velocities of cach of the 
points of ac are cipher, and each of the points of fx is actuated 
by a velocity which is positive and equal tok; and as at this 
instaut T the tension is throughout equal to cipher, it follows 
that the rod rs will be detached from the rod AE, and it will 
be reflected back with a velocity equal and contrary to that 
which it had before the impact. 

Thus, the impact of the rod FB against the rod az, which 
presses at a against a fixed obstacle, will continue for a portion 


of time equal to 26 this accords with what has been stated 
a 


in No. 362, relative to the reflexion of a perfectly elastic body. 
It may be also remarked that at the middle of the impact, that 


is to say, at the end of a portion of time equal to ‘, we shall 


have v = 0, by the first equation (5), for all values of x; s0 
that at this instant, the impinging rod rn will have lost all 
its velocity, and likewise the rod az will not haye acquired 
any motion. At the same instant, we shall have, in virtue of 
the second equation (5), 





2k (1 Qi 1) e(@—0) 
re yp 7 





(ED G1) mw 4.097, 
+27 Os a |; 


hence by the same process as in the case of equation (7), we infer 


Rk 
t=— e or t= 0, according as 2 Z ¢ ora>c. Therefore, 


at the middle of the impact, the tension is cipher throughout 
the entire extent of the impinging rod; but the struck rod is 
uniformly condensed ; and it is the pressure which it exercises 
in the direction ar, or from within outwards, that causes the 
striking rod to rebound. 


woror ,. oe 


282 ON THE INTEGRALS OF EQUATIONS 


IV. Digression on the Integrals of Equations of partial 
Differences. 


507. With respect to equations of partial differences, those 
of an order higher than the first are not integrable, except in 
very few cases, under a finite form, even when the equations 
are linear. ‘Therefore in order to solve those problems which 
lead to such equations, we are, for the most part, obliged to 
recur to their integrals expressed in series; and it is then ne- 
cessary that we should be assured, in cach case, that the series 
employed has all the generality that is suitable to the given 
equation of partial differences, and that it contains a sufficient 
number of arbitrary functions to enable us to express the com- 
plete integral of this equation. Now, there is no general rule 
on this subject: this number may be less than that which in- 
dicates the order of the given equation, or of the highest partial 
differences that it contains; it changes with the quantity ac- 
cording to the powers of which the series is expanded; and it 
may even occur that all the arbitrary functions disappear, and 
that the series only contains an infinite number of arbitrary 
constants, while at the same time it docs not ecase to express 
the complete integral. It is these various circumstances 
which we now proceed to examine, first in general, and after- 
wards more particularly, m what respects those linear equations 
to which we are led in the greater number of mechanical and 
physical problems. 

608. Let « be a function of any number whatever of inde- 
pendent variables such as ¢, #, y, =, &e. Let us suppose that 
this function satisfies 1. = 0, a given equation of partial diffe- 
rences. Whatever may be the value of #, it can be always 





conceived to be developed into a scries arranged according to 
the powers of one of the variables ¢,.°, y, 2, &e., or more gene- 
rally, of another quantity @ depending on one or more of these 


variables. Let, therefore, 
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w= vO + QO? + a + &e; (a} 


a By ys &e., P,Q, k, &e., being indeterminate exponents and 
coefficients. If this value of « be substituted in the equation 
= 0, and if L be then developed according to the powers of 
0, and the coefficients of all the terms of this development be 
put separately equal to cipher, there will result a series of 
equations, each of which will contain one independent variable 
loss than L = 0 (a); and if the most general values of a, Bs 5 
Xe, rp, a, n, &e., which can satisfy this equation were ob- 
tained, series (a) would be also the most general value of 
which will satisfy the equation 1 = 0. Thus according to the 
quantity 6 that shall have been selected, these expressions of 
w in a series will be different, but all of them will be, under 
equivalent forms, the complete integral of L = 0; so that if 
this integral can be expressed in a finite form, cach of these 
series will he a different development of it, and may always be de- 
dueed from it, However, when we have succeeded, by means 
of the other conditions of the problem which will have con- 
dueted us to L = 0, in determining all the arbitrary quantities 
which are contained in series (a), it is necessary that it should 
he eonvergent, in order that we may be able to make use of it ; 
and if it becomes divergent for these values of 8, this quantity 
should be changed, and the series (a) replaced by another, 
arranged according to the powers of a different variable. 

This being established, if there be assumed for 1 = 0, 
linear equations of different orders, it+is evident that the co- 
efficients Pp, a, nr, &e., determined in the most general manner, 
may, notwithstanding, contain unequal numbers of arbitrary 
functions, according as the scries (a) is arranged with respcet to 
the powers of such or such a variable @; and it is likewise 
evident, as has been stated above, that a case may occur in 
which all the arbitrary functions would disappear from this 
series, which would then only contain an infinite number of 
arbitrary constants, and which, notavithstanding, will be also 
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the complete integral of the equation 1 = 0. The charac- 
teristic property of this singular form of the complete integral, 
without any arbitrary function, of a linear equation of partial 
differences, consists in this, that all the terms of the series 
which represents it, may be determined, independently the 
one of the other, and thus satisfy separately the given equa- 
tion, so that the general value of x is the sum of an infinite 
number of particular values of this function. > 

509. Let there be taken, for example, the very simple 
linear equation of partial differences of the second order, 

2, 

_ © 
in which a is a given constant quantity. If the value of w be 
developed according to the powers of ¢, there results for the 
most general series which satisfies this equation, 
at un aa et aga , @t ape 


wagetToetiggrtigga ts © 


in which ga is an arbitrary function. Under this form, the 
complete integral of equation (b) requires only one arbitrary 
function, which represents the value of «when ¢= 0. But if 


the general value of « be developed according to the powers of 
2, there results 


= x dt at att 7 
vEUle+ Wo Gat 193.4 eae + eM 4 
3 5 i 
pave 2 d¥t a fy 


T23' adt TT 84. rant 85 5} 


in which y¢ and ¥¢ are arbitrary functions, that express the 


values of « and * when x= 0. Consequently, under this 
ha 


other form, the complete integral of equation (b) contains 
two arbitrary functions. 

These two series can be obtained by the method of inde- 
terminate coefficients and exponents(5), by making, succes- 
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sively, @== ¢, and 0=2x in series (a). They may be also 
deduced from Taylor’s theorem, for by this theorem, we have 


« _ t-— 


( 
= vf HE . 
“% =U +(t—a) v4 wtp Coy + &e.; 
in which we suppose that a denotes a particular value of ¢, | 
and that for this value 
—T du a au a @u Wr. 
uxt, Gane ap =e" Wn &e. 
Now, by means of equation (b) and its successive diffe. 


rentials with respect to ¢, we obtain 


abu alu’ ad'u adv" _ a’d’u 
Urey, Usa =, Oe == &e, 
dx?’ da? dat? “da? “dx? 


The quantity v will therefore alone remain arbitrary, and we 
shall have 


Rae iH 
wsuta(t—a) Fe 4 oes e 522 a = + &e.; 
which will coincide with series (c), if the constant a be made 
equal to cipher, that is to say, when the series is developed 
according to the powers of ¢, and vu is made equal to gz. 
Series (d) may be obtained in a similar manner(c). These 
two scries (c) and (d) may also be transformed, the one into the 


other; in fact, if ¢z be developed according to the powers of 
x, so that 

apa Ex? Fa? 

psa t HTS stiaatiaaatT PR yaaa 
in whicha, B, C,D, E, F, &c., denote arbitrary constants, we have 


2 3 


Poa Bat, Fe 

“dat HOF PEt Tot Ta gt ke. 
Tis oa 

Co SetErthe.; 


&e.; 


286 ON THE INTEGRALS OF EQUATIONS 
by means of which, series (c) will become 


my.) : 
w= teat + HE + &e. 


+ (B +. Dat +S + &e.) x 


a 
+ (c+ bat + &e.) 5 


a 


+ (v + Fat + &c.) Tas 
+ &e. 


Now, if we make 
Ea’t? 
ia + &e. = yf, 


A+ cat + 5) 





22 f2 
B+ pat + “ + &e. = Vt, 


yt and ¥é will be arbitrary functions independent of cach 
other ; we can obtain from thence 

due 

adt’ 

D+ rat 4 &e. = aye 


adt” 
&e.s 


c+ xat + &e= 


and thus it appears, that the preceding value of wu will coin- 
cide with series (d). This series (d) may(d) be in a similar’ 
way transformed into series (¢). 

510. Now, if as usual, the base of the Naperian system of 
logarithms be denoted by e, and if we assume @ = e*, series 
(a) will become 


um vey + ge” + rev + &e.; 


_ the coefiicients Pr, qa, n, &e., will be functions of ¢, and the ex- 


ponents a; 3, y, &c., will be constant quantities. Therefore, 
we shall have 
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du dv dq dr 
= yar pr oi 
de da tae” tae tke 


Pu 

dx* 
If these values be substituted in equation (b), and if the 

coefficients of the similar terms in the two members be then‘ 


= a’re + Bae + y’ne™ + &e. 


put equal, there will result 


dp 
dt 





dn 
a ayn, &e.; 


= aa’P, = = apa, 
consequently, the exponents will remain arbitrary, and we 
shall have(e) 

p=ac"*, Qope#, race, &e., 
in which a, B,c, &c., denote arbitrary constants. Hence we 
shall obtain 

u = aettest 4. RetMteht 4. content 4. &e., (e) 
for the complete integral of equation (b), arranged according 
to the powers of the exponential e*; which series is also the 
development of this integral, arranged according to the powers 
of ¢. Now, it is evident, that this series (ec) does not contain 
explicitly any arbitrary function; but that it only comprehends 
two infinite series of arbitrary constants, namely, a, B,c, &e., 
a, 8, y, &e., and that cach of its terms separately satisfies 
equation (b). 

If this expression of « be developed according to the powers 

of ¢, we obtain 


w= Ae™ + Be + cor 4 &e. 
+ (aa’e* + BB?e + cy?e* + &e.) at 
+ (Aate* + Bie 4 cyte + &e.) “ 
+ &e.; 
and if we make 
aew + pe 4+. cer + &e. = pas 


ge will be an arbitrary function, and we shall have 
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Pox 
A@er + BBE + oye + &.= aes ; 

dpa 
sate + BBte® + cyte + &e. = a 


&e. ; é 

and series (a) will coincide with series (c). In the same 
manner we may make series (e) to coincide with series (d), 
by developing the first according to the powers of 2; in order 
to render it comparable with the second. 

511. Each of the two series (c) and (e) may be expressed 
under a finite form, by means of the same definite integral. 
In the first place, we have evidently(/) 


) ° e~* w" dw = 0, 
2 


n being any positive integral number whatever. 
Likewise, let 
2) 
fe x e"'dw =h; 
then ify denotes an arbitrary constant, and ifw Vg and ¥gdwu 


be substituted for w and dw, the limits of this integral will not 
be changed, and we shall have 


2 : h 
ee 90" dy = Vo 
hence we obtain, by differentiating n times in succession, with 
respect to g, and then making g = 1(g), e 
De om 7 _ 13.5.0 22-1 
‘3 ow? @ dw = aa k 


By means of these values, formula (c) may be written as 
follows(#) : 





dgz | 4w* 4uPat Poa 
dz +12 a 


Beat Vat dpe, bata’ Pe dh gx on 
123 de + T2304 ae +80) ¢ dws 





Il¢ x — 
uaz l (tet 2oV at. 


OF PARTIAL DIFFERENCES, 289 


“and, by Taylor's theorem, this may be reduced to 


u= 5, eo (4 + 2w Vat) dw. (f) 


Whatever be the value of the constant a, the limits of the 
integral { % e~*dw will not be changed, by substituting 
—D 


ese Yat in place of w; consequently, we shall have 


2 a 
iy a E8200 at — atat da k; 
hence there results 


eotat if . e-" e2wa Vl yy, 


The other exponentials which occur in series (e), may be 
expressed in the same manner, so that it will by this means 
become 


1( x» = = = 
uae [ner Pte D4 yeh420VI certri2eV 4 Ro, le-*dw. 
2% 


Now, if we make as above, 


acv + Be" + cer + Ke. = gx, 


e 
we shall have, at the same time, 
AECL VM 4 peAet WV) 4 Cero WV) 4 &e, 
= p(a + 2wV at, 
by means of which the preeeding value of ~ coincides with 
formula (f). 

This equation (f) is the integral, under a finite form, of 
equation (b); it only contains, as appears, one arbitrary func- 
tion, which can be determined at once by means of the value 
of w relative to ¢= 0. However, this form of the integral 
implies, that this value of «, which will be that of gx, in- 
creases with the variable in a less ratio than e*, and that 
the product e—"gr vanishes for « = + », otherwise, the 
quantity comprised under the sign § would increase indefi- 

VOL. IL. 2r- 
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nitely with w, for all values of ¢ different from zero, and the 
definite integral, the limits of which are w = + x, would 
have generally an infinite value, which is inadmissible. 


If we make 


doe = Por 


=e, er = o'r, 
we may deduce from equation (f), 
du a x 6 —. wile 
an ae eo! (uv + 2wV at) 5 Vai? 
Pui_a aa = 
assaf * see og” («+ Qu V at) dw; 


if these equations arc integrated by parts, and if the product 
of e~** and @’ (« + 2w Yat) vanishes at the two limits, there 
results(?) 


2% “ih — wdw » ie = 
‘ae eo! (w@ +20 Vay nah e—°"p"(@ + 2a V at)dw} 
di 
from which it appears that the value of GT coincides with that 


adu 
of Te 


Series (d) would also lead us to an integral under a finite 


» and, consequently, it satisfies equation (b). 


form of this equation, but it would not be so simple as formula 
(f), and would contain two arbitrary constants. 

512. The known value of the quantity 2, which occurs in the 
preceding formule is Va. It may be obtained, by employing 
successively two different variables under the sign §, so that 
since 


» 2» 
k= { ede, kxa ) eF dy; 
x —x 


we have 


xz 7% a uu 
= ae ede {_ s, ew dy = {e - {_ gt Mak drdy, 


because the two variables # and y are independent of each 
other. If, therefore, we make 
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e+ Par, e*-v=e, 


> » ex 
BS (See 


and if @, y, 2, be considered as the coordinates of a surface, 4? 
will be the volume terminated by this surface of revolution, 
and extended indefinitely about its axis of figure, which will 
be the axis of the ordinates z. Now, the value of this volume 
may be obtained by decomposing it into an infinite number of 
cylindrical slices, whose common axis will be this line. The 
volume of one of these infinitely slender slices, the radii of the 
interior and exterior surfaces of which are 7 and r + dr, will 
be equal to the product of its base 2xrdr multiplied by its 
height z or e~"; consequently, the entire volume may be evi- 
dently obtained by integrating from r= 0 to r= 2; hence 
we shall have(k) 


there will result 


. eee 
= anf oe rdr = tr, 


and & = Wz, which it was proposed to establish. 
If pc = cose, and if a? be substituted in place of af in 
equation (c), then we shall have 


4 aé 


a a 
ux (1 7 + {37 12.3 + &e.) cos x, 





or, what comes to the same thing, 
uw =e COS ee 


Equation (f) becomes, at the same time, 
I x a 
u= Al _ &* cos (x + 2aw) dw ; 
Vard—% 
but we have evidently 
x é x < 
) ~~ cos 2awdw = 2( 9 © 08 Zawdu, 
rae 


x 
( e- sin 2 awdw = 0; 
Tsk 
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"hence there results(Z) 
2cosx 
Va 
and by putting this value equal to onc of the preeeding, we 
obtain(m) 





D 
§ 7 e—" cos 2awdw, 


2» 
§ e-** cos 2awdw = —_™ eo, 
0 “2 


As we can assign an imaginary value to the constant a 


in this equation, if a —1 be substituted for a, we shall 
have(n) 


ve e—* (eae 4. e200) day = V we". 


It is frequently necessary to employ these formule, which 
here naturally present themselves to our consideration ; how- 
ever, they may also be obtained hy other means. 

513. The equations of partial differences to which we are 
led in the greater number of physical and mechanical pro- 
blems, are linear relatively to the unknown x, of the first or 
second order with respect to the time, and generally, it con- 
tains four independent variables, of which u is a function, to 
wit, the time, which is denoted by ¢, and 2, y, z, the three co- 
ordinates of any point whatever of the system in question. If 
the last term which is independent of u, and which can be 
always made to disappear, be excepted, they do not contain this 
variable ¢ explicitly, that is to say, in these equations, the co- 
efficients are only functions of a, y, 2. Now, if p= 0 is one 
of these equations, without the last term, and if we assume 
=e, series (a) will become 

ux Pe“ + ge + rev + &e.; (g) 
and if in 1, this series (g) be substituted in place of x, it is 
easy to perceive, that there will result 
iat (Ma?-pNa-bo Je"-(M' BEN P-L 0' Je Pry bN ‘yto" Jer 

&e., 
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in which mM, N, 0 are quantities that only contain the un- 
knownr. m’‘, N’, o/ may be deduced from these by substituting 
Q in place of p, and then ", x", o”, by the substitution of r 
in place of a, and soon. All the quantities m, w’, m”, &e., 
will be cipher, when the equation L— 0, is only of the first 
order with respect to é. In all cases, this given equation L = 0 
will be decomposable into the following (@), 


Ma? + Na +0= 0, 
w+ y/B +0’ = 0, 
wy? + n'y + oO” = 0, 


(h) 
&e. 


Consequently, the exponents a, 3, y, &c., will be arbitrary 
constants , the coefficients P,Q, Rr, &c., may be determined in- 
dependently the one of the other, by means of these equations 
(h), which are all similar; and all the terms of series (g), that 
is to say, of the complete integral of the equation L = 0, ar- 
ranged according to the powers of the exponential e’, will be 
particular integrals of this same equation. 

Equations (h) will be, like L = 0, linear relative to the 
unknown which each of them contains. If 1 contains only 
one of the three variables 2, y, z, they will be simply differen- 
tial equations; and then series (g) will only contain arbitrary 
constants, to wit, a, 8, y, &c., and the constants which will be 
introduced by the integration of equations (h). When they 
are equations of partial differences, they may be frequently 
treated as the equation L = 0, and their complete integrals can 
be expressed in series of particular integrals. 

514. Serics (g) may be made to assume another form, by 
changing the exponentials into sines and cosines. In fact, if 
Ay Gv, &e., be other arbitrary constants, and p, g, 7, &e.s 
ps45e’, &e., other unknown quantities, then if in this series 
ENVY OT, eV 1, byW—1, &e, be substituted in 
place of a, 3, y, &c.. and if rp, a, x, &e., be replaced by 
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PLP Ya ae v 
gt g Vo) av — 45% 


tain, by as he sum of the values of «, which correspond 
to the two signs of Y—1 (p) 


cea es 1, &e.; we shall ob- 


= pcosrkt+ qeosut + rcosvt + &e. 7 
+ p’sindé + q’sinué + 7’sin vé + &e. i (i) 


In order that the integral of 1 = 0, which can be ex- 
pressed either by this last formula or by series (g), may be as 
general as possible, it is requisite that the constants A, p, », 
&c., and also a, 8, y, &c., may be real or imaginary ; but there 
are problems in which the determinate values of X, 5 v, &c. are 
all real, and others in which none of the values of a, B, -y, &e. 
will be imaginary(q). In the first case, we should employ 
formula (i), and in the second, formula (g); and even when 
equation 1. = 0 is integrable under a finite form, it frequently 
oceurs in mechanical and physical problems, that the expres- 
sion of its integral, by means of one or other of these two 
series, will be better adapted than the integral under a finite 
form, to indicate all the circumstances of the phenomenon in 
question. Questions respecting the small oscillations of the 
points of an clastic body or of a fluid, which is made to deviate 
very little from its state of equilibrium, are those in which it is 
suitable to employ the unknown quantities under the form of 
the series (i). 

When the general values of P, a, R, &e., and consequently 
those of p,q, 7, Ke yp’, 7,7", &e., contain only arbitrary 
constants, formula (i) may be written more briefly in the fol- 
lowing manner, 

u = Speosr\t + Sp’ sinr; 


in which the characteristics & indicate sums that extend to 
all possible values, whether real or imaginary, of A and of the 
other arbitrary constants contained in p and p’. We may, if 
we please, suppose that these values inerease by infinitely 
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smal] degrees, and thus replace the sums & by integrals; but 
there is noadvantage in expressing in this other equivalent form 
the value of w; and it is preferable to retain the preceding. 
515. Independently of the equations of partial differences 
which respect all the points of the system, there are always in 
physical and mechanical problems, other equations which only 
obtain for the extreme points; such are, for example, in the 
problem of the longitudinal vibrations of an elastic rod, the 
equations relative to the two extremities of this rod, when they 
are supposed to be entirely free, or when one or both of them 
are supposed to be fixed. These particular equations will 
enable us, in each case, to determine the values of a part of 
the arbitrary quantitics, which series (g) or series (i) contains ; 
with respect to those values of these quantities, which con- 
tinue still andetermined after taking into account all equations 
of this kind, they will depend on the initial state of the system. 
M. Poisson, in order to obtain their values, always pursued, in 
a great number of different problems, one uniform process, 
which he considered to be applicable to all cases, whether the 
question presents only one unknown, namely w, and leads only 
to one equation L = 0, or whether it is necessary to deter- 
mine several unknown quantities depending on an equal num- 
ber of equations of simultaneous linear partial differences, 
This general process has also the advantage of furnishing, in 
each example, a demonstration of the reality of the constants 
a, 3, y, &e., or of the constants A, pw, v, &e., which depend on 
transcendental equations that are frequently very complicated, 
and the nature of whose roots it will be frequently difficult to 
determine otherwise. The example which will be given in the 
following paragraph of the application of this method, will be 
sufficient to explain it, and to show how it may be employed in 
other problems, ‘The longitudinal vibrations of elastic rods in 
the three cases of No.495, may be determined, without any dif 
ficulty, by means of this method, which will lead us, in the most 
direct manner, to the same formule as in this number. The 
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longitudinal impact of two or more elastic reds, consisting of 
different materials, may be given, as an example of a question 
depending on several equations of partial differences; with 
respect to this question, which has been resolved in the pre- 
ceding paragraph for the particular case of homogeneity, the 
general solution is here suppressed solely on account of the ex- 
treme length of the formule which it involves. 

516. Let the time be supposed to be reckoned from the 
commencement of the motion, and let 


: du 
ux (ts ys 2), am F(z, y, z) 


be the values of the unknown x, and of its differential co- 
efficient with respect to ¢, which correspond to ¢ =: 0; so that 
S (2, yz) and F(a, y,z) may be functions arbitrarily given 
for all values of the coordinates x, y, z, which belong to the 
points of a system whose vibrations are considered. After 
that all the arbitrary quantities which series (i) contains shall 
have been determined by means of the initial state of the sys- 
tem, and when also the particular equations which may have 
place at its extremities are taken into account, it is necessary 
that this series and its differential coefficient, when ¢= 0, 
should coincide with the functions f(a, y, z) and F(a, y, 2) at 
the limits of the system. Hence it is necessary that(r) 


S02) = ptq4+rt &e, | 
F(x, y, 2) = Ap! + ug’ + vr! + &e.; j 


which will furnish a development or transformation of a par- 
ticular kind, for each of the functions f(z, y, z) and F(a, Ys,2)3 
a transformation which will not be identical, and will only 
obtain for values of the variables x, y, z, that are a 
within certain limits. 

Although it is not possible in most cases to demonstrate 
directly the accuracy of these cquations(A), still there can 
exist no doubt on this head. In fact, it is evident from the 


(k) 
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preceding considerations, that series (i) certainly represents 
the complete integral of the equation L = 0, that is to say, the 
most general value which can satisfy this equation. By 
hypothesis, the arbitrary quantities that this series contains, 
can be determined by means of the other conditions of the 
problem which has led us to this equation L = 0; therefore if 
these conditions are not incompatible, and if the problem is 
susceptible of a solution, it is necessary, after this determina- 
tion, that series (i) should express the value of w at any in- 
stant, and at any point whatever of the system; consequently, 
if ¢ = 0 in this series, and in that which is deduced from it 
by the differentiation relative to ¢, they ought to represent the 


initial values of « and bik that is to say, the functions f(a, y, z) 


and F (2, y, z) whatever they may be, but solely for values of 
x, y, 2 comprised within the limits of the system that is con- 
sidered. 

Th the example of the longitudinal motion of an elastic rod, 
series (k) will represent for the entire length of this rod, and 
for the different hypotheses that are made respecting its ex- 
tremities, the two arbitrary functions that have been desig- 
nated ga and ¢’x in No. 495; and these series will coincide 
with the expressions for px and g’x that have been made use 
ofin that number, and which have been already demonstrated. 

517. It follows from what precedes, that in order to ex- 
press in a problem relative to the small vibrations of bodies, 
and also in other physical questions, each unknown quantity, 
by means of series (g) or (i), it is necessary previously to de- 
monstrate that this series represents the most general value of 
the unkapwe that can satisfy the equation of partial diffe- 
rences on which it depends, and then to determine all the 
arbitrary quantities that this series contains, by means of the 
particular data of the problem, which belong to the extremities 
of the system and to its initial state; or what is the same thing, it 
isnecessary to know, 4 priori, asin No, 495, the expressions in 
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serics of the arbitrary initial value of each unknown, all whose 
terms multiplied by the sines or cosines of ares proportional to 
the time, or by exponentials, satisfy separately the given equa- 
tions of partial differences, and the other equations which respect 
the extreme points of the system. Any solution in which the 
generality of series (g) or series (i) that is employed, is not 
demonstrated d priori, or in which it is not verified a posteriori, 
that this series may represent the initial value of each un- 
known, whatever this value may be, in the entire extent of 
the system, including the extreme points, ought to be deemed 
incomplete. It appears from what precedes, that the first me- 
thod will be always applicable ; the second will be only so in 
a small number of particular cases. 


V.. Transversal Vibrations of an Elastic Rod. 


518. Elastic rods are susceptible of four kinds of vibra- 
tions, having corresponding tones, which may coexist im the 
same rod, whose natural state may he cither straight or curved. 
These vibrations are longitudinal, transversal, normal, and 
those produced by torsion. The normal vibrations consist in 
alternate dilatations and condensations of sections of the rod 
perpendicular to its length ; they have not been hitherto de- 
termined by theory. But the three other species have, and 
the relations between the tones which correspond to them, that 
are indicated by analysis, have been confirmed Jong since by 
experiment, and already pointed out by natural philosophers. 
Such is, for example, the curious observation for which we are 
indebted to Chladni, namely, that a rod firmly fixed at one end, 
and free at the other, gives out a tone that.is graver hy a fifth, 
when it is made to vibrate by torsion, than when it vibrates 
longitudinally ; which implies that the tone which is given but 
in the first case is the same as would be heard in the seconf, if 
its length was increased in the ratio of three to two. , Now Mt. 
Poisson has found that this ratio ought to be that uf 410 


oie he 
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result stated by Chladni in round numbers, The reader is re- 
ferred, for more extended developments of this important part 
of mathematical physics, to the author's memoir on the Equi- 
librium and Motion of Elastic Bodies, that has been already 
cited in No. 306, where the vibrations of flexible membranes 
and elastic plates are likewise discussed. In the present treatise 
it will be sufficient to consider the less complicated cases of this 
description of questions, which are those of vibrating cords and 
of the longitudinal vibrations of elastic rods, to which we now 
procced to add the case of transversal vibrations. 

519. It is supposed, as in the case of longitudinal vibra- 
tions (No. 493), that the rod is homogeneous, and taken in its 
natural state, of either a prismatic or cylindrical form; in like 
manner, it is assumed that it does not experience any torsion 
on itself, so that all the points of each longitudinal filament 
exist in the same plane during the entire continuance of the 
motion. 

Let amp (fig. 27) be the rectilinear direction of the mean 
filament in the natural state of the rod, / its length, and a the 
distance am of any point whatever such as m from the extre- 
mity a. At the end of the time ¢, let x1 be supposed to be 
transferred to m’; from m’ let the perpendicular m’P be let fall 
on AB, and let us make 


MP=M, MP y. 


If these two variables be supposed to be ‘constantly very 
small, and if, in consequence, their squares and products be ne- 
glected, their values in functions of « and ¢ will depend, as in 
the case of vibrating cords (No. 483), on linear equations, in 
which thesé unknown quantities are separated ; hence the very 
staall motions, in the longitudinal and also in the transversal 
direction, will coexist, without mutually influencing one ano- 
ther; and as the longitudinal motion has been completely de- 
termined, we need not new take it into account. ‘Therefore 
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filament will oscillate on lines perpendicular to its natural di- 
rection, and « and y will be, at any instant, the coordinates of 
the’plane curve a’m’p’ formed by this filament. We shall 
also abstract from the consideration of the small motions of 
dilatation or contraction which may have place in each section 
of the rod perpendicular to its length, in which case the motion 
which it is proposed to determine will be the same for all the 
points of the same section ; so that it will be sufficient to con- 
sider that of the point which belongs to the mean filament. 
The equation of this transversal motion may be deduced 


from equation (f) of No. 320, by substituting y — oe or 
2, 
simply — oy, in place of y, if no given force is supposed to 


he applied to the different points of the rod. Therefore this 
equation will be 

#4 4 ed 0;  @ 
b? being a positive constant, w vhich will depend on the material 
of the rod, and on the area and figure of the normal section, 
Besides this equation (1), which is common to all the points 
of the mean filament, there are also equations relative to its 
extremities, which will be the same as in the problem of equi- 
librium, In this respect, six different cases may occur, ac- 
cording as each of the two extremities of the rod will be firmly 
fixed, or merely pressed against, or entirely free. But as these 
cases may be treated in the same manner, we shall restrict 
ourselves to the consideration of one in detail, and we shall 
suppose that the rod is entirely free at its two extremities a 
and n, to which, moreover, no particular force will be applied. 
This being so, for all values of ¢, we shall have (No. 320) (w) 


dy by 5 
qa Fa, @) 


xv 0, 


= - oe - 
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val, £Y =o, o4 = 0, (3) 
at the extremity B’. 

At the commencement of the motion, the curve that the 
mean filament assumes, and the velocities of al] its points will 
be known; if therefore the time ¢ be reckoned from this com- 
mencement, and if gx and ¢’x denote given functions from 
2 = 0 to x=/, we shall have at once 

é=0, y= $x, Y= wx, (4) 
Nevertheless, these arbitrary functions should satisfy the condi- 
tions relative to « = 0 and z = 2, which will be expressed by 
equations (2) and (3) for the function gx, and by their diffe- 
rentials relative to ¢ for the function 9’x. 

Thus the question to be resolved will consist" in finding 
the value of y, as a function of ¢ and 2, which satisfies equa- 
tions (1), (2), (3), (4), the first of which is the only one which 
has place for all values of these two variables. But, it is 
useful, previously, to compare, for the same elastic rod, the 
coefficient b, which occurs in the equation of its transversal 
motion, and the coefficient a that is contained in the equation of 
its longitudinal motion. 

520. If g denotes the gravity, p the weight of the rod, and 
q the tension which should be employed to double its length @, 
we have (No. 494) 

C= gly 
P 
The product of the density of the rod and of the area of its 


normal sectiop is equal to Fi) 3 and by equation (f) of No. 


320, from which equation (1) of the transversal motion is ob- 
tained, we shall have 


patel 7 verdu: ‘ (5) 
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in which w, v, k, k’ have the same signification as in No. 314, 
and the constant a of the same number is the value of g, re- 
ferred to the unit of surface, so that 

g= aw, 


in which w denotes the area of the normal section of the rod. 
Likewise, if we make 


{4 vedu = wh", 


(A will be a line the value of which will depend on the area 
and form of its contour), we shall have 
ph, 
Pp 
hence there results 
b= ah. 
If the normal section of the rod is a rectangle whose base is 


perpendicular to the plane of the curve a’m’s’, and height 
equal to 2«, we shall have 


&€ P 
w=2v, Kok=e, wht = vf f tdu = doe, 


and we shall obtain (x) 
a 
b= —. 
v3 
In the case of a cylindrical rod, whose radius is represented 
by «, we shall have 
wr’, Msohkho=y v=2Ve—w; 
from which we can deduce at onee 
oh = tre, 
and hence(y) 


b= has. 


If now the normal section of the rod is an isosceles triangle 
whose base is perpendicular to the plane of the curve a/m’B’, 
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and if, for greater clearness, we suppose that this plane is ver- 
tical, and that the base of the triangle corresponds to the upper 
face of the rod, then if we denote this base by A, and the 
height by 2«, we shall have always(z) 


w= de: 


but the value of / will be different, according as the convexity 
of upper face of the rod is directed upwards or downwards 
(No. 315). In the first case, we shall have (a’) 


_2e ,,_ 46 =a(*# ); 
hoz vey vrs 3th ; 





from which there results 
3 
wh? = De 
and, consequently, _ 
b= aeV 2 





In the second case, we shall have(4’), 





_ de 1 28 _A ‘2 ) ; 
hag Was PHalgt vss 
we may deduce from it 
2r2 
wh? => 
and, then, = 
boast vz. 


These results will be of use, farther on, in enabling us to 
compare together the tones of the same elastic rod, when it 
vibrates longitudinally, andiivhen it vibrates transversally. 

521, Let now p and 7 be functions of x, and m a constant 
relatively to and a. In order to satisfy equation (1), let us 
assume(c’) 

y = psinmbt + qoosm°bt ; 


as this equation should obtain for all values of ¢, we must have 


304 TRANSVERSAL VIBRATIONS OF AN ELASTIC ROD. 


dtp _ di 

iam = m'p, = mq; 

and, by integrating these two differential equations of the 
fourth order, there arises(d’) 


p= asinmz + a/cosmz 
+} B(e™ — em) 4 EB! (ome 4 emir) 
q = CSinmex + c’ cosmx 


Lp (em — e-mr) 1p ’(emt Leen) « 
+ind(e em) $d v’(er® 4 emmy ; 


in which A, 4’, B, B’, C, C’, D, D’ are eight arbitrary constants, 
and e as usual denotes the base of the Naperian system of 
logarithms. 
In consequence of the linear form of equation (1), it may 
be also satisfied by taking 
y = =psin m*bt + Bq cos mbt, 


in which the sums & are supposed to extend to all possible 
values, both real and imaginary, of m and of the eight other 
constants, A, A’, kc. Moreover, it is evident from what has 
been stated in the preceding paragraph, that this value of y 
will be the complete integral of equation (1). 

If it be substituted in equations (2) and (3), which have 
place for all values of ¢, and, consequently, for all the terms 
of the sums & taken separately, we shall have(e’), 


Pp dp &y ay 
a= % Gs % dt =% ga=% 





fora=0, and a=/. If there be substituted for p and qg 
their preceding values, there results at once 


Bi=Aa, Boma, , ae D=C, 
and, besides, 
A (28in ml — e™ 4 e—™) = a’(e™ + e-™ — 2 cos mi), 
A’(2 sin ml + e™ — e-™) = a (2 cos ml — e*!— e-™), 
c (2sin mi — e™ 4+ e™) = c/(e™ 4 e-"! — 2 cos ml), 
c/(2sin mi + e"! — em) = c (2cosml — eo! — e-™), 
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Now, if the corresponding members of the two first, or the 
two last of these four equations, be respectively multiplied 
together, and if, in these products, the common factor AA’, or 
cc’, be suppressed, we obtain 

4 sin? ml — (ew! — e™) + (2 cos ml — em! em) 0; 


or, by reducing(/’) 

(e™ + e-™) cos ml —2= 0; (a) 
this equation will enable us to determine the values of m. 
Moreover, the values of a, a’, &c., which may be obtained 


from the preceding equations, will be 
‘ 


BIOAZE (e+ €™— 2cosml), 
B’= A/= EB (2 sin 2ml — e”! + e-™), 
bocr zB(e™ + e™ — 2cos ml), 
v/= c= B/(2s8in 2ml — "4 emm) ; 
© and x’ being two new constants which continue unde- 
termined, 
If for conciseness, we make 
x = (e"-e-™—2 cos ml) (sin ma 4+-4e™" — fem) 
+ (2sin ml ~ e"! 4+. e-™) (cosmz4+fem4 Je), 
the preceding value of y will become(g’) 
y = 2x (E sin mbt + kB! cos mbt); (b) 
in which the sum & extends as before to all possible values of 


E and £’, but with respect to m, only to those values of it 
that are furnished by equation (a). For all these values, we 


shall have 
3. 
=& 2 ~o, ©) 


me da ~ 


when w= 0, and when x =7; and, whatever be the quanti- 
ties » and 2, we shall have identically(4), 
dx 
Gan =n xi (a) 
VOL, It. 2R 


es 
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522. It only remains to determine the values of the coeffi- 

cients = and #’ relative to eaclr value of m, from knowing the 
- *fnitial state of the rod ; this we proceed now to do, following 
the general process that has been adverted to in No. 515. 

In the first place, we may remark that if m is a root of 
equation (aj, so also will —m, mY —1, —m¥ —1(é"); more- 
over, the corresponding values of x will only differ either in 
the sign, or in the factor /—1; hence it follows, that in 
formula (b), we can unite in one sole term, the terms which 
belong to these four roots, and then only extend the sum & 
to real and positive values of m, or to values consisting only 
of areal and imaginary part, if there be such, and in which 
case the real part is positive. In this manner, if m and m’ 
are two roots of equation (a) that are employed, m’ and m’? 
will differ from + m and + m?. 

This being agreed on, if equation (1) be multiplied by 
xdx, and if it be then integrated from # = 0 to ¢ =/, there 
results(A’) 

page OG xg de = 05 
and we shall obtain by partial integration(l) 


(ix VY y= a (xS% _ ax @y Bx dy 
dx! “dx ~ dx da?" dx* du 
[x dy dxd’'y . @xdy ax ] i d'x 

* da’ ~ de dx? * dx? dx ~ dx® +o dx! 








yda. 


The terms comprised between the parentheses belong to 

= 1, and those contained between the brackets, to «= 0; 
they mutually destroy one another, in virtue of equations (2), 
(3), (4), relative to these limits; and, by equation (d), which 
obtains for all values of x, if mx be substituted in place of 


dix 
= under the sign §, wé shall have 
fia 


VO" Z ef a Ade= m Ni xydx. 
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Therefore, because 
a, 
( &. OXY y= Mouxde 
jo dé? de? 
we shall have 


xydx Qa 4 as “ 
a. ae +B'mfxydex = 0. . 


The complete integral of this differential, equation of the 
second order is 


ti xydx = Hos mbt 4 Hsin mbt ; 


in which 4 and H/ denote two arbitrary constants. In order 
to determine them, if f= 0, in this formula and in its diffe- 
rential with respect to ¢, there will result 


H= % xoxrdz, w= iro xq’adz. 
Whatever may be the magnitude of ¢, we shall have 


{i xyda = ii xpax da .cos m°bt, | 
vi ; © 
ise) ‘ : 2, 
+i (x0 ‘xe dx.sin mbt. | 


If formula (b) be substituted in place of y in the first 
member of this equation (e); as its second member only con- 
tains cos mht and sin mbt, if m’ be a root of equation (a), 
such that m/ and m” difler from + m and + m?, as we have 
supposed above, the term corresponding to m’ must disappear 
from the first member; in order to this, it is necessary that 


‘ xx’/dz = 0; (f) 


in which x’ denotes what x becomes when i is changed into 
m'(m'). But in the case of m= m, it follows from this same 
equation (e), that 


i Le 
Eg fi, de = ink ti xo’xdz, 
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E’ q xde= fi, xpxdz 5 


by; means of this the values of = and x’ will be known in 
functions of m, and formula (b) will become 


a (i, xpxae Vi xpiede 
y= Bx} ————— cos mbt + 





sin m"be. (g) 


As this expression for y, and the value of WY which follows 
from it, no longer contains any unknown quantity, they will 
make known at each instant, the ordinate and velocity of m’ 
any point whatever of the curve a’m’s’; which is the complete 
solution of the problem. The integral ti x°dx may be obtained, 
under a finite form, by the ordinary rules, but the values of 
the integrals {i xprde and {, xg’xdx cannot, in general, be 
computed but by the method of quadratures. 

523. If ¢ be made equal to cipher in the expressions for 


y and ay, we shall have, by equations (4) and (g), 


z 
f pu dx 
OX 
gz =z (xpade XxX, 
Jo X pada 
Cage (h) 
9 Soa dx 
gz = 3| ———| x. 
{ xde 


These two similar formule obtain for any functions what- 
ever of x, such as x and ¢’x, whether continuous or discon- 
tinuous, but solely from z = 0 to « =7Z; and it should be ob- 
served, that they have not place for the extreme values of x, 
unless those of these functions satisfy the condition stated 
above (No. 519). Although these formule cannot be directly 
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demonstrated, they are, however, not less certain on. that-ace' 
count, as has been explained in No. 516. 

In the particular case in which all the points, of the rod 
have received at the commencement a common velocity, and: 
also a velocity proportional to their distances from its middfe 
point, itis evident that it ought to be actuated by a motion: 
of translation ant! a rotatory motion, without experiencing 
any curvature, or undergoing any vibrations. This might 
also have been inferred from these equations (h), and from 
formula (g). : 

In this case if ¢ and y denote two constant quantities, we 
have 

gu = 0, ge=ety(@— hd; 
and if the second equation (h) be differentiated, there results, 
by taking into account equation (d), 


l aledy 
o Xp'e de 


Teas xm = 0; 
de 
Sa 


in which ¢ may be any positive integer whatever(n’). Conse- 
quently, the development according to the powers of ¢, of the 
part 


of % xo'x da 


ae xdx 


of the formula (g), will be reduced to its first term(o’) 


x sin mbt 


mb ” 


‘ x@'a da’ ~ 


é& Sapna x, 
dy 
Ve xd 
the value of which will be, in virtue of the second equation 
(h), ¢¢’x. Hence, in consequence of the equation ¢x = 0, and 
of the value of 9’a, formula (g) will be simply 
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ee y=lety@—3)]t, 
as it ought to be. : 

524. It may be demonstrated by means of equation (f), 
that equation (a) does not admit of a root consisting of a 
real arid imaginary part. In fact, if there exists such a root 
as" f+ 9 /—1; there will be also another which only differs 
from this in the sign of /—1, which will be f—gV—13 
therefore, we may assume in equation (/), 


ma=f+gv—t, m =f—gV—1; 


in which fand g denote real quantities, none of which can be 
cipher. We shall also, at the same time, have 


x=or¢GY—l, x/xor-6yY—1; 


in which F and G are likewise real quantities. Consequently, 
equation f will become 


(i tt G) dx = 0; 


which is impossible, since, in order that it should obtain, 
it would be necessary that an integral of which all the ele- 
ments are positive, and which expresses their sum (No. 13), 
should be equal to cipher. Hence the supposition, of a root 
St+9 VY —1 is inadmissible. This last equation would be 
also inadmissible, if for g were cipher; but then we could 
no longer assume f+ g ¥-1, and f—g VY —1 for mand m’; 
for equation (f) implies that m’ and m? differ from + m and 
+ m?; which would not be the case, if one of the two quan- 
tities fand g was cipher. 

525. When in equation (a) the root m is equal to cipher, 
the corresponding term of formula (g) assumes the form e; 
its true value is obtained by supposing that m is only an 
infinitely small quantity; in this case, we shall have(p’) 


x=4m'?(w—432), cosmi=1, sin r2bt = mbt, 
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and the term in question will be 





[S (3a —1) puda+ aN (82 — 1) g'udz ats 


It refers to the motions of translation and rotation that are 
common to all the, points of the rod; as we shall not.take 
them into account, nor consider the root m = 0, all the terms 
of the series (g) will be periodic. 

But, if we advert to the circumstance that the different 
yalues of m are incommensurable, it will appear that all the 
points of the rod will never in general revert, at the same 
time, to their primitive state, or, in other words, an elastic 
rod will not, in all cases, perform, like a stretched cord, iso- 
chronal transversal vibrations. In order that the isochronism 
may have place, and that the rod may produce an unique 
appreciable tone, it is necessary, that in consequence of its 
curvature, and of the velocities of its several points at the com- 
mencement of the motion, all the terms of formula (g) should 
disappear, except one only, by which means it will be reduced 
to the form : 

y = X(Esin mbt + E’cos mbt), (i) 


in which the constants & and re’ are substituted, for the sake of 
abridging, in place of their values found above. When for- 
mula (g) is reduced to a small number of terms, the rod will 
cause to be heard at the same time several distinct sounds, the 
tones of which cannot be accurately compared together. 

526. If X denotes a numerical value of ind deduced from 


equation (a), so that m = es and if T be the duration of an 


entire oscillation of the rod, corresponding to this root m, and 
nthe number of vibrations in the unit of time, we shall have, 
by means of equation (i), 

2a? _ vb 


=e "aye 
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so that the different tones, which a rod bent in the same di- 
‘rection, and vibrating transversally, produces, when free at its 
two extremities, will depend on the values of A, and the gravest 
or fundamental tone corresponds to the least of these values. 
It is evident that the quantity J’, furnished by formula (5), 
depends only on J the length of the rod; if the rod be cylin- 
drical or circular, it likewise appears that this quantity is pro- 
portional to the square of the diameter. Consequently in the 
ease of two cylindrical rods, consisting of the same materials, 
and of which the order of vibrations is the same, i. c. for 
which the value of ) is the same, the number will be in the 
direct ratio of the thickness, and inversely as the square of the 
length (q’). 

In the case of a rod of a prismatic form, there will, in 
general, be two different sounds produced, according as it will 
vibrate transversely in one direction or another. Thus, if for 
example, the normal section be supposed to be a rectangle, and 
if the rod be made to vibrate successively(?), so that the base 
or altitude of the rectangle may be perpendicular to the plane 
of the curve a’m's’, the successive values of n will be to each 
other as this altitude and this base, for the same order of vi- 
brations. When the normal section is triangular, as in the 
third example of No. 520, the value of 2? will not be the same 
for two successive semi-vibrations; their durations will con- 
sequently be unequal; this, however, will not prevent their 
entire vibrations from being isochronous, if formula (g) is 
always reducible to one sole term(s’). 

By putting the factor x of formula (i) equal to cipher, we 
can determine the values of x which correspond to the nodes 
of vibrations, that is to say, to the immoveable points on the 
line an, for each value of m, or for cach tone that the rod can 
cause to be heard. 

527. When the elastic rod that is considered is firmly se- 
cured at its extremity a, and free at its other end, the mean 
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filament will be a tangent at a to the line az, during the. 
entire continuance of the motion; so that equatjons (2) of the 
preceding problem ought to be replaced by 
di 
220, y=Od, os 0. 

The preceding analysis must be modified in consequence of 
this, which it can be, without any difficulty ; and ‘the general 
value of y will be still expressed by formula (g)3 but the 
values of m, that ought to be made use of, should be deduced 
from the equation (¢’) 


(e™ + e"} cosml + 2 = 0, a) 
) 


which only differs from equation (a) in the sign of the last 
term; at the same time, the value of x should be determined 
by means of the equation 


X= (e™! - e-™ 4 Qcosml) (sinme — Le" + erm) 


+ (2sinml + e™ — e-") (cosma — fem — berm), 


In order that the rod, when vibrating thus transversally, 
may produce only one sound, it is necessary that formula (g) 
should be reduced, by means of its initial state, to one sole term 
or to formula (i), as in the preceding case. If d’ be a positive 
value of ml deduced from equation (a’), F’ the duration of a 


‘ 


or , X ; 
vibration corresponding to m! = ? and a’ the number of vi- 


brations in the unit of time, we shall have 


Qn, Nb 


= vr =a 

and every thing that has been stated in the preceding numbers 

respecting the comparison of the tones of rods free at their 

two extremities, is equally applicable to the case of rods firmly 

secured at one of their extremities; in like manner the nodes 

of vibrations which accompany each tone given out by the 
VOL, Il. 2s 


314 ‘TRANSVERSAL VIBRATIONS OF AN ELASTIC ROD. 


same rod, will be determined by putting the preceding value 
of x equal to gipher. 
528. In order to resolve equations (a) and (a’) by approxi- 
mation, let 
ml =X =4Qi4+1)7 = 8, 
in equation (a), and 
ml=N= 421417 + 8, 


in equation (a’j; in which 7 denotes any positive integer num- 
ber or cipher, and 8, & two positive quantities, which cannot 
surpass }(w’). These new unknown quantities should be 
affected with the superior or inferior signs, according as ¢ is 
even or odd; and, by this means, equations (a) and (a’) become 








ind= 2 7 
ad Eber G18 fe AR De a pba? 
sin v= Re en ean 


elt fd ebay eH De @3" 


It is easy to perceive that in consequence of the limits of 
8 and &, neither of these unknown quantities can have more 
than one value for each value of 7; that of 8, for ¢= 0, will be 
8 = $r(v’); and as it corresponds to mi = 0, we should not 
take it into account. Por 7= 0, we have 6= 0, 01797, by 
neglecting 6 in the second member of the preceding equation(k); 
and if in it this first approximate value of 8 be substituted, we 
shall have, more accurately, 


é = 0, 01765. 


The values of 8 relative to 7 = 2, 7 = 3, will be still(z’) less 
than this; therefore the values of e will differ very little from 
the odd multiples of $7; and, it appears from the expression 
of the number x, that the tones of a rod that is free at its two 
extremities will constitute, very nearly, a series increasing as 
the squares of the numbers 3, 5, 7, &c. The least value of 
, which corresponds to the gravest sound, is 


~ 
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A= §r48 = 4,74503. 


In the case of i = 0, we find after some trials; to a sufficient 
degree of approximation (y’), 


& = 0,30431. 
Therefore the least value of X’ will be 
Maiato = 1,87011. 


Hence there results, by comparing its square with that of 
the preceding value of X, and observing that these squares 
are to each other as x’ and » their respective numbers of 
vibrations, 


n' fs 
an 0, 15715, 


for the ratio of the gravest tone given by the rod firmly fixed 
at one of its extremities, to that of the same rod, when free at 
its two extremities. The other values of & are very small; 
therefore the corresponding values of X’ will be, very nearly, the 
3, 5, 7, &c., multiples of 4a; and the tones of the rod, one 
of whose extremities is firmly fixed, will, with the exception 
of the gravest, constitute a series inereasing as the squares of 
these odd numbers. 

Experiments made long since have confirmed every thing 
indicated here by theory, relative to the series of tones produced 
by elastic rods, which are cither free or fixed firmly at. their 
extremities, to the position of the nodes which accompany 
these different modes of vibration, and to the relations of the 
tones, in the directions of their lengths and thicknesses. 

We proceed now to compare together the toncs or number 
of transversal and longitudinal vibrations of the same elastic 
rod. Observation has likewise confirmed on this point the 
results of the calculus. 

529. We shall suppose for greater clearness, that in these 
two descriptions of vibrations, the rod is free at, its two extre- 
mities, and we shall restrict ourselves to the consideration of 
the gravest tone that is given out by cach of them. 
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There results, by making use of the least value of \ found 
in the preceding number, 


4, 74503) b 
= Bit (3,56082) 5, 


for the number of transversal vibrations in the unit of time. 
If », denotes the number of longitudinal vibrations in the same 
time, we shall have, by the third case of No. 495, 


= aE 


and as b = ah (No. 520), there will result 
= (1, 12164) = sal 


a formula that is independent of the material of which the rod 
consists, and by means of which the transversal tone may be 
obtained when the longitudinal tone is given, and vice versa. 

The magnitude of A which occurs in the expression, will 
depend on the figure of the normal section, and will be propor- 
tional, every thing else being the same, “to the thickness. As 
this dimension is very small relatively to the length /, it fol- 
lows that the tone of the transversal vibrations wil! be very grave 
relatively to the other; which agrees with the observations 
that have been most usually made. By No. 520, if the rod 
is a cylinder of which the radius is e, we have h = }«; and if 
it isa eee rebes and that 2¢ is also the thickness, we 


have 4 = ~7=; therefore, in these two cases, we shall have 


= Vi 
n= (7,12164) 2! 


En; 
2t 


my 


5 aS ta 79 


As the number 2, is independent of the figure and dimensions 
of the normal section, it follows that for the same values of « 
and /, the number of transversal vibrations is less in the first 


case than in the second, in the ratio of Y3 to 2(z’). 


CHAPTER IX. 


GENERAL EQUATIONS AND PROPERTIES OF THE MOTION OF A 
SYSTEM OF BODIES. 


I. General Equations of this Motion. 


530. Since the forces lost by all the points of a system 
during cach instant, ought to constitute an equilibrium, (No. 
530), if the principle of virtual velocities be applied to these 
forces, a general formula will be obtained, from which can be 
deduced, in each particular case, al! the equations respecting 
the motion of bodies, just as all those relating to their equili- 
brium have been deduced from the general equation of vir- 
tual velocities. But, however natural and obvious this com- 
bination of the general principle of dynamics with that of 
equilibrium may now appear, still it was not made at the time 
when the first of these two principles was discovered, although 
the second had been previously given in all its generality. 

We are indebted to Lagrange for thus connecting these 
two principles; by this means the solutions of all the problems 
of mechanics, or at least the formation of the differential equa- 
tions on which they depend, are reduced to one uniform pro- 
cess. It is this general process which we now proceed to 
explain. It may not, however, be superfluous to apprise the 
reader here that the order which has been pursuedin this treatise, 
in which problems relative to solid or flexible bodies have been 
directly resolved, is by proceeding from the simpler to the 
more complex and difficult cases, and the reason is, because it 
appears to be most suitable to a profound study of mechanics 
and knowledge of this science, which should not be solely con- 
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sidered in an abstract point of view, and independently of phy- 
sical circumstances. 

531. Let m, m’, m”, &c., denote the masses of the points 
of the system in question. At the end of ¢, the time reckoned 
from the commencement of the motion, let z, y, = denote the 
three rectangular coordinates of m, and x, y, z the components 
of the accelerating force applied to this material point, acting 

“in the direction of the positive productions of x, y, 2. Let the 
same letters, with corresponding accents, represent the homo- 
logous quantities which refer to the other points m’, m”, &e. 
The components estimated in the directions of x, ¥, 2, of the 
forees lost by any point m during the instant dé, will be 


n(x— $2) n(v~ ZY) m(2— 42); = 
“dP? dey de}? 
consequently, the system will be in equilibrio if the point m 
be supposed to be solicited by these forces, and cach of the 
other points m’, m”’, &e., by similar forees. Now, the general 
equation of this equilibrium will be formed by substituting in 
equation (c) of No. 341, the three preceding components in 
place of x, ¥, 23 this gives 


sn(x — oa )ae + sm(¥— Nay + 3m(2— 


Cz 
Ga) bes 0; (1) 


in which, as the sums © extend to all the points m, m’, m’’, 
&e., of the system, they consequently consist of a number of 
parts equal to the number of these points. 

We shall suppose, as in the number cited, that the mode_ 
jn which these material points are connected together, is ex- 
pressed by the equations 

20, L'=0, w= 0, &e. (2) 
in which 1, L’, 1”, &e., are given functions of the variables 
a, Ys 25 0’, &e., or of a part of them, which may also contain 
the time ¢ explicitly. If, for example, the point m is constrained 
to remain on a surface which gradually changes its form, or 
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which is in motion in space, and if L = 0 represents the equa- 
tion of this surface, then Lt will be a given function of 
By Yy RE. 

Although the forces of which equation (1) expresses the 
equilibrium refer to the quantities of motion lost during the 
interval of time d¢, and that during this instant the positions 
of the points m, m’, m”, &c., change by infinitely small quan, 
tities, we can, nevertheless, suppose that this equilibrium 
obtains in the positions that these points occupy at the end of 
the time ¢, that is to say, we need not take into account their 
change of position during the instant dé, which can alter the 
quantities of motion lost while it is taking place, only by an 
infinitely small quantity of the second order, and the corres- 
ponding motive forces by an infinitely small quantity of the 
first order(a). Consequently, the infinitely small displace- 
ments which the principle of virtual velocities implies, and 
which are expressed, in the directions of the coordinates, by 
82, dy, dz, for the point m, by dx’, dy’, dz’, for the point m’, 
&c.; must satisfy the conditions of the system, such as they 
are at the end of the time ¢; hence equations (2) must also 
have place when x + dx, y+ dy, z+ dz, a’ + de’, &c, are 
substituted in place of x, y, z, x’, &e., the time ¢, which they 
may contain explicitly, being supposed not to vary; therefore 
we obtain, as in No. 341, 


du du di. du y, eT eN 
de hay a de + &e. = 0, 





du du! du! dil. 
ie ba r* oy+ i ee ed + &c. = 0, 





] 
| 
he 
au! du" dul du" ; = 
= 8a + a by + a, 82 + Zp de’ + Re. = 0, | 
&e. 


By means of these equations, a part of the quantities $2, 
sy, &e., can be eliminated in the first member of equation 
(1), and then the coefficients of cach of the remaining quan- 


. 
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tities may be put equal to cipher. If, as in No. 342, the 
method of indeterminate factors be employed, we shall obtain 
the following equations : 


m Go = mx +02 BE ee " b &e., 


dt? 
MRM NG NG OG ae be, 

€z 1 at 4 
mT = mn He Se pn & + &c., (4) 


2 yt 


x a a 
my! a = ms SE EWE Eg Parr 





&e. : Joo 


in which X, A’ X”, &e., are factors whose values make known 
the forces arising from the connexion of the points of the 
system, and from the resistance of the surfaces or curves on 
which they are constrained to move (No. 343). 

The number of equations (2) and (4) taken together, will 
be always the same as that of all the unknown quantities of 
the problem, that is, the number of quantities A, A‘, A”, &e., 
is equal to that of equationg (2), and the number of coordi- 
nates of the points m, m’,m”, &c., is triple that of these 
moveables, and equal to the number of equations (4); conse- 
quently, they are sufficient in all cases to determine the values 
of all these unknown quantities in functions of the time. 

532, If the given forces which act on all the points of the 
system be supposed to he distributed into two groups, so that , 
we may have , 

x=rpte, yooatv, z=R+W, 

Werte, Wadtv, gort+w'; 

&a; 
and if we assume also, that the differential equations of thé” 
problem can be integrated by considering solely the forces 
P,Q, 8, P, a/R, &e.; a,b, ¢, &e., being the arbitrary con- ~ 
stants introduced by these integrations; we can extend this 


‘ 
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solution to the complete forces x, ¥,%, x’, ¥’,z/, &e., by means 
of the method founded on the variation of arbitrary constants, 
the principle of which was explained in No. 229, The diffe- 
rentials of the quantities a, b,c, &e., supposed to become 
variable, will be linear relative to v, v, w, u’, v’, w’, &c., and 
of the form 


da = AU + BV + OW + 4’U! 4+ &e., 

db= aye + ey + ow + a,/t/+ &e, 

de = Al + BV + Cw + a/v’ + Ke., 
, ad &e. 


a;B, &c., being functions of the same unknown quantities, 
a, b,c, &e.(b) By this means, the second differential equa- 
tions of the problem will be changed into twice the number 
of differential equations of the first order; but this trans- 
formation will be principally useful, when the secondary forces 
U,V, W, v’, &e., are very small with respect to the primitive 
forees p,q, n, P’, &c. 3 for this cireumstance will enable us to 
consider, in the first approximation, the quantities a, b, ¢, &e., 
which the coefficients a, B, &ec., egntain, as constant, and con- 
sequently, to deduce from the preceding formule by imme- 
diate integration, or by the method of quadratures, the vari- 
able parts of these unknown quantities. 
It was Lagrange who thus extended to all problems of 
mechanics the method of the variation of arbitrary con- 
stants, to which he had before reduced the theory of the 
‘particular solutions of differential equations, and of which he 
_ also made other applications less general. But he restricted 
7 ghimself to assigning the general expressions of the quan- 
tities u,v, w, v’, vy w’, &e., in linear fanctions of the diffe- 
rentials da, db, de, &c.; and it still remained to find the in- 
verse formule which give, directly, in the general case, the 
differentials of the unknown qnantitics a,b,c, &e., in linear 
functions of the forces v,v, w, &e., and to demonstrate, in a 
VOL. IL. ree 
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direct and general-yganner, the important properties which 
their coefficients a, B,c, &c., possess. This has been done 
by M. Poisson in the memoirs relating to this subject, which 
have been inserted in the 15th No. ofthe Journal of the Poly- 
technic School, and in the first volume of the Memoires of 
the Academy of Sciences, to which the reader, who wishes to 
know this theory in all its details, and the consequences which 
follow from it, is referred. If the general expressions of 
da, db, de, &e., be successively applied to the problem of the 
motion of a material point attracted to a fixed centre by a 
force varying according to any function whatever of the dis- 
tance, and also to the problem of the motion of a solid body 
about a fixed point, the same expressions will be obtained for 
the differentials of the homologous constants in these tWvo 
problems, which in other respects are so different from each 

_ other; and it thus appears, that the two principal questions 
in astronomy, namely, the determination of the motion of 
the heavenly bodies, considered as isolated material points, 
and the determination of the motion of these bodies about 
their respective centres of gravity, are reducible to the same 
formulz, and depend on the same analysis. 

533. It is evident, that if one of equations (2) is a conse- 
quence, or may be deduced from the others, then one of the 
quantities A, A’, A”, &c., must remain undetermined, since 
then this superfluous equation may be suppressed or retained, 


just as we please. If, for example, @ and b are given cong 
stants, and if 

L”’ = au + bi’, 7 
each of the three first equations (2) will add nothing to the 
conditions expressed by the two others, and, consequently, one 
of the three unknown AX, dX’, A’, must remain indeterminate. 


This is, in fact, what will be the case; for if we make 
Ata"=p, N+ HW, 


these three unknown will be reduced, in cquations (4), to the 


’ 
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iwo quantities » and ,’, which can alone be determined by 
means of these equations, and from which the values of only 
two of the three quantities A, ’, X”, can be obtained. 

If the material point m is constrained to remain at con- 
stant and given distances from the three fixed points a, a’, a”, 
(fig. 28), its position will be completely determined; the 
values of its coordinates will consequently be constant; and 
the three first equations (4) will be reduced to the equations 
of cquilibrium, that will determine the tensions of the 
threads am, A’m, am, by which the moveable m is attached to 
the three fixed points. If this material point is constrained 
fo remain at a constant distance from a fourth fixed point a’, 
one of the four distances am, a’m, am, a’’m, will be deter- 
mined by means of the three others ; and as one of the four 
given conditions is thus a consequence of of the three others, it 
appears from what has heen already stated, and agreeably to 
what has been established in No. 292, that the tension of one 
of the four threads am, am’, am’, am’, will remain undeter- 
mined. In fact, if the four given distances be denoted by 
1,U,U,U", the three coordinates of a, by a,b,c, those of a’, 
by @, b',c’, &e.; we shall have for equations (2), 


L= V¥(@—a)y+(y—by4+(z—cp—l=0, 
=V(e—a)+ y—b y+ EG —ey—l=0, 
Wa Vea P+ (y- VEEP U’= 0, 

Wa V (ea) yO" + (Ze = 


and if a, B, y, denote the constant values of a, y, z, which 
satisfy these four equations, we shall have for equations (4)(c), 


. 























eae = a) 4 — a’) + Xr a a’) fae (er a ) =0, 
hs UB—b H3— 5 ” bY 
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from which it appears, that one of the four quantities AN, 
X”,N", which denote, as has been stated in No. 345, the 
tensions of the threads am, a’m, am, am, will be undcter- 
mined. But, however little extensible these threads may be, 
if this physical circumstance be taken into account, the ma- 
terial point m will make small vibrations, which may be com- 
pletely determined, and also the tensions of the four threads, 
at each instant. 

534. In order to demonstrate this, let us assume, for 
greater clearness, that the force which acts on the point m is 
that of gravity, which we shall denote by g. If we suppose 
that the axis of the coordinates z is vertical, and, that it is 
drawn in the direction of this force, its three components will- 
bex=0, ¥=0, z=. Let «,¢/,¢’,¢”, be the extensions 
which the four threads J, 1’, 1’, 1”, would experience if the 
weight mg was suspended vertically at their inferior extremity, 
and &, 2’, 2”, 2”, the extensions of these threads at the end of 
the time ¢, during the motion; the values of their tensions at 
the same instant will be (No. 288), 





gmZ gm®gmS"—gmZ4 
ee epee tS ede D WP 
ts & € € 


As the moveable m is no longer constrained to remain at 
constant distances from a, a’, 4’, a”, the terms of equations 
(4), of which the factors are d,A/,A7,X; and which arise 
from these conditions, should be suppressed ; but, on the other 
hand, the four preceding forces directed from m towards A, 
from m towards a’, fromm towards 4”, from a towards a’”, 
must be joined to the weight of this material point ; this is the 
same thing, as if the preceding values of L, 1’, L”,o/”, were 
substituted in equations (4), and if, at the same time, we 
made 
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at the end of the time ¢; a, 8, y being the same constants as 
before, and wv, v,w being very small variables, the squares 
and products of which may be neglected; there will -re- 
sult(d) 


f= 4 [(a—a) n+ (Bd) e+ (yc) w], 
C= plu) ut (BoU) e+ (ye) we], 
oT la—a")u + (B—U")v + (yeu, 
= pola a”) ue (B—Uet (ye) H]; 


and, relatively to the unknown quantities w, v5.0, equations 
(4) will be linear, and will be reduced to(e) 


oa LC ae (a-ae 4 ary" 1 SHOE" ao, 











a le Te" cit TF 
(B- whe (B—-b)2  (B—-W)2" . (B—bY)E"9.__ 
a +9 oo Ve ge + vig =0, 
Cw (y of (y—e)e 4 ao“) gn ,0= —c") ae = 
dé +o a aa re 


Their integrals will be obtained by the ordinary methods ; 
and the six arbitrary constants which are introduced by these 
integrations, are determined by making the lengths of the 
threads am, An, AY, nt, at the commencement of the motion, 
equal to their natural lengths /, 1,2’, and by supposing 
that the initial velocity is cipher, that is to say, that the six 
du a du 
dt? dt? dt 
being done, these ee will make known at any instant 


uantities w, tv, are nothing when é= 0. This 
q > ? ere | 


whatever, the values of w, v, w, or the position of the point 
m; and %, &, 2", 2’”, the extensions of the four threads, and 
also their tensions at the same instant, will be likewise deter- 
mined. The same analysis may be casily extended to the case 
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in which the point m is retalined by five or a greater number 
of threads attached to fixed points. 

+If the quantities u, v, w be supposed to be cipher, and if, 
in consequence, the first terms of the three last of the seven 
preceding equations be suppressed, the values of u, », w, 
Z, 2’, 2", 2”, which result from these seven equations, refer to 
the state of equilibrium of the point m and of the four threads 
of suspension(/’). 

535. In No. 353, it was shown how the principle of 
D’Alembert obtains, in the case of a sudden change of velo- 
city produced by forces termed impulsions or percussions, 
which act on the moveables with great intensity, during’ ex-. 
tremely short intervals of time, and impress on them velocities 
which may be very considerable, although the points of these 
bodies are not sensibly displaced. Therefore, the equation 
furnished by the combination of this principle with that of 
virtual velocities, is equally applicable to this description of 
cases. Thus, if forces of this kind are simultaneously applied 
to m, m’, m", &c., the material points of the system which we 
‘are considering, and if a, B,g denote the given velocities pa- 
‘yallel to the axes of the coordinates, which these forces would 
impress on the point m, if it were free, and a, b, c, the un- 
known velocities which it will actually assume in these respec- 
tive directions, and if a’, B’, c’, a/b’ ec’, a”, B”, c”, a”, b", ce”, &e., 
be the corresponding quantities relatively to the points m’, m”, 
&c., then the quantities of motion lost in the directions of 
these coordinates will be id 


m(a—a), mp cs b), m(c—e), 


for the point m, and similar expressions may be obtained for 
the quantities of motion lost by each of the other points ; con- 
sequently, if to this system of forces equation (e) of No, 341 
be applied, we sha!l have 


Em[(a — a) oz h(a — 6) dy +(c—e)dz]=0; ) 
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in which the sum & is supposed” to extend to all the points of 
the system, and 8z, 8y, dz, are increments of-the coordinates 
of m, any point whatever. 

If the manner in which the points of the system are con- 
nected is always expressed by equations (2), dz, dy, Sz, and 
also dz’, dy’, 82’, 82, &e., the increments of the coordinates 
of the other points m’, m”, &c., must satisfy equations (3)3 
consequently, by means of these equations, a certain number 
of the quantities 82, 8y, &c., may be climinated from formula 
(5), and then the coefficients of the remaining quantities .can 
be put equal to zero. If, as has been done above, the 
method of indeterminate factors be employed, their values 

“will make known the percussions the connecting strings of 
the points of the system undergo, by the effect, of a sudden 
change of the velocity, and also the percussions which are 
normal to the surfaces or curves on which these points are 
constrained to move. 

536. When it is proposed to apply.equation (5) to a sud- 
den change of velocity produced by the impact of the bodies of 
the system among each other, or against fixed obstacles, there 
are several important observations which should be premised, 

“Let m and m’ (fig. 29) be two of these solid bodies, k their 
point of contact, uKku’ the normal common to their surfaces at 
this point. As the displacements of the different points of 
these moveables during the entire continuance of the impact, 
may be considered as insensible, the equilibrium of the quan- 
tities of motion lost may be supposed to refer to whatever 
instant we please of this continuance (No. 353); so that, if 
A, B, C be supposed to represent“ the components of the velo- 
city of any point whatever at the commencement of the impact, 
we may, at the same time, assume for a, b, e, the components 
of its velocity at any instant whatever of this phenomenon, 
and the velocities of all the points of the system, which vary 
very rapidly during this continuance, ought always satisfy 
the conditions of this equilibrium. . But in order that these 


an 
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conditions may be expressed by the equation of virtual velo- 
cities, the infinitely small displacements which are attributed 
to the points of the system, should he compatible with its 
nature and with the relative disposition of its parts at the in- 
stant in question; and, it is besides, necessary that the same 
thing should obtain with respect to the displacements which 
are diregtly opposed to them (No. 331). 

Thus, for example, if a material point is laid on the sur- 
face of a solid body against which it presses, this point may 
move in every direction on the plane which touches this sur- 
face, and only in one direction on the normal. This being so, 
the equation of virtual velocities is true for all tangential dis- | 
placements, since the opposite displacements are equally pos- 
sible; but if docs not subsist for the normal displacements, on 
account of the impossibility of the contrary displacement. 

Itfollows from this observation, that if it be proposed to 
apply equation (5) to a determinate epoch of the continuance 
of the impact, and if 4 and y’ are, at this instant, the material 
points of m and m1’ which refer to the point of contact x, we 
may ascribe to and yp’ infinitely small displacements, alto- 


sgether arbitrary and independent of each other, in the plane 


which is a tangent to the surface at K ; but the displacements 
of wand yw! along the normal must be equal, and directed along 
the same part ki or Kn’ of this line; for if they were unequal, 
or if they did not take place in the same direction, these dis- 
placements, or the contrary displacements of the points jz and 
p’, would be impossible, and equation (5) would be no longer 
applicable to them. In consequence of not paying attention 
to this essential coudition, some authors have fallen into error, 
in the explanatign which they gave of the equation in ques- 
tion. 

Ifa third solid body m” touches s1’ at the point x’, where 
the common normal to their surfaces is the line LK’L’, and of 
which m/ and m” ave the material points of u/ and m’ that cor- 


respond to this point x4 at the instant which is considered 
“ 
% - 
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while the impact is taking place ; it is also necessary that the 
infinitely small displacements attributed to am’ and m” along 
this normal, should be equal and estimated in the same di- 
rection in equation (5); and the same should he the case for all 
the points of contact of the bodies of the system, when several 
of them impinge simultaneously on each other. In the case 
of the impact of one of these bodies against a fixed obstacle, 
the normal displacement of the point of contact must be sup- 
posed to be cipher, since it will not be possible in the op- 
posite direction. * 

537. When the two moveables m and a’ slide the one on 
the other during the continuance of the shock, it is necessary 
to take into account, in equation (5), the friction which results 
from it, and which may be very considerable, ‘4s has been 
already stated in No. 353. 

The infinitely small quantity of motion which thi$”force 
will abstract, during each instant, from the two moveables 
M, M’, in a direction contrary to that in which the velocities of 
the material points 4 and y’, which refer to the point of contact 
K, are estimated, will be proportional to that which m will 
have communicated to m’, in the direction KH’, or M’ to M 
along KH, during the same instant. Hence, if the friction re- 
tains the same direction for each moveable, during the entire 
continuance of the shock, and if the finite quantity of motion 
communicated by one moveable to the other, along the parts 
kH or Ku’ of the normal, during this same interval, be denoted 
by v, the entire friction can be represented by fv 3 f being a 
coefficient which depends solely on the nature of the two 
bodies near to their point of contact. his force should be 
applied to Mm in a direction opposite to that in which the 
sliding of » takes place, and to m’ in a direction opposite to 
that of y’. Therefore if these two motions take place along 
kr and xr’ parts of FKr’ a tangent to the two moveables, and 
if the projections of the infinitely small displacements, which in 
equation (5) are ascribed to the points je and p’, be denoted 

VOL, IL. = 2t 
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by p and p’, the term which should be added to the first mem- 
ber of this equation, in consequence of the friction in question, 
will be equal to 
—SfU(p +p); 

the quantity p is positive or negative, according as this pro- 
jection falls on Kr, the direction of the motion of yp, or on its 
prodfction kr’; and in like manner the projection p’ will be 
positive or negative, according as it falls on KF’ or on KF. 

Similar terms should be introduced into equation (5), for all 
the points in which two bodies of the system impinge on each 
other. It is necessary in practice to take these terms into con- 
sideration ; the example of No. 477 is sufficient to show the 
influence that these terms, or the frictions from which they 
arise, may have on the percussions ; but when the question is 
relative to gencral theorems on the impact of bodies, they are 
not taken into account, and accordingly, in the sequel, they 
wilkbe supposed to be cipher or insensiMe. 

In like manner, the quantities of motion produced by the 
weight of the moveables during the continuance of the impact, 
are neglected, for since these quantities are proportional to 
this duration, they inust be insensible. With respect to the 
quantities of motion produced by the molecular attrdttions 
which are developed during the impact, cither from one body 
to another, when the distanecs of their surfaces become in- 
sensible, or in the interior of cach body, in consequence of the 
compressions or dilatations which it experiences, they have 
been already taken into aceount in equation (5), and their 
total components are precisely the quantities which have been 
represented by ma, 7B, mC, for m any point whatever, 

538. When a system of material points is entirely free in 
space, so that equations (2), which express their connexion, 
contain only the mutual distances of these points, none of 
which is supposed to be fixed, or constrained to remain on a 
given @arve or surfacey the motion of such a system in space 
may be decomposed, as has been already done in the case of a 
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solid body entirely free (No. 433), into two simpler motions ; 
namely, a motion of translation common to all the points of 
the system, and which will be that of its centre of gravity, 
and one of rotation about this centre. We now proceed to 
deduce successively from formula (1), the differential equations 
of these two motions. 

It is evident from the nature of the system, that all its 
points may be displaced by the same quantity, in any given 
direction. Ifa, 8, y denote the projections of this common 
displacement on the three axes of the coordinates, we shall 
then have 

az 6x = On! = 6x", &e., 
B = dy = by’ = Sy", &e, 
y = 82 = 82’ = 82", &e.; 


equation (1) will then become ‘ 


r -P sz 
=m (s- oe) 4 BS sn (v — 9) 43m (.-G)= oy 


and as the three quantities a, j3, y are independent of cach 





other, this equation can be decomposed into the following, 


2 dz ; 
ams = Dmx, xm ZY = = Smy, Sn Sa = = =mz. (6) 


Now, if a, y1) 2: be the three coordinates of the centre of 
gravity of the system, we shall have 


alms Ime, yas Vay, 2 lw = VMs: 


hence we obtain 





Sy az, 
We =a = Sm de? 


consequently, we shall have 
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2 Em = Yx, a Ya = Imy, os Tm = Smz, (7) 
for the differential equations of the motion of the centre of 
gravity, which will be the motion of translation of the system. 
It appears from imspection of them that the motion of the 
centre of gravity of every system entirely free, is the same as 
if the masses of all the moveables were condensed into it, and 
their motive forces were transferred to it parallel to their di- 
rections, as in the case of a solid body (No. 43%), 

If, among the points m, m’,m”, &e., there are any which 
are constrained to move on given surfaces, equations (4) and 
(7) may still subsist, by joining to the given forces, other 
forces of an unknown magnitude, whose directions may be per- 
pendicular to these surfaces, and which will express their resis- 
tances; we are thus enabled to abstract from the consideration 
of the given surfaces, and consider the points m, m’, m’, &c., 
aebelonging to a system entirely free. 

+ 539. The nature of such a system enables us also to make 
all its points to turn at the same time about the same axis, 
with the same angular velocity, so that their mutual distances 
will not vary. If this line be supposed to pass through the 
origin of the coordinates, and if A, pz, v are the angles which 
its arbitrary direction makes with the axes of a, y, z, the co- 
“sines of the angles which the direction of the displacement of 
m makes with parallels to the three axes drawn through this 
point, will be se oe ae in which h? is supposed to be equal 
to $2? 4- dy? + 82°; and as this direction exists in a plane per- 
pendicular to the axis of rotation, we must have 
eee: + - by j, COS 48 = j cos = 0. 
Moreover, as the axis of rotation passes through the origin 
of the coordinates, the quantity 2? + y? + 2” will not vary 
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during the displacement of m; consequently we shall have 
also 

wou + yy +2782 = 0; 
and from these two last equations there may be obtained 
without any difficulty (9), 


z= (ycosd — acosy)e, 

ey = (xcosy — zc0s8d)e, 0). 

ox = (zeosu — ycosy)e3 
¢ being an indeterminate factor. In like manner we shall 
have 

dz! = (y’ cosrd — x’ cosy) &’, 

oy! = (#/ cosy — 2’ cosa) e’, 

82! = (2/ cosp — y’ cosy) ¢/3 
e’ being also an indeterminate factor which must be equal to 
in order that the motion of rotation may be the same for m and 
for m’, and that the distance of these two points may not vary. 
In fact, as the square of this distance is (e—a’)’ + (y—y’)?*4 
(z—=’)*, and as it appears from the preceding formule that 
the two parts a? + y? + 2? and x? 4 y” + 2” of this quantity 
are camstant, the variation of ax’ + yy'+ zz’ must be like- 
wise cipher, hence there results 


Oa fb y/Sy + 2/82 + dx! + ySy! + 282’ = 0; ‘. 


or which comes to the same thing, by substituting for 84, 82’, 
&c., their values(/), 


[ay — y'x) cosy + (2/a — xz) cosy 
+ (y’z — xy) cosA} (e— ’) = 0; 


an equation which evidently cannot obtain for all the points 
of the system, unless ¢= «. 

If in equation (1), formule (8) be substituted for 82, dy, 8z, 
there results, by observing that 2, cos, cos pz, cos vy, are quan- 
tities common to all the points of the system, 
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£ COS vom [« (<4 = x)- y (53 = x)] 
2. 


+ e-cospEm| (G-s)-« (Gi - 7) | 


+ «.cosr3m[y (43 —2) 2 (74x) ]=0: 


and as the coefficients of the sums = are three quantities 
«*independent of each other, this equation may he resolved into 
three others, namely, 








Py Px 
=m (oS — 22) = Em (xy — yx), | 
te Pz 
=m (93-0 = Sm (zx — x2), (9) 
Ee a HE UNG phe oo 
ae ra (G : A) = Beer): 


which cquations will be those of the motion of rotation of a 
system entircly free, about a fixed point which may be arbi- 
trarily assumed, and where the origin of coordinates is placed. 
These equations will still subsist, when all the points m,m’, 
m”, &e., or a part of them, are constrained to oxist at given 
distances from this origin, since in that case the values of 
62, dx’, &c., which we have made use of, satisfy this con- 
dition. 

If the system is reduced to one sole point, the motion of 
rotation will not then be distinguished from that of transla- 
tion ; in fact, equations (9) will only be a combination of equa- 
tions (6); and moreover, it is evident, that each of them, is a 
consequence of the two others; for if the system be reduced 
to a point m, and if equations (9) be multiplied by z, y, x, 
respectively, and then added together, there will result an 
identical equation. 

In place of causing the system to turn about any axis 
whatever, in order to obtain at onee the three equations (9), 
each of them can be obtained more simply, by making this 
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line to coincide, as in No. 340, with one of the axes of the 
coordinates ; but the advantage of the preceding calculus is 
to show, that the consideration of the motion about any axis 
whatever, can only furnish the three equations (9), in the 
same manner as a consideration of the mation parallel to any 
axis whatever, can only give the three equations (6). 

If there is a fixed axis in the system, and if it be assumed 
to be that of z, for example, the first of the three equationg**: 
(9) will be the only one that will subsist, and it will be that, 
of the motion of rotation about a fixe axis, as in the case of 
a solid body (No. 391). 

540. If in the case of a system entirely free, in which 
equations (6) and (9) obtain simultaneously, the origin of the 
coordinates be transferred to the point of the system of which 
the variable coordinates are denoted by a, ¥15 15 relatively: 
to the first origin; and if, for this purpose, we make 


v=aA+%,, y=ntys z=24+2, 

eau), yoyrty), c=atz/, 

&e. 
fo that x,y, 2,, 2/,y/,2/, &e., may be the coordinates of 
m, m', &c., referred to the new origin. The first equation (9) 
may be at once written as follows: 


Py (3 ) 
= 7 _y)—ysm{ osx 
ayn é 7 ) nim \ aA 


ay ba 
+ in (2, a -% =) = Sm (ey — YS)3 
the terms multiplied by 2, and y, are respectively equal to 
cipher, in virtue of the two first equations (6); and by actually 
substifuting the preceding values of w, x’, &e., in the remain- 
ing part of the first member, we shall have 
&y, Pry, ( & i) 
Sa Et, — =n ee SF — YGF 
des RP ge RN, NG et — Gee 
= lan (ey — 7), 
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whatever may be the moveable origin of the coordinates. But 
if this point is the centre of gravity of the system, the sums 
sme, and Smy, will See consequently, the terms mul- 


tiplied by ad and 2 A will disappear also, as well as those 


of which the pee are x, and y,;, by which means the pre+ 
ceding equation will be simplified. By making similar re- 
ductions on the two other equations (9), we shill haye 


ay mn (2, Se by, EB) = 2m (ox — 9 


ae 2, _ , £2) — em(ex—az), | (10) 


We ae 
“Sm (Ee « 4) = In (yz — 2,Y)3 


for the three equations of the motion of rotation of the system 

about its centre of gravity It is evident from a comparison 

of them with equations @Q), that this motion will be the same 

a8 if the centre of gravity#was @ fixed point and the given 

férces which act on all the points of the system were not 

changed ; a property which is peculiar to the centze of gravity, 

and which has been already demonstrated (No. 4: =) in rs 
case of a solid body entirely free. 

541. If the same values.as in No. 538; be assigned | to the 
quantities dx, dy, &e., which equation (5) contains ; ‘there will 
result 

Sma= Ima, Inb= Imp, Ime = Tne; (il) 


from this it appears, that in the sudden changes of yelotity, 
the sum of the quantities of motion of all the points of a sys- 
tem entirely free, parallel to each of the axes of the eoordi- 
nates, remains unchanged, and, consequently, this must be 
the case in any direction whatever. It likewise follows,, that- 
the magnitude and direction of the velocity of the,gentre .of 
gravity, does not undergo any change ; for the components of 
this velocity, before and after the sudden change,-are the 
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espective members of each of equations (11)s divided by the 
total mass Sm. Hence, in the impact of two, or a greater 
number of bodies, of any nature or form whatever, ‘the velo- 
city of their centre of gravity, and the entire quantity of 
_ motion estimated in any direction, never experience any 
change, as has been alreddy remarked in a particular case 
(No. 364.) e> 
If a, B§e, a’, b’,c’, &e., are the components of the initial 
velocities of m, m’, &c., and a, B,C, A’Sx’, c’, &e., the compo-> * 
nents of the velocities which would be impressed on them in 
any manner whatever, at the commencement of the motion, 
if these material points were detached and isolated from each 
other, we shall have < 


‘ 


¢ ad 
da, dy; : dz, 
a =m = Sma, a =m = =mb, 7d =m = Tne; 
and, consequently, * 
dx, Sis dy, a dz, _ : 
a =m = Ima, Wt =m= Imps, rr =m = Ime, : 


_ for t= 0; by,means of these equations, the given velocities 
Aya’, &e., or even the entire sum of the quantities of motion 
comnfani@ited to the system, parallel to the three axes of co- 
ordinates, will make"known the components of the initial ve- 
lotity of the centre of gravity, 

Uf the values of dv, dy, 82, given by formule (8), are again 
substituted in equation (5), there results(¢) 


=m (ab — ya) = Sm (as — ya), 
=m (za — xe) = Sm (za — xe), (12) 
=m (ye — 2b) = Em (yc — zB); 


from whith it appears, that in all sudden charges of velocity, 

the moments of the quantities of motion of all the points ofa 

system entirely free remain unchanged, with respect to any axis 

whateve¥; this theorem still obtains, though there should be 
VOL. 11, 2x 
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one or more fixed points in the system, provided that these. 
points exist on the axis of the moments. 

If these equations (12) be supposed to refer to the com- 
mencement of the motion, so that we may have 


dx dy b dz 


7; = a, "U =O, uu =e, 

when ¢ = 0, and if, as in the preceding number, the origin of 
the coordinates be transferred to the centre of gravity of the 
system, which is assumed to be entirely free, these equations 


(12) will be changed into the following : 
dx 


dy, 
zm(q,! we a= Dm (xB — y,A)+ 


dx, 
3m (2G 


=m (9, ra wt) = =m (y,c — ZB), 








ZA — £0), 


in whieh w,, y,, 2,. are the coordinates of m any point what- 

‘ever, with respect to the new origin. These equations will be 

these of the initial motion of the system about its centre of 

gravity ; and as they do not contain the components of the ” 
velocity of this point, it follows that this motion of rotation 

will be the same as if the centre of gravity was a fixed point, 

and the given velocities a, a’, &e., which occur in their second 

members were not changed ; a result which agrees with what 

has been already established, in another manner, in the case of 
affolid body (No. 436). 

542, It may be observed here, that equations (11) and 
(12) can be deduced from equations (6) and (9), by supposing 
in these, that mx, my, mz, m’x’, my’, mz’, &c. are the compo- 
nents of motive forces, which acting on the points m, m’, &e., 
with great intensity, are capable of producing in a very short 
interval of time, which we shall denote by 8, the given quan- 
tities of motion, ma, mB, mc, m/a’, m’B‘, m'c’, &e. - 

In fact, according to this, we shall have, 
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(8 sae = a, QP vat =, Qo ade = c “ 


* and if the points of the system are supposed to be in repose at 
the commencement of the time 0, and if a, }, ce, a’, b,c’, &e. 
are the components of their velocities at the end of this inter- 
val of time, we shall have also 


0 dx Ody O Bz. 
omut=e ote og tee 


for m any point whatever. 

Now, if the first equation (6) be multiplied by dt, and if 
its two members be then integrated from = 0 to t= 0, we 
obtain 

0 Px 


=m ode dt = sm VP sats 


which coincides, by what precedes, with the first equation 

€11), and the same is the case for the two other equations 
(6) and (11). 

Moreover, if the displacements of the points m, m’, m'', &e., 

during the time 0, are not taken into account, and if, conse- 

. quently, their coordinates are considered as constant during 

the action of the given forces, we can deduce from the first 
equation (9) 


Ody 0 da («.(? 
xn (x (V2 Gia, 16024) = xm («40 vat—y. (0 xa) xdt 


which, in virtue of the preceding suppositions, ‘is the same ex- 
pression as the first equation (12); and in the same manner, 
the two other equations (12) may be obtained from the two 
last equations (9). 

543. As in the expressions for the increments of the co- 
ordinates given in No. 539, it is assumed*that the distances of 
the respective points of the system from each other, and from 
the origin of the coordinates, are invariable ; their expressions 
divided by dé, should coincide with,the components of the ve- 
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locity, relative to the elements of a solid body, turning about 
a fixed point; it will not be useless to verify this. 

For this purpose, let 07, oy, oz (fig. 30), be the axes of 
the coordinates, and ot the axis to which the angles A, p, v of 
No. 539, about which the system is made to turn by an infi« 
nitely small quantity, refer. In this motion, the points of the 
system describe similar arcs of a circle, and they have all the 
same angular velocity ; in order to determine this velocity, it 
will be sufficient to determine that of a point x, which may, 
for example, exist on the axis oz at the commencement of the 
instant dt, Now, in the case of this point, we have z= 0, 
and y= 0; this reduces formule (8) to 


dx = zecosp, sy=—zecosd, dz = 0; 


consequently, the absolute velocity of the point K will be 


Af SE By + oy +82 _ zesiny 
dt = de? 


since cos"\ -+ cos? 4+ cos*y = 1. And as its distance from 
the axis o1 is 2 sin v, its angular velocity will be equal to de 
which will be that of the entire system(/). 
Henee if it be denoted by w, we shall have «= wdé, and 
by making : 
woosi=p, wcosu = 4g, w cosy = 7, 


formule (8) will become 
O22 7.8 6 ox 
0a] = UP — 29)» 4 = Gr— 2p), a= Gr—y)s 


results which evidently coincide with those of No. 408, when 
in these last, the directions of the moveable axes ox,, oy,, 0z,, 
at the instant that they are considered, are assumed to be 
those of the fixed aid arbitrary axes ox, oy, 02. 

It may be observed, that if the plane moz describes first 
an angle rdt about the axis oz, .and if the motion has place 
from ox towards oy, or in the direction indicated by the sa- 


MOTION OF A SYSTEM OF BODIES. 341 


gitta s, the increments of z, y, z, the coordinates of the point 
m, Will be obtained, by making p = 0 and g = 9, in the values 
of dx, dy, 82; consequently, its three coordinates will become 


“e—yrdt, y+ ardt, z. 


If, after this first motion, the plane moy describes an angle 
qdt about the axis oy, by revolving from the axis oz towards 
the axis oz, the increments of the coordinates of m, will be ob- 
tained by making p = 0, and r = 0, in the values of dz, dy, 8z, 
and, then by substituting the three preceding coordinates in 
the place of x, y, 2; from which it follows that after this se- 
cond motion the coordinates of the point m will be 


a — yrdt + zqdt,.y+ardt, z—(«— yrdt)qdt; 


and if infinitely small quantities of the second order be ne- 
glected, the third coordinate will be reduced z— xgdt, Fi- 
nally, if after the second motion, the plane moz describes an 
angle pdt about the axis oz, by turning from the axis oy 
towards the axis oz, we shall find, by neglecting infinitely 
small quantities of the second order, 
a+ (eq—yr)dt, y+(ar—sp)dt, z+ (yp—tq)dt, 

for the values of the three coordinates of the point m, at the 
end of the third, motion, which were originally equal to 
Ly Ys Zs 

Hence it follows that if a point-m turns successively in 
equal intervals of time, about three rectangular axes, with an- 
gular velocities denoted respectively by p, q, 7, its final dis- 
placement will be the same, as if it turned durifg one of these 
instants, with an angular velocity denoted by w, about one 
sole axis, which makes with the three first, angles whose co- 
sines are E, t, -. This remark relative to the three velocities 
of rotation p, g,7, which are termed the components of the 
velocity w (No. 407), may be also applied to the components 
of the velocity of translation. — 


oy 
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The composition of velocities of rotation follows the same 
laws, and is comprised in the same formule as that of velocities 
of translation; by means of this analogy between these two 
descriptions of motion, we are enabled to deduce the identity 
of the composition of forces and of the composition of mo- 
ments, which was already inferred (No. 281) from a similar 


analogy existing between the projections of right lines and the 
projections of surfaces. 


II. General Laws of Small Oscillations. 


544. Besides the motions of translation and rotation, in 
which, as all the points of any system participate, their mu- 
tual distances do not vary, there are likewise other motions, in 
which the moveables recede from or approach to one another. 
Now, if their displacements are always very small, we can 
reduce the problem to linear equations, and determine, by ap- 
proximation, the coordinates of the moveables in functions of 
the time. A great variety of interesting phenomena depend 
on these small oscillatory motions, of which we now propose 
to explain the general laws. 

Let i denote the number of the moveables m, m’, m”, &c., 
and y the number of equations (2) of No. 531, which express 
the conditions of the system. The number of coordinates of 
these material points will be denoted by 32, and, if we make 
3i— vy =n, equations (2) will determine a number » of the 
coordinates in Tantttions of the n others, or, more gencrally, all 
the coordinates may be determined by means of these equa- 
tions, in functions of x independent variables. Leta, B, y, &e. 
be the initial values of these n variables, and a + u, B+», 
yt, &e., their values at the end of the time ¢, in which 
u,v, w, &e. are supposed to continue very small quantities 
during the motion. Each of the coordinates of the moveables 
will be a given function of a--u B+, y + w, &e., which 
may, besides, contain the time ¢, if this variable should occur 
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explicitly in equations (2). These functions may be developed 
into very convergent series, ranged according to the powers 
and produets of u,v, w, &e. Let these developments be re- 
presented as follows : 
whe 
2m paw + bv + cw + &e. 
+ deu? +4 fv? + b.gu? + huv + kuw + low + &e., 


Y=pPi + au + bw + cw + &e. 
se feu? + Efe? + gw? + hyuv + hyuw + how + &e., 


z= py t au + by + cw + &e. 
t+ hee? + b fv? + gga + hyuv + hyuw + Lew + &e., 


wap +a'ut+ bv +ew+ &e. 
feu +h f'v’ + how? + hi + huw+low + &e., 


y’ = pi + au + bv + c/w + &e. 
dele hfe? + hg! + hur + hy'uw + l/vw + &e, 
2’ py + au t+ bv + cw + &e. 
+helw+d fir’ +ig/w + hyuv + h/uw + bLiow + &e., 
&e. ; 


and as by hypothesis, equations (2) are not supposed to con- 
tain the time ¢ explicitly, all the coefficients of the powers 
and products of zw, v, w, &e., in these series, will be given 
constants. 

If the system is actuated by a motion of translation or ro- 
tation common to all its points, the variable parts of their co- 
ordinates, which result from this motion, must be comprised 
in the first terms p, p,, &c.; but, for greater simplicity, we 
shall assume that this circumstance does not obtain, conse- 
quently, these first terms will be also given constants. 

As the components of the forces which act on the points 
m, m’, nv’, &c., are given functions of their coordinates, if the 
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be then developed according to {8 powers and products of 
u, v, w, &e. By this means, we shall have consequently 


X= P+4au+Bv 4 ce + &e.¥” 
YP, + aut Bw + cw + &t, 

Z = Po + Agu + By + cow + &e., 
w=P+aut+Bpv+cwt &e, 
Y= P/ +a/u+ B,v + cw + &e., 
a = Py! + Au + BV + C,w + &e,, 
&e. ; 


the first terms p, P,, &c., and all the coefficients a, a), &e., are 
given funetions of p, p,, &e., a, b, &c., which may, besides, 
contain the time ¢, if this variable occurs explicitly in the ex- 
pressions of the given forces. However we shall suppose that 
this is not the case, and shall therefore assume that the quan- 
tities P, Pj, &c., a, A), &e., are given constants. 

545. This being established, in order to apply equation 
(1) of No. 531 to the motion in question, we should attribute 
to the independent variables w, v, w, &c., infinitely small in- 
crements, which we shall denote by &u, dv, Sw, &c.; and then 
substitute in this equation (1), the corresponding values of 
éx, by, Sz, which, if infinitely small quantities of the second 
order be neglected, will be(/) 


Bn =e (a + eu + hv hw + &e.) du 
+ (6 + fo + hu + lw + &e.) dv 
+(e 4+ gw +hu+ lv + &e.) dw 
+ &e., 

by = (a + cu + hw + Fw + &e.)du 
+ i the + hu + hw 4 &e.)dv 
+a baw + het ho + &e.)dw 
+ &e., 
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Ox = (Ay + ent + hyp + how + &e.)8u 
+ bat fu + hu + hw + &e.) du 
Sob, (Cy. ga ‘$ hyu + Lp + &e.) dw 
+ &c. 
The values of $2’, Sy’, Sz’ may be obtained from these for- 
mulz by marking all the constants with a superior stroke ; and 
those of 8x’, dy’, 82”, by marking them with two, &e. After 
the substitution of these values of 82, dy, &e., is effected, as 
the quantities Su, 8x, Sw, &c., are arbitrary and independent, 
the coefficient of each of them should be put equal to cipher, 
in the first member of equation (1). By this means, we shall 


have 
2 » 
=n (G- x) (a+eu+ hv + kw + &e.) 


ae , 
+ (i x) (a + eu 4: hy 4 hyw + &e.) 


dz 
+ Gi _ 2) (a + eu + hov + hw + &e.) | =.0; 


=m (- x) (b + sv + hu + lw + &e.) 


aa 
+ (5{- x) (hi +e + Ayu + hw + &e.) 


+ es = 2b, + fiw + hot + Law + &e.) | = 0, 


=m ce ) (e+ gw+huszlo 4 &e.) 
1% 

i Ca- ) (a + gw + hw + le + &e.) 
dz 

+(e 

&e. 


in which the sums & are alway§ supposed to extend to all the 


~ ) (C2 + gow + hu + Lv + &e.) } = 0, 


points m, m’, m’’, &¢., of the system. 
VOL. IL. 2y 
+ 


346 GENERAL LAWS OF SMALL OSCILLATIONS. 


It still remains to substitute in these equations, in place of 
®, yy, &e., X,¥, &c., their preceding values. Jf when this 
substitution is made, the squares and preducts of u, v, w, &e., 
and also the products of these unknown quantities, and of their 
Cu &v fw 
dt? dé dt?’ 
always very small, be neglected in a first approximation, 
there will then result a number 2 of linear equations with con- 
stant coefficients, which we shall denote by (a), each of which 
will be of the form 


differential coefficients &e., whith likewise are 


ee ee pow &e | 
Mag t Pag t Pap to (a) 
+ Gu+ Hv + kw + &. = Q3 | 


in which the coefficients p, 2, F, &c., G, H, K, &c., and also 
the quantity Q, denote given functions of the constants that 
occur in the preceding values of 2, y, &c., x, ¥, Ke. After 
having determined the approximate values of u,v, w, &c., by 
means of these 2 equations, we should substitute them in the 
terms of the rigorous equations, which have been neglected in 
this first approximation ; the new equations which result will 
differ from the first in this, that their second members, instead 
of being constant, will be known functions of ¢; we can 
obtain from them other values of xu, v, w, &c., more accurate 
than the first, and so on, by the method of successive approxi- 
mations. “According to the usual mode of proceeding in 
questions of this kind, we shall restrict ourselves to the first 
approximation. When the number of material points m, m’,m”, 
&c. is infinite, equations (a) will be changed into equations of 
partial differences, common to all the points of the system, 
the number of which will be always equal to that of the un- 
known quantities u,v, w, &c. This has been already ob- 
served, for example, in the problem of vibrating cords (No. 
483), in which the number of these unknown quantities, that 
express the displacements of any point whatever of the cord, 
in the direction of three rectangular coordinates, and whose 
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values depend on three equations of partial differences of the 
second order,with respect to é, is three. 

546. As the secoyd members of equations (a), and the co- 
efficients which occur in the first, are constant quantities, we 
can always make these second members to disappear, by in- 
creasing each of the unknown quantities, u, v, w, &c., by a 
constant, which it is easy to determine. Consequently we can 
suppose, without limiting at all the generality of the question, 
that @= 0, in each of equations (a); this implies that a, 3, y, 
&c., the initial values of the n independent variables, refer to a 
state of equilibrium(z) of the system, from which it has been 
made to deviate, by displacing by ever so little the points 
m,m’', m”, &c., and impressing on them yery small velocities. 
As these displacements and velocities must be compatible with 
the connexions of the points of the system, they are not the 
initial values of the cris x, y, &er, and of their first 


: . ‘ dx ¢ 
differential coefficients —, “4, &e., which are given arbitra- 


dt? ie 
rily in each case, but solely the initial values of the inde- 
pendent unknown quantities «, v, w, &c., and of their first 


du do di 
differential coefficients - at oe &e. 


Equations (a), in which the sécond members are sup- 
posed to be cipher, may be satisfied by assuming 

u = RN sin(t Wp —r), : | 

v = Ry‘ sin (¢ Ve —?r), (b) 

w = RN’sin (tV p — 7), 

&e. J 





x and r being arbitrary constants, the second of which may 
be supposed to be positive and less than x, and Ps N,N’, N%, 
&e., denote constants which we shall have to determine. The 
substitution of these values of u, 2, w, &e., in equations (a), 
will evidently give a number of equations equal to x, and of 
the following form(n), 
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(DN + EN’ + FN” + &.)p = eN-+ HN'’+ KN’ &e. 


If between these equations 2—1 of the quantities v,Nn’,N”, 
&e., be eliminated, the n quantity wilf disappear at the same 
time, and we shal] have, in order to determine p, an equation 
of the x degree, which we shall denote by 


a=0. 


Moreover, the values of the n —1 quantities N, N’, N”, &e., 
for example, of n’, x”, &c., which are obtained from these 
same equations, will be rational functions of the degree n, 
with respect to p, having a common denominator, and all 
multiplied by the quantity N, which remains undetermined. 
If this be made equal to the common denominator, the 2 
quantities n, n’, Nn”, &c., will be symmetrically expressed by 
polynomials of the degree a, relatively to p. Now, in con- 
sequence of the linear form of equations (a), they may be 
satisfied not only by the preceding values of wu, v, w, &c., re- 
lative to such a root as we please of equation a = 0, but also 
by taking for u,v, w, &c., the sums of all these particular 
values, in which the constants r and r will be changed at 
the same time as the root of A=0. Therefore, if p, p1, pas 
&e., be the roots of this equation, and if N,N, Ny, &c., de- 
note the corresponding values of N; N’, N,’, Ny’, &c., those of 
nw’, &c.; equations (a) may be satisfied by means of 


a= nnsin(¢Y¥p—r) +R sin (Vp —n) +&e., 
v= nv’sin(tVp—r)+ nynysin(é Y p;— 7) +&e., 
ws Ry’sin¢ VY p—r)-+2n,"sin(tV py —7)+&e., | 
&e., J 


(©) 


in which n, 8), ttn, &e., 7,71, 72, &e., are arbitrary constants, 
and as the number of them is 2un, it follows that these formule 
(ce) will be the x complete integrals of equations (a), each of 
which is of the second order. 

Tn each case, the values of x cos, rR, cos7,, &e., R snr, 
u, sin 7), &e. can be determined by means of the given values 
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du dv dw 
Rea dt? dt? dt’ 
As all these Values ‘Ste supposed to be very small, those of 
R, ty Ra, &c., will be so likewise; consequently, if p, p, p2, &c., 
the roots of the equation A = 0, are all real and positive, the 
values of u, v, w, &c., in functions of ¢, will be periodic, and 
will continue very small, as has been supposed, during the 
entire continuance of the motion. But, if one or more of 


of the 2” quantities u, v, @, &e., when t= 0. 


these roots are imaginary, or negative, the terms which cor- 
respond to them in equations (8), will be changed, by known 
formul, into exponentials, and will increase indefinitely ; con- 
sequently, however small the values of wu, v, w, &c., may have 
been at the commencement of the motion, they will eventually 
cease to be so, so that formule (c) will no longer ‘represent 
approximate values of these unknown quantities, except for 
very inconsiderable intervals of time. In the first case, 
which we propose to examine particularly, the state of equi- 
libriam, from which the system has been made to deviate a 
little, is one of stability ; in the second ease, this equilibritm 
is instable, at least relatively to the primitive derangements, 
for which the coefficients rn, n,, Rg, &e., of the terms thet are 
not periodic, are not equal to cipher. 

547. When all the coefficients r, ny, Ro, &c., are cipher, 
except, for example, the first, formule (ce) become reduced to 
formule (b). ‘Uherefore, if the squares and products of v, u, w, 
&e., be always neglected, we shall have simply (No. 544), 


w= p+ (an + by’ + ex’ + &e.)n.sin(tVp — 7), 
y= Prt (Gy + by! ee’ 4 K&R. sin(tVp — r), 
2 Po + (Qn + byw’ + ON” + &.) 2. sin (¢ Vp —?r); 
w= p+ (UN + Us’ + Cn’ + &e.) w.sin (tY p -r), 
y= pi + a's + by + en” + &e.) Resin (t Vp —r), | 
= pl + (a/n-+ by’ + c/n" 4 &e.)R. sin (Vp —?r); 
&e. : | 
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As the first terms p, p,, &c., and also the coefficients of 
the second terms are constant, it follows, that in this case, all 
the points of the system, will perform, in the direction of each 
of their coordinates, oscillations which will be isochronous 
and of a constant amplitude, the common duration for all 
these moveables, and in all possible directions, will be equal to 


—=(0). The relations which will exist between the ampli- 


tudes for two different points, or two different directions, will 
be determinable, and will depend on the nature of the system, 
and on p the root of the equation A=0. As their absolute 
magnitude depends on the factor r, it will be arbitrary, and can 
not influence the duration of the oscillations. All the move- 
ables will return at the same time to their position of equi- 
librium, which answers, by hypothesis (No. 546) to u= 0, 
v=0, w= 0, &., or tox =p, y= py, &e.; the first return 


will take place after the lapse of an interval ¢ = —., which 


le ca pe 
will depend, as also rn, on their primitive derangement. 


If a system of material points, in which the connexion 
of these points allows a number 2 of independent vari- 
ables, be deranged very little from the state of equilibrium, 
it may assume a number x of motions similar to the pre- 
ceding, which correspond to the n roots of the equation a = 0. 
Moreover, in virtue of formule (c), and of the corresponding 
values of the coordinates 2, y, &c., all these small motions, or 
only a certain number of them, may have place at the same 
time in this system ; and conversely, whatever the initial de- 
rangement may be, the motion of cach of these points can be 
always resolved in directions parallel to each axis of the coor- 
dinates, into a number 2, or less than n, of simple oscillations 
(like those which respect equations (d)), the independent 
durations of the initial derangement of which will be eee) 

p 


2 2 ¥ 
so LEIS PR 11 PREM. | ET oars Ea 
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surable, the entire system will revert to the same state, after 
the lapse of each interval equal to the longest, this is what, 
for example, obtains fn the motion of vibrating chords, and 
has not place in the transversal motion of elastic rods (Nos. 
490 and 525). 

It is in this general theorem, that the principle of the co- 
existence of small oscillations consists. It likewise obtains 
when the number of points m, m’, m”, &c., of the system 
is infinite; and the number of simple oscillations which 
are then possible may be also infinite; but notwithstand- 
ing this, both their durations and the relations which exist 
between their amplitudes are still determinable quantities. 
Thus, in the transversal motion of a stretched chord, the 
length, the weight, and the tension of which are denoted by 
J, p,, respectively, and the gravity by yg, the durations of 
the simple oscillations can be no other than the quantity 


2 Vu and its submultiples ; and by formula (d) of No. 489, 
w 
the amplitudes of the oscillation which corresponds to any 


submultiple %, are to each other in the ratio of sin. to 


tra! . . : 
sin, for those points of the chord, of which x and x’ de- 
note the distances from one of its extremities(p). 

548. When the points m, m’, m”, &c., oscillate in a Tesist- 
ing medium, x, y, &e., the components of the forces which 


te 5 rae j A da di 
solicit them, will contain in their expressions, a “a &e., the 


components of the velocities of these moveables. If the 
resistance of the medium be proportional to the square, or to 
a higher power of the velocity, it will not influence the mo- 
tion of the system, at the degree of approximation to which 
du? dv® dw 

a? a? Gere 
which result from it, in the expressions of x, y, &c., are of 


we have restricted ourselves, since the terms 
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the same order of smallness as the quantities which have been 
neglected. But if the motions of the points m, m, m”, &e.s 
are not very rapid, then we should suppose, as in the case of 
very small oscillations of a simple pendulum, that the resist- 
ance is proportional to the first power of the velocity ; this 
supposition will introduce into the expressions x, y, &c., and 
by consequence, into equations (a), terms multiplied by 
de dy dz 
dt’ dt? dt 
' These equations which we shall denote by (e), will then 
be of the form 


» &e., which ought not to be neglected. 


ce ay 
Cath a te Te + Be 
+ Gu + He + kw 4+ &e., (e) 


du dv ae 
=D 7 +5 an +r’ at &e. 3 ; 


v’, ’, F’, &., being likewise constant coefficients, which will 
be proportional to the density of the medium, and, for the most 
part, extremely small relatively to those which oceur in the 
first member. Now this system of equations may be satisfied 
by means of formule (b) multiplied by exponentials, that is 
to say, by assuming 


uz rnsin(t/p —r) 6, 


wr 


— py’si ee —w't 
v= RN woes r) e-*"t, (f) 
w= an'sin(tY p — 7) et, | 
&e.; J 


in which w, w’, w”, &c, are very small constant quantities, and e 
denotes, as usual, the base of the Naperian system of logarithms. 
The squares and products of these unknown quantities, and 
of the coefficients p’, n’, F’, &c., are supposed to be neglected, 
and as the values of u, v, w, &c., already satisfy equations (c) 
if their second number be cipher, when the exponentials are 
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not taken into account, their substitution in equations (e), 
will furnish a number 2 of equations of the form 

2DNw + 2EN‘w! + 2EN “w= —(D/N+8/N'+&c.), 
by means of which the values of the x unknown quantities 
«, w', w”, &e., can be obtained(g), 

Since the effect of the resistance of a medium is to dimi- 
nish gradually the amplitudes of the oscillations, these values 
will be positive. This diminution will be more or less rapid 
for the different independent variables u,v, w, &e.; it will 
also depend on p the root of the equation a= 0, which oceurs 
in the values of N,N’, N’”, &c.; so that the amplitudes of the 
simple oscillations of which the system is susceptible, will not 
all decrease with the same rapidity. However, the resistance 
of the medium will not otherwise have any influence on the 
duration of each of these oscillations, which will be always 


a for that which corresponds to the root p» By taking 
p 


the sums of formule (f), relative to all the roots of the equation 
4 =0, we shall have, as before, the most general values of 
Uy v, Ww, &e. 

549. It results from the principle of No. 547, that if the 
points of the system are so connected together, that there re~ 
mains only one independent variable, they can perform only 
one species of oscillations, for which the duration and re- 
lations between the amplitudes in the case of the several 
moveables, will depend ow the forces that solicit them, and 
on the nature of the system. This case will obtain, for ex- 
ample, in the motion of two material points m and m’, attached 
the one to the other by a thread of a constant length, and 
constrained to move on given curves, 

If, on the contrary, the points m, m’, m’”’, &c., are not con- 
nected together, nor constrained to remain on given surfaces or 
curves, a circumstance that does not prevent them from being 
subjected to their mutual! attractions or repulsions, and to other 


Re coke” Nasty ee i her 
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nates will be independent variables ; and in this case, which 
is in some measure the inverse of the preceding, the number of 
simple oscillations which may have place, will be triple of that 
of these material points(r). This is what in fact obtains in 
the problem of No. 534, relative to the very slight motion of 
a point m, considered as entirely free, and subjected to the 
action of forces directed towards four fixed points. 

For another example of the application of the preceding 
principle, let us consider the small oscillations of a heavy 
material point such as m, on the surface of an ellipsoid, one 
of whose axes is vertical. Let 2¢ denote the length of this 
axis, 2a and 28 those of the two horizontal axes, and, con- 


sequently, ‘ 


ey 2 
atgta=) 
is the equation of the surface, the origin of the coordinates 
being at its centre. If this origin be transferred to the lowest 
point, and if the postive zs be supposed to be directed upwards, 
ce —z should be substituted in place of 2 in this equation. 
As the oscillations of the moveable on each side of this inferior 
point are supposed to be very small, the horizontal abscisss 
x and y will be so likewise, and its vertical ordinate will be 
very small relatively towandy. Therefore, if after the sub- 
stitution of c —z in place of x, the square of z be neglected, 
we shall have(s) p : 
_ ex? cy. 
7= yet op} 
and if A and & denote the radii of curvature of the two prin- 
cipal sections of the surface, with respect to the lowest point, 
where x = 0, y= 0, we shall have, 
2 2 
A= ae k= oe 
€ € 
This being established, as in this question there are only 
two independent variables, namely « and y, the moveable can 
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only perform two sorts of simple oscillations 3 and its most 
general motion will result from the coexistence of these two 
particular motions. Now, if the moveable be made to move 
from the lowest point of the ellipsoid, by impressing on it, in 
the section of which the horizontal axis is 2a, a velocity di- 
rected in the plane of this section, it is evident, that it will 
not deviate from it during its entire motion. Therefore, if 
the force of gravity be as usual denoted by g, the duration of 
these small oscillations will be then 2V 4, like to that of 
the simple pendulum, the length of which is 4 (No. 183); and, 
at any instant whatever, we shall have 


a= nsin (¢ V4_»), y= 0; 


rand ry being as before, two arbitrary constants. In the 
case, in which the small oscillations are performed in the 
plane of the section whose horizontal axis is 2b, their dura- 


tion would be 27 ae and we should have, at any instant 


whatever, 


2=0, y= n'sin (¢ Vi-v) 


Rr’ and >’ being also arbitrary constants. Consequently, the 
most general values of x and of y will be the sums of these par- 
ticular values, that is to say, 


«= Rsin (V2 r), y = k’sin (e Von), 
In order to determine the four arbitrary constants, rR, nr’, 
r,r’, let us suppose that at the commencement of the motion, 


dx dy 
é=0, «=p, Y=% GaP Bas 
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then there results from this, 


Resinr= —p, R’sinr’ = — 4, 
Rcosr = af # R’ cos 7’ = if 
=p i =4 7 


hence, by substituting for the values of A and 4, we shall 
have, at any instant whatever(t), 














Voc, pa. Voge 
z2=peost z ge aS 

Vgc, yb . Vgc 
y=qcost == sint——., 
y= Bh oe ; 


In the case of a = b = ¢, these formule ought to coincide 
with those of No. 207, by making, as in them, 


x=aalcosy, y= af sing. 


In fact, they then become, 


a8 cos p = pcos VL 4 pVBaint V4, 


absiny = goose 4/2 4. 9 4/ Saint g; 
a g a 
but in this number we have supposed 


dé d — 
O@=a, ¢=0, Gn ap = BY ga, 
when ¢ = 0; this requires that we should assume 
pra, po=0, g=09, q =BV ga; 
there will consequently result() 


ison acniys os: Osind= pein t/2; 
a a 


hence we obtain 
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6 = 4 (a+ 6%) + (a? — B) cos a4, 
atangy = B tng ep, 


as in the number already cited(v). 
550, Let us suppose generally, that 
u=v, v=V, ww, &e., 
are the values of the independent variables at any instant 
whatever, when 
U=Mm, VEY, wow, &e, 

du _ dy 4 dw 

ae a at 
at the commencement of the motion; likewise let us suppose 
that we have at any instant whatever, 


=w,, &e, 


uv’, vev, wow, &e, 


when 
usu’, vor, wow, &e, 
du dv dw 
an u,', aa v,', am w/, &e., 


for ¢=0; andsoon. Then, at the end of any time what- 
ever, we shall have 
usuptu tu + &a, 
viv+-w+v' + &e,, 
w= WH ww! +b &e., 
&e., 


(g) 


when we suppose that at the commencent of the motion, 


Um + y+ uy" + &e, 
voy +o +r"4 &e, 
wsw, + wl + w+ &e, 
&e., 
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du 


aut u/ +4! + &e, 


Ut U/ + 4," + &e,, 
dw 
dt 
&e. 


=w,+w'+w," + &e., 


In fact, it is evident, from the initial values which have 
been supposed in the first instance, to have been given to 
Us, Ww, &e., &, - a &e., that formule (g) will satisfy 
these last equations, when ¢ = 0; moreover, as by hypothesis, 
the particular values of u,v, w, &c., satisfy the differential 
equations of the motion, their sums, or formule (g), will also 
satisfy them, since these equations are linear, and contain no 
terms independent of the unknown x, v, w, &e. (No. 546) ; 
formule (g) will therefore satisfy all the conditions of the 
question, and will, consequently, be the values of the un- 
known at any instant whatever. 

551. This general theorem may be denominated the prin- 
ciple of the superimposition of small motions. We should 
take care not to confound it with that of the coexistence of 
small oscillations ; it is independent of the particular laws of 
the small motions that have been considered, and results solely 
from this, that the displacements and velocities of the move- 
ables are treated as infinitely small quantitics, since their 
products and all powers superior to the first are neglected. 

It is in virtue of this principle, that sonorous waves which 
issue from different points are propagated and superimposed in 
the air, without producing any modification in each other; so 
that at each instant the displacement and velocity of a mole- 
cule of the air in any direction whatever, are the sums of the 
displacements and velocities which would belong to all these 
waves separately considered ; which circumstance enables us to. 
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hear distinctly, and without confusion, several sounds produced 
by different sonorous bodies. Simultaneous sounds may also re- 
sult from the coexistence of small oscillations in the same sono- 
tous body. Thus, for example, when a stretched cord performs, 
at the same time, isochronous oscillations which correspond 
to its entire length, and also oscillations which correspond to 
the third of this length, the motion of the air is precisely the 
same, as if two cords, whose lengths were as one to three, 
performed simultancously the slowest vibrations of which they 
are susceptible; and, the fundamental tone of the given cord, 
and another more elevated tone, which is the Jifth of the up- 
per octave, is heard at the same time. This is also the rea- 
son why the sounds produced by the longitudinal vibrations 
and by the transversal vibrations which have place at the same 
time, in the same stretched cord, or in the same elastic rod, 
are heard distinetly. 

In consequence of the same principle, the waves produced 
in several points of the surface of water, are simultaneously 
propagated round about from these different centres, and may 
cross in all directions on this surface, without modifying one 
another, so that at any instant whatever, the elevation of the 
water at each point will be the sum of the positive or negative 
elevations which would have place in virtue of all these waves 
separately considered. 

The explanation which is given of the phenomenon of 
interferences in the theory of luminous undulations, is also 
founded on the principle of the superimposition of small mo- 
tions, which, it may be observed, is susceptible of numerous 
applications. 

In order to complete it, we may add, that if forces ema- 
nating from moveable centres, act on the points of the system, 
the second members of equations (a) of their small motions 
(No. 545), will be linear functions of the components of these 
given forces. ‘The same will be the case with respect to the 
complete integrals of these same differential equations; hence 
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it follows, that the parts of u, v, w, &c., independent of the 
initial state of the system, and consequently, the similar parts 
of the coordinates of the moveables, will be the sums of the 
values which they would have, if the given forces acted sepa- 
rately. Thus, for example, in the phenomenon of the tides, 
the total elevation of the sea at each point, and at each instant, 
is the sum of the elevations which would be produced by the 
separate actions of the sun and moon; and this is the reason 
why, every thing else being considered as equal, the height of 
the tides is greatest in the syzygies, and least in the qua- 
dratures. 


II. Principles of the Conservation of the Motion of the Centre 
of Gravity, and of the Conservation of Areas. 


552. Since the motion of the centre of gravity of a system 
entirelY.feee is the same as if the masses of all the moveables 
being unWed in it, their motive forces were transferred to it 
parallel to their respective directions, it follows that the given 
forces, whose components parallel to each ordinate are equal 
and contrary, will not occur in the differential equations of this 
motion. Now, this case is that of the motive forces arising 
from the mutual actions of the points of the system, in virtue 
of the general law of action equal to reaction, which is always 
observed in nature, as we now proceed to explain. 

Ifa material point situated at m acts on another point 
situated at m’, and impresses on it, or tends to impress on it, in 
an instant, an infinitely small quantity of motion which we 
shall denote by jz, it is invariably observed, 

Ist. That this action is directed along the line drawn from 
the point m’ towards the point m, or along its production be- 
yond m’, 

‘ Qndly. That at the same time the point situated at m’, re- 
acts on the point situated at u, along the line drawn from 
towards ’, or along its production beyond u. 
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3rdly. That this reaction communicates, or tends to com- 
municate to the point situated at M, a quantity of motion pre- 
cisely equal to (2). 

The mutual action between these two material points is 
termed attraction or repulsion, according as it tends to in- 
crease or diminish the distance mm’; if they are entirely free, 
and if their masses are represented by m and m‘, the velo- 
cities by which they will be respectively actuated will be 


fy os that is to say, in the inverse ratio of their masses, and 
the quantities by which they approach to or recede from each 
other, in an infinitely small portion of time, will be equal to 
these velocities multiplied by the half of this time (No. 114)(2), 
Moreover, the quantity jz will either depend on the nature of 
the bodies to which m and m’ belong, or be independent of 
them, and proportional to mm’ the product of these masses 
(No, 241), as in the case of universal attraction (y). 

The first of the three propositions which have been now 
stated, may be considered as self-evident; for when the 
quantities of matter m and m’ are reduced to infinitely small 
dimensions, and placed at a finite distance from each other, 
there is no reason why the action of one of these points on the 
other shduld be exercised on one side of the line which joins 
them, and about which every thing is similar, rather than on 
the other; but with respect to the two other propositions, they 
can only be considered by us as the results of experiment, 
generalized indeed by induction, and confirmed by all the 
consequences which have been obtained from them. In 
fact, it cannot be considered, d priori, as impossible for a 
material point m to act on another m', without the latter 
reacting on the first, in an opposite direction with equal in- 
tensity. Thus, the principle of reaction equal and contrary to 
action may be admitted as a general law of nature, which is 
established by observation, in like manner as the law of 
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universal attraction, in the inverse ratio of the square of the 
distanee. 

553. This being established, if all the material points of a 
system entirely free are only subject to their mutual actions, 
these motive forces, transferred to the centre of gravity of the 
system, will destroy each other, two by two, consequently, the 
motion of this system will be rectilinear and uniform, and will 
constantly preserve its initial velocity and direction; hence 
this theorem has been denominated the principle of the con- 
servation of the motion of the centre of gravity. 

This motion is not altered by the impact of bodies, what- 
ever may be their degree of elasticity (No. 541); and, in fact, 
the phenomenon of the impact is produced, as has been 
already stated (No. 499), by the mutual actions of the mole 
cules of the striking and struck body, which actions are 
exerted at distances, which, although insensible, are of a finite 
magnitude, and for which the law of reaction, equal and con- 
trary to action, must have place. For the same reason, if the 
parts of a solid body in motion are separated by any internal 
explosion, the direction and velocity of the centre of gravity 
of all its parts after the explosion, will be the same as the di- 
rection and velocity of the centre of gravity, which have place 
previously to this event. In general, the sudden changes of 
velocity which accompany these impacts or explosions are the 
effects of the mutual actions of the molecules; when the mo- 
lecules approach to or recede from each other, these forces vary 
in very high ratios, and they, consequently, cause the velocities 
of the bodies to vary also considerably, during very short in- 
tervals of time. 

The principle in question is independent of the connexion 
of the points of the system, provided that none of them is either 
attached to other points foreign from the system that is con- 
sidered, nor constrained to move on a fixed or moveable 
curve or surface. Cunditions of this kind, when they exist, 
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give rise to forees which should he transferred to the centre of 
gravity, and which may cause its velocity to vary. ‘This will 
be also the case, when there are forees applied to the points of 
the system, which do not arise from their mutual actions; and, 
in this case, the mutual actions may influence indirectly the 
motion of the centre of gravity, by diminishing or increasing 
the distances of the points of the system from the fixed or, 
moyeable points from which the foreign forces emanate, and, 
consequently, changing their intensities. 

The inertia of « material point consists in this, that it 
cannot excite any motion in itself, nor in any way modify the 
motion which it has received, without the aid of forees ema- 
nating from other points; in like manner, the inertia of a 
system of bodies consists in this, that the mutual action of its 
parts can neither produce nor modify the motion of its centre 
of gravity, without the intervention of points against which 
the moveables are pressed, or of foreign forecs. Hence, the 
motion of the centre of gravity of the sun, the planets, the 
satellites, and comets, must be uniform and rectilinear in space, 
when the action that the fixed stars exert on all these bodies, 
and the resistance of the medium in which they move, if any 
such exists, is not taken into account. 

The manner in which the different parts of a muscle act on 
each other, in order to produce its motions, is unknown to us; 
and perhaps we shall be for ever ignorant of the means by which 
the will puts these parts, that are of a different nature, in the re- 
spective dispositions which are required, in order that they may 
actually produce their mutual attractions or repulsions ;_what- 
ever it may be, it cannot be doubted but that these actions are 
subjected to the law of reciprocity, like to all other naturak, 
forces; hence it follows, that an animal, in whatever manner 
it exerts itself, can never, by the mere act of volition, displace 
its centre of gravity, without the intervention of an exterior 
point against which it may press. A man or any other animal 
may cause their centre of gravity to rise or fall vertically, by 
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pressing against the earth; they may also cause it to advance 
horizontally by the aid of friction against its surface; but their 
locomotion would be impossible on a perfectly polished plane, 
on which this resistance would be entirely insensible. In the 
flight of birds, it is the centre of gravity of the animal and of 
the entire mass of the air that it puts in motion, that remains 
constantly at rest, and in a vacuo, it would be unable to 
displace its proper centre of gravity, whatever might be the 
rapidity with which it moved its wings. 

Neither can it be doubted, but that imponderable fluids are 
subject to the law of reaction equal and contrary to action, 
and that consequently, the principle of the conservation of the 
motion of the centre of gravity which follows immediately 
from it, must likewise be observed in their motions as in that 
of all other substances, from which they differ only in their 
extreme tenuity. Thus, when electricity, heat, and light ema- 
nate from one side of a moveable, this body should recede in a 
contrary direction, in order that the centre of gravity of the 
entire system may remain at rest; but the quantity of mo- 
tion by which it will be actuated will not be appreciable by 
the senses, unless that of the imponderable fluid is so likewise, 
notwithstanding the extreme smallness of its mass, and it will 
be proportional to the magnitude of its velocity. This can 
only be decided by means of very delicate experiments. 


III. Conservation of the Motion of Rotation. 


554. It has been demonstrated that the forces arising from 
the mutual action of the points 2, m’, m”, &c., of a system en- 
girely free, do not occur in equation (7) of their motion of 
translation ; it may be likewise shown that they disappear from 
the equations of its motion of rotation about the origin of the 
coordinates (Nos. 538 and 539). 

In fact, let # be the force arising from the mutual action 
of m and w’, which is the same for these two material points, 
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and directed, if the force be attractive, from m towards m’ for 
the point m, and from m’ towards m for the point m’. If the 
distance of these two points be denoted by p, the cosines of the 
angles which the line mm’ makes with lines, drawn parallel to 
the axes of 2, y, z, through the point m, will be 

a—x2 yy 2—z. 
SS ee 


: 3 


p Pp p 


hence then, relatively to the force F, 


one dats ats 
pe Ca a OI er 


pe pP Pp 
will be the components of the motive force of m; in the same 
manner we shall find 


oe] ALA my! = (y-v)e 2 fe gen mb La 


p p 


mx! = 


for the components of the motive force of m’, arising from this 
force F. Now, it is evident from these values, that 


may —ys) + m'(a’y’— yx’) = 0, 
m(zX— xt) 4m! (2'x’—2'z') = 0, 
m(yZ—2¥) + m' (y’2'— 2'v') = 0; 


consequently, the terms arising from the mutual action of the 
points of the system mutually destroy each other, two by two, 
in the second members of equation (9) of No. 539, 

If therefore no other motive forces act on the points 
m, m',m", &c., the motion of rotation of the system about the 
origin of the coordinates, will arise solely from the initial velo- 
cities impressed on these points; so that unless there be some 
extraneous forces acting on the system, or some points against 
which the moveables press, taken without it, the sole mutual 
action of its parts can neither produce any motion of transla- 
tion or of rotation common to all its points, or in any degree 
modify that which it has primitively received. 
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555. The second members of equations (9) will be like- 
wise zero, when the points of the system, besides their mutual 
actions, are also solicited by forees directed towards the origin 
of the coordinates ; for mx, my, mz, the components of such a 
foree applied to the point m, are to each other as x, y, 2, the 
coordinates of this point, consequently we have 


eYmyX, 2X az, y2=2zY3 
BS) 


and the term which arises from it disappears from each of equa- 
tions (9). 

Thus, in every system entirely free, or which contains only 
one fixed point, and whose points m, m’, m’, &c., are only 
subject to their mutual actions, and to forces directed towards 
this fixed point, when this point is taken for the origin of the 
coordinates, we shall have 


amet 7 - 34) =0, | 
| 
f 
| 
J 


=m (252 o)= 0, (a) 


am(ya— 24) = 0. 


If there is no fixed aie in the system, and if the move- 
ables are only subject to their mutual actions, we can assume 
any point we please, for the origin of the coordinates; and as 
in this same case, equations (7) of No. 538, beeome 

Pz ay Cz 
im =o, 2m Fy, = % zm a=, (b) 
it follows that we can assume for this origin, a point which has 
a uniform and rectilinear motion in space. 

In fact, if the coordinates of this moveable point be de- 

noted by a, 8, y, we shall have 
&a &B Py 
ea” dea Genes 
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and if the origin of the coordinates be transferred to it, we 
should make 

waat+e, y=B+Y, z=y+2, 
relatively to any point whatever ; now by substituting these 
values in the first equation (a), it can be made to assume the 
form (x) 


ly,” P & Pa 
sm(0,% gE _ 9 Ge) +" B Sx, — é —5 lmy, 
Px 


dt dt? 
+ azm TY — Ppim—, 7e= =0; 


which, in consequence of the preceding equations, will be re- 


duced to 
Pr, 


3m (0,24 CH y Se = 0; 


and in like manner the two other equations (a) will become 


Pe, @z, 
Dy G We — 8,5 ) = 0, 
Pz @y, 
=m (y, Te —2, <2) = 
when the origin of the coordinates is transferred to a point, 
the motion of which is uniform and rectilinear, 

As in the case in question, the motion of the centre of 
gravity of the system is uniform and rectilinear (No. 553), it 
follows, that when this centre is taken for the origin of the 
coordinates, equations (a) should obtain. 

556. Since 


‘ we 
it pao i) 


Pe f dz dz 
or em 7 d(29 5), 


Pz a a dy 
Vit =v Ya D3 


if equations (a) be multiplied by dé, and then integrated, 
there results 
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3m (2% ~yt) <6, 


de ne | 
=m arr S)= =e, ’ (e) 
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c, c’,e”, denoting the arbitrary constants introduced by the in- 
tegration ; it appears from these equations, that in the mo- 
tion of a system entirely free, in which the moveables are only 
subject to their mutual actions, or to the actions of forces di- 
rected towards a fixed centre; the moments of the quantities 
of motion of all the points of the system, with respect to three 
rectangular axes, that intersect in this point, and conse- 
quently, with respect to any other right line drawn through 
this point, are constant quantities. ‘The value of these mo- 
ments will not be changed in the impact of the bodies of a 
system, or when an explosion takes place in one or more of 
them, for the forees which produce these phenomena, are the 
mutual actions of their molecules; this agrees with the result 
of No. 541. 

It results from the preceding number, that if there are 
no forces directed to a fixed point, this theorem also obtains, 
with respect to any axis whatever, which moves parallel to 
itsclf, and passes constantly through the centre of gravity of 
the system, or more generally, through any point the motion 
of which is uniform and rectilinear. Likewise it follows from 
equations (b), that in this same case, the sums of the quap- 
tities of motion of all the points of the system estimated in the 
direction of three rectangular coordinates, and consequently, 
in any direction whatever, are also constant quantities ; this 
theorem may be regarded as contained in that which refers to 
the moments of these forces, the centre of the moments, and 
the origin of the coordinates being supposed to be infinitely 
distant. 
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557. The values of the constants c¢, c’, e”, will depend on 
the direction of the rectangular axes which are taken for those 
of the coordinates ; but if we make 


CO +er + Pay, 


the quantity y will be not only independent of ¢, but also of 
this direction ; for it expresses the principal moment of a sys- 
tem of forces (No. 281), the value of which does not depend 
on the arbitrary direction of the lines along which those forces 
are decomposed. Hence, when there is no fixed point in the 
system, the valuc of y will be the same when it is computed 
at two different epochs of the motion, the centre of gravity 
being taken for the origin of the coordinates, whatever may 
be otherwise their direction, whether the same or different, at 
these two epochs. In these calculatiany, it is the relative 
positions and velocities of the moveables at the given epochs 
that are employed, namely, 2, y, z, the perpendiculars let fall 
from each point m on three rectangular planes drawn arbitrarily 
dx dy dz 
at? dt? dt 
between the components of the velocity of m, parallel to 
their intersections, and the components of the velocity of the 
centre of gravity in the same directions. Even if one or more 
impact or explosion of the bodies of the system should take 
place in the interval between the two epochs for which the 
value of y has been calculated, this value will not be changed, 
provided that in the case of an explosion, all the parts of the 
bagken body are taken into account, in the calculation made 
at the second epoch. It follows, therefore, if this value of Y 
is not the same at the second, as it was at the first epoch, 
that in the interval, foreign forces have acted on the move- 
ables, or other bodies which do not constitute a part of the 
system, have impinged on them. 

Ifa, a’, a”, be the angles which the axis of the principal 

VoL. I. 3B 


through the centre of gravity, and » the differences 
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moment makes with the axes of z, y, z, whose origin is at the 
centre of gravity, we shall have (No. 281) 


ce c el 

cosa=-, cose =—-, cosa’=—3 

x 

hence, if these axes are constantly parallel to themselves, 
the quantities ¢, ec’, e’, will not undergo any change, and the 
direction of the axis of the principal moment will be also in- 
variable, as well as the magnitude of its principal moment. 
The same thing has place with respect to a fixed point, when 
there is one in the system, and the origin of the coordinates 
is placed in it; this has been already observed in No. 416, 
relatively: to a solid body. 

558. It is important to observe, that the terms arising 
from the mutual action of the bodies composing the system 
disappear in the second members of equations (9) of No. 539, 
even when the intensity of this action varies with the time, 
independently of the distance, that is to say, when the com- 
ponents of this force contain the time ¢ explicitly. Equations 
(c), and, consequently, the invariability of the principal mo- 
ment, and of the direction of its axis, therefore, has still place 
in this case, which occurs, for example, when the points of the 
system lose, under a radiating form, a part of their proper heat, 
a circumstance that diminishes, at equal distances, the intensity 
of their mutual action. Thus, if the action of the sun and moon 
on the mass of the earth is not taken into account, and if we 
suppose that our planet was formerly in a gaseous state, and 
then that it became solid by the effect of cooling, without 
losing any part of its ponderable matter, we may be assured, 
that in this transformation, neither the magnitude nor axis of 
direction of the principal moment of the quantities of motion 
of all its points, undergo any change. This axis becomes that 
of the figure of the earth about which it now turns; and it is 
easy to perevive (No. 386) that in this motion ° 


y= ol’, 
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is the value of the principal moment; w being the angular 
velocity of rotation, m the mass, and mk? the moment of 
inertia with respect to the axis of figure. If the cooling of 
the earth, is still going on, and if, in consequence, its radius 
diminishes, the value of & will diminish in the same ratio 2 
and since the quantity y is constant, the value of w will in- 
crease in the inverse ratio of the square of k, and the duration 
of the day will decrease proportionably to the square of the 
radius. A diminution, arising from this cause, of a ten mil- 
lioneth part in the duration of the day, would imply a de- 
crease of a twenty millioncth part in the length of the radius ; 
and as we are certain, that for the last 2500 years, the day 
has not experienced this diminution (No. 443), it follows that 
the mean radius of the carth has not varied a twenty mil- 
lioneth, or three metres very nearly in this long interval of 
time, by the effect of cooling, if the mean temperature of the 
earth has not yet attained to a permanent state. 

No change can arise in the quantity y from carthquakes, 
volcanic explosions, the blowjng of the winds against its sur- 
face, or the friction and pressure of the sea on the solid parts 
of the terrestrial spheriod, for all these phenomena are cases of 
the mutual actions of the parts of the system; and as the dis- 
placements of these parts, which take place under all these 
circumstances, are not considerable enough to produce any 
sensible change in the value of &, these different causes will 
not produce any appreciable alteration in the rapidity of w the 
earth’s velocity, or in the duration of the day. 

559. The theorems which have been deduced from equa- 
tions (c) may be also stated in another manner. 

For this purpose, it may be observed, that the formula 
4 (ady — ydx) expresses the area described during the instanit 
dt, or the differential of the area described during the time ¢, by 
the radius vector of the projection of the point m, on the plane 
of the axes of x and y, reckoning from the axis of the positive 
es towards the axis of the positive ys (No. 154). In the same 
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manner, }(zdz— adz) is the differential of the area described 
by the radius vector of the projection of the same point m, on 
the plane of the axes of z and 2, reckoning from the axis of z 
towards the axis of 2; and 3 (ydz—zdy) expresses the diffe- 
rential of the area described by the radius vector of the pro- 
jection of this point on the plane of the axes of y and z, 
reckoning from the axis of y towards the axis of z. 

This being established, the areas should be considered as 
positive or negative, according as they are described in each 
plane, in the direction indicated above, or in the opposite di- 
rection. Let 4, be the sum of the areas described during the 
time ¢ by the radii vectores of the projections of all the points 
of the system on the plane of the axes of # and y, and multi- 
plicd respectively by their masses m, m',m', &c. Let 42! 
denote the sum of the arcas described on the plane of the axes 
of z and « during the same time, by the radii vectores of the 
projections of these material points, and likewise multiplied by 
their respective masses. Finally, let 44” be the sum of the 
areas described on the plane of the axes of y and z during this 
time ¢, by the radii vectores of the projections of these same 
points, multiplied also by their masses. These three sums 
will be functions of ¢, the values of which will vanish with this 
variable, and their differentials will be 


3X = 3 Em(ady — ydz), 
3 ON = § Sm(cdx — adz), 
$dXd” = } Sm (ydz — zdy). 
Consequently we shall have, in virtue of equations (c) 
dha edt, d= edt, Aad! = c'dt; 
and, by integrating, we obtain 
A=ct, Moet, Melt. 


Therefore, in the motion of a system entirely free, whose 
points are only subject to their mutual actions, the sum of the 
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areas represented by $A, $X’, 4A”, are proportional to the 
time in which they are described, and the sums of the arcas 
described in the unit of time, retain their initial values during 
the continuance of the motion; the centre of the areas being 
a fixed point, either the centre of gravity of the system, or 
indeed any other point, the motion of which is uniform and 
rectilinear, 

It is in this that the principle of the conservation of areas 
consists. It obtains also, when there is a fixed point in 
the system towards which the forces acting on one or more of 
the moveables are directed, provided that this fixed point is 
taken for the centre of the areas; this comprehends the theo- 
rem of No. 154 relative to a single material point. 

It may be remarked here, that when the points m, m’, m’, 
&c., turn in the same direction about the centre of areas, as 
the centres of the planets do about the sun, this will be also 
the case with respect to their projections on the planes of the 
coordinates; so that the signs of all the terms of the sums 
$A, 4X, $A” will be the same: on the contrary, they will 
have different signs, and these sums may be either positive or 
negative, when a part of the moveables turn in one direction, 
and the other part in the contrary direction, as is the case in 
the motion of the comets about the sun. 

560, Now, let o (fig. 31) be the fixed or moveable centre 
of the areas; ox, oy, oz, the directions of the rectangular 
axes of the coordinates; m and m, the positions of any point m 
at the end of the times ¢ and ¢+d¢; P and p, the projections of 
m and Mm, on the plane of the axes of x and y. The triangle 
Mom, will be the plane area described during the instant dé by 
the radius vector of m, and the triangle Por, will be its pro- 
jection on the plane of the axes of x and y, or the area de- 
scribed during this instant, by the radius vector of the pro- 
jection of m on this plane. The projections of mom, on the 
two other planes of the coordinates, will be likewise the areas 
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described by the radii vectores of the projections of m on these 
planes. ¥ 

This will be the case likewise for the areas described in 
space during all the infinitely small portions of ¢, by the radii 
vectores of all the points of the system, and multiplied by their 
masses, or in other words, for all these areas increased in the 
ratio of the masses m, m’, m’, &e., to unity. Consequently, 
the quantities 3A, 3’ 4 \ considered above, will be the sums 
of the projections of these infinitely small areas on the three 
planes of the coordinates, and the theorems of No, 276 and 
the following numbers, may be applied to this system of plane 
areas and to their projections. 

Thus, among all the planes which can be made to pass 
through 0, there is one on which the sum of the projections 
of the plane areas, respectively affected with the sign which 
results from the direction of the motion relative to each of 
them, isa maximum. If the value of this greatest area be 
denoted by p, we shall have 


we = NPA? AN? 
and, if on be the perpendicular from the centre o to this plane, 
by making 
son= PB, yor=P’, von =P", 
we shall have also 


cosB = x cos B' = a ae 
# B 


cosh” = —. 
1 con" =F 

Now, from the values of A, 0’; "5 given above, it is evi- 
dent that these formule are the same thing as 
c c 
cosB=—-, cosP'=—-, cosp"=—3 (d 
BE) Pau eo ) 
c, ¢’, e”, y being the same constants as before. Hence it ap- 
nonre that the direction of the plane of the greatest area will 
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remain constant during the continuance of the motion, and 
that the normal to this plane drawn through the centre of the 
areas will always coincide with the axis of the principal mo- 
ment of the quantities of motion of all the points of the 
system. 

It follows from this, that in the motion of every system 
entirely free, the material points composing which are only 
subject to their mutual actions, there exists a plane passing 
through the centre of gravity, which remains constantly pa- 
rallel to itself, and whose position can be determined at each 
instant, by means of the masses of all these points, of their co- 
ordinates referred to the centre of gravity as their origin, an 
of the excess of the components of their velocities over those 
of the velocity of this centre. 

We are indebted to Laplace for this theorem, who has de- 
nominated the plane in question the invariable plane, and he 
proposed to make use of it in astronomy, in order to refer to its 
constant direction the variable directions (No. 244) of the 
planes of the planetary orbits. 

561. It is to the plane of the orbit of the earth, and to a 
right line drawn in this plane through the centre of the sun, 
and in a direction parallel to the line of the equinoxes, that as- 
tronomers refer the positions of the stars, and the directions of 
the planes in which they move. As the true ecliptic and the 
line of the cquinoxes are in motion in space, their positions, at 
a given instant, are determined by comparing them with those 
of the stars; but as the proper motions of the stars, which are 
for the most part unknown, may, after the lapse of several ages, 
Jead us into error as to the absolute displacements of the orbit 
of the earth, it is useful, in order to prevent mistakes, to be 
able to assign its true direction at any instant whatever. 

Let us therefore suppose that the plane of the axes of x 
and y is the plane of the celiptic at a given instant, or more 
accurately, a plane parallel to that of this ecliptie, and drawn 
through o the centre of gravity of the solar system. Through 
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the point o (fig. 32), def tHe axes or and oy be drawn arbi- 
trarily in this plane; and also let the values of the quantities 
c, c, ec’ be supposed to be computed by means of the co- 
ordinates and the actual velocities of all the points of the solar 
system, referred.to the rectangular axes ox, oy, 02, and the 
masses of these points. If on is the perpendicular to the in- 
variable plane of this system, and zor’ the intersection of this 
plane with that of the axes of x and y, then by equations (d) 
we shall have 

° 


c 


3 (e) 


by means of which the direction of the invariable plane rela- 
tively to that of the axes of w and y, can be determined. But 
in order to be able to infer reciprocally, the absolute directiqn 
of the plane of the ecliptic parallel to that of the axes of # and 
y, it is moreover requisite that there should exist, on the in- 
variable plane, a line which remains constantly parallel to 
itself, and whose direction may be known at each instant. 
ox being this line, the angle Koz will be known at the epoch 
in question. The angle kox can be deduced from this ahgle, 
and the angles Hoz and Eo; and the two angles Hox and KOK 
will completely determine the absolute direction of the plane 
of the ecliptic. 

Now, the existence of the invariable plane in the solar sys- 
tem, supposes, implicitly, that the action of the stars on the 
gun and on the planets, is not taken into account, and that all 
the parts of the system are subjected solely to their mutual 
actions. But, in this case, the motion of o, the centre of 
gravity of the system is uniform and rectilinear; consequently, 
unless the direction of this motion is exactly perpendicular to 
the invariable plane, the line which the point o describes in 
space, when projected on this plane, will continue parallel to 
itself. ‘There does not appear to be any other line that can be 
taken for the line ox; but to be able to make that use of it 
which we have indicated, the direction of the motion of the 


c 
cosHoz =-, tangEot = 
Y 


or ; ace +. 
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centre of gravity of our univerge’shonl be previously deter- 
mined by observation, which is at present very imperfeetly 
known. : 
If the values of the angles woz and £ox be determined at 
two different epochs, the real displacements, of the ecliptic 
which take place in this interval will be known, and in this de- 
termination it will appear that the angle Hoz, or the inclination 
the moveable plane to the invariable plane, is not sufficient 
of itself to determine them completely. Nevertheless, if the 
quantities c’ and c” are very small relatively to c, the angle noz ‘ 


. will be also very small, and very small differences in the values 


of c’ and e” will produce considerable ones in the values of £oz, 
and consequently of roK; so that in this case, it would appear 
that or, the intersection of the ecliptic and of the invariable 
plane, will have experienced a considerable displacement on 
this plane. But, in general, this displacement will be only 
apparent, for the small differences of the values of e’ and ec” 
will arise, in a great measure, from the inevitable errors in the 
observations, by means of which these values are determined, 
and from the quantities which we are obliged to neglect in 
calculating them. 

In fine, when the angle Hoz is very small, that is to say, 
when the inclination of the ecliptic to the invariable plane is 
inconsiderable, the angle £ox, which it is then extremely diffi- 
cult to determine, has very little influence on the true direction 
of the plane of the orbit of the earth. 

562. As the number and masses of the comets are un- 
known, the terms which correspond to them in the values of 
c, ¢e’, c”, relative to the solar system, must be neglected ; how- 
ever, the values of ¢, c’, e”, furnished by formula (c), will be 
very little affected by this omission, in consequence of the 
smallness of these masses, and also, because the terms of these 
formule, which respect the comets, are in a great measure de- 
stroyed by the opposition of their signs (No. 559.) 

The parts of ¢, e’, c’, which belong to the sun, the planets, 
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and the satellites, may -be determined in the following man- 
ner. : e 

Let m be the mass of one of these bodies, and di the ele- 
ment of this mass, whose coordinates referred to the axes 02, oy, 
oz, are x,y,z. Let 21,4;,21, denote the coordinates of the 
centre of gravity of M, with respect to the same axes,. and 
Lp Ys Z,y the coordinates of dm, referred to parallels to these 
axes, drawn through this centre of gravity; so that, at any 
instant whatever, we may have 


B=, YrEnAty, THEAtA sy 


dx dx, , dx, dy_ dy, , dy, dz__ dz , dz, 
ana ta? ama tae? aa ta 





The origin of the coordinates x, y,, z,, being at the centre of 
gravity of m, we have 


§adm=0, Sydm=0, §zdn=0, 


and, consequently, 


dz, § dy, dz,,, _. 

Seam = 0, 7 ‘dm = 0, am =0; 
in which the integrals are supposed to extend to the entire 
+ dx dy dz Z 
mass. Now, if these values of 2, y, z, 77a a at be substi- 


tuted in the first equation (c), and if m and & be changed into 
dm and §, there results (a) 


cen(nit nit) (ita 
from which it appears, that the moment of the quantities of mo- 
tion of m with respect to the axis oz, consists of two parts; the 
first depends only on the motion of the centre of gravity of m, 
and is the same as if this mass was concentrated in this point ; 
the second is independent of this motion, and the sameas if the 
centre of gravity of m was at rest, and the axis oz was trans- 
ferred to this point, parallel to itself. The same result is 
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applicable to the quantities ce’ and e”, and also obtains with 
respect to any axis whatever. Now, if a, B, c be the moments 
of inertia of m, with respect to the three principal axes which 
intersect at its centre of gravity ; p, 7, 7, the components of 
its angular velocity of rotation relative to the same axes; 
A; #, v the angles which their directions make with a line 
drawn parallel to the axis oz, through their point of inter- 
section; then by what has been established in No. 409, we 
shall have 


§ (2,44 ay, =. G)an = = ap eosr + Bycosu + creosy, 


for the moment, with respect to this parallel, of the quantities 
of motion of all the points of a1, arising from its rotation about 
its centre of gravity. Hence it follows that the complete 
value of ¢ will be 


c= =M (thy 21) 4.3 (apeosd +ng c0sy-+crc08y); (f) 


in which the two sums = comprehend the sun, all the planets 
and their satellites, and therefore consist of thirty terms. 
Now, as the relations of a, B, c to M, depend on the internal 
constitution of this body m, they will be, without doubt, 
always unknown; all that we know respecting them is, that 
these three relations differ very little from each other, in con- 
sequence of the nearly spherical form of the heavenly bodies, 
and also that they are less than if these bodies were homo- 
geneous, because the densities of the concentrical strata de- 
crease from the centre to the surface of m. It would therefore 
be impossible to calculate the values of ¢, c’, ce", if it was ne- 
cessary to take into account that part of each of these quan- 
tities, which arises from the rotation of the heavenly bodies. 
But whatever may be the form and internal constitution of m, 
the part of apcosA + Bgcosu + crcosy, which is due to the 
initial state of this solid body, remains constant during the 
entire continuance of its motion (No. 416); so that this quan- 
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tity cannot vary, for each heavenly body, except on account 
of the attractions of the other bodies, inasmuch as their resul- 
tant does not pass exactly through the centre of gravity of m, 
that is to say, as far as they are exerted on the non-spherical 
part of M, i.e. the part by which it deviates from a sphere. 
It follows from this, that for each heavenly body the variable 
part of the second term of the formula (f) is very small, and 
may be neglected with respect to the part of the first term, 
which is relative to the same body. ‘Vhus for example, if the 
radius of the terrestrial globe be denoted by 4, the angular ve- 
locity of its motion of rotation about its axis of figure by w, 
and the angle which this axis makes with the parallel to the 
axis oz by 6, the second term of formula (f), which respects 


the earth, will be less than oar cos 6, which would be its 


value if the earth was homogeneous; likewise, if p and @ be 
the mean radius of the orbit of the earth, and its mean velo- 
city in its annual motion; the value of the first term of 
formula (f), relatively to the earth, will be consequently 
mp"0. Now, if the axis oz is perpendicular to the plane of 
this orbit, in which case 8 will denote the obliquity of the 
ecliptic, then a variation of five degrees in the magnitude of 
this angle will not produce a variation in the value of 
QuMhe wt oe 8 

Bw cos 8, which is a hundredth millioneth part of the 
quantity mp7. It ig easy to be assured of this, by observing 
that the ratio of w to @ hardly exceeds 366, that that of p to 
h is about 2400, and the angle 8 very nearly 23° 28’, ‘The 
same will be the case with respect to all the other planets. 
In the case of the sun, there is reason to think that the 
variable part of the second term of formula (f) which corres- 
ponds to it, is altogether insensible, because all observations 
indicate that its form is nearly spherical, and as the centri- 
fugal force, compared with the weight, is extremely small in 
different points of this body (No. 260), we may also assume 
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that its interior strata are likewise nearly spherical; hence it 
follows that the resultant of the attractions of the planets must 
constantly pass throughits centre of gravity, and, consequently, 
cannot cause any perturbation in its motion of rotation about 
this point(d). 

It follows from these considerations, that if the second term 
of the second member of equation (f), be made to pass into 
its first member, the invariable part of this second term may 
be comprised in the constant c, by affecting it with a contrary 
sign; and if its variable part be solely neglected, and if si- 
milar operations be performed on the equations which furnish 
the values of c' and ¢”, we shall obtain, toa degree of accuracy 
much superior to that given by observation, 


c= iM (2% - nS), 


oe. dx, ai), 

c= EM (= a a | (g) 
_ det. dyn 
oan Ag) | 


563. The origin of the coordinates 2,, ¥;,2;, which oceur 
in these formule, is at the centre of gravity of the solar sys- 
tem; it will be more convenient to transfer it to the centre of 
gravity of the sun. For this purpose, let g, h,, be the co- 
ordinates of this point referred to the same axes as 2,, Ws B13 
and let x, y, x denote the coordinates of the centre of gravity 
of m, referred to parallel axes passing through the centre of 
gravity of the sun; we shall then have 


Qea-—g yWroy-h z=2z-—h; 
hence, if these values be substituted in the first equation (2); 
it will become(c) 
dy =) ( dh re 0) 
c= Eu (0 0G) + VGH) 
de 


dy 
~ gent +h3M Wi. 


GO Sig Se 
Th =My ees 
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and the expressions of e’ and c” may be transformed in the 
same manner. Moreover, as the origin of the coordinates 
X15 Yi» 21, is at the centre of gravity of the system, we have 


giM= Xue, him = IMy, AIM = UMz, 
and, consequently, 


dg a dx dh dy dk dz 
di =M= =M de’ du 1 =M de? aot = 2M Te 


dg dh dk 
de de? dt? 
nated from the expressions of ¢, c’, c’”’, they will finally become 


a dy dx 
c= ime 9G) 
1 dy de 
- Sq (260-EM a =uy.E5), 


c= uu (= ae 





if by means of these equations, g, h, h be elimi- 


+ 


(h) 


1 J ae dz 
in (2mz.3ar° Tia =Mz.=M >) 


c= IM ty = ed 2%) 


1 as dz 
~ sn (any. =M Win =Mz. 2M my, 





The coordinates x, y, z, of the centre of gravity of each 
de dy dz 
‘dt’ dt? dt 
locity, may be regarded as the data furnished by observations 
made at the different epochs, for which it is proposed to cal- 
culate the values of c, c’,c’, and, consequently, the angles 


planet or satellite, and — —, the components of its ve- 


noz and £ow relative to the direction of the invariable plane, 
by means of equations (e), As the origin of the coordinates 
is now supposed to be at the centre of the sun, the sums 5 
which relate to them will not contain the mass of the sun, 
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which as it will therefore solely occur in the denominator EM, 
the second term of each of the formule (h) will be very small” 
relatively to the first(c). 


1V. Principles of living Forces and least Action. 


564. When equations (2) of No, 531 do not contain the 
time explicitly, equations (3) of the same number may be 
satisfied, by assuming for 8x, dy, dz, dz’, &c., the differentials 
dx, dy, dz, dx’, &e., relative to this variable; for then these 
last equations will become the complete differentials of the 
first, namely, 

dL=0, du’=0, du’ = 0, &e., 


and since by hypothesis, the quantities 1, L’, L”, &c., are 
cipher, during the entire continuance of the motion, their 
complete differentials taken by considering <, y, 2, 2’, &e., as 
functions of ¢, are likewise cipher. But if 1, for example, 
contains the time explicitly, its complete differential will be 


du du du 
du= eetgetagY + &e.; 


and by assuming 
de xdr, dy=dy, dz=dz, 8r'=dr, &e; 


the first equation (3) will not agree with the equation du = 0, 
except for those particular values of ¢, if any such exist, for 


which = 0. We shall suppose in what follows, that the 


condition of the system of material points m, m’,m”, &c., cx- 
pressed by equations (2), are independent of the time ¢; 
moreover, the quantities L, L’, L”, &e., may be any functions 
whatever, of the coordinates of these moveables, which may 
not involve solely their mutual distances; for the system 
may contain fixed points, and also points constrained to remain 
on immoveable surfaces or curves. 

This being agreed upon, if the preceding values of dz, 
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dy, &e., be substituted in equation (1) of the number cited, 
it will one 


. 
Bm (5 2 de ae Ed ely +& Ade) = Sn (xdx + ¥dy + zdz). 


But if 2, v, v’, &c., denote the velocities of the points 
m, m’,m'’, &e., at the end of the time ¢, we shall have, rela~ 
tively to m any point whatever, 





dy dy de oa. 
det de ae’ 


and by differentiating with respect to ¢, there will result 








de ay ew gf z 


Geet +s dz 


ad ded + Be 
from which it appears, that the preceding equation may be 


changed into the following, 
$d.Sme* = Mm (xdu + vdy + zdz). (a) 
Now, if the points of the system are attracted or repelled 
by forces emanating from fixed centres, and if these forces be 
any functions whatever of the distance, the formula xd + 
ydy + zdz will be an exact differential (No. 158), for each 
of the moveables in particular. Moreover, if the points 
m, m’, m", &e., are subjected to their mutual actions, the 
intensities of which are likewise functions of their respective 
distances, and which satisfy the law of reaction equal and 
contrary to action, the sum of the quantities xdx+- ydy 4+ zdz 
and x’dz! 4. v/dy’ + z/dz relative to the mutual action of m 
and m’, will be also an exact differential (No. 346); and the 
same is the case for all the other parts of the sum &, taken 
two by two. It follows, therefore, that if there is no force 
directed to an extraneous moveable centre, which would in- 
troduce the time ¢ into the expressions x,y, &c., nor any 
resistance of a medium, for which these expressions would 
contain the velocities of the moveables, so that the points 
m, nv, m’’, &e., may be only subject to their mutual actions, 
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and to attractions or tepulsions emanating from fixed centres, 
we shall have 


3m (xda + vdy 4 zdz) = d(x, y, z, x’, &e.); 
in which g denotes a given function of the coordinates of 
m, m',m’, &c., depending on the laws of these forces in func- 
tions of the distances. Then, if equation (a) be integrated, 
we shall obtain, by denoting the arbitrary constant, introduced 
by the integration, by c, 
Sv? = c + 2p (2%, y, 2, 2, &e.). 

In order to eliminate c, if the initial velocities of m, m’, m’, 
&c., be denoted by k, kh’, k”, &e., the initial coordinates of m, 
by a, b,c, those of m’, by a’, U’, ¢’, &e., we shall have at the 
commencement of the motion, 


Imh? = c + 29 (a,b, 0, 0, &e.) 5 


and if this equation be taken from the preceding, there will re- 
sult, at any instant whatever, 


Zmv* — Sk? = 2H (x, y, zw, &e.) — 2 (a, b,c, a’, &e.) (h) 


The quantities Zmv? and Zmk* are the sums of the living 
forces of all the points of the system, at this instant, and at 
the commencement of the motion; it therefore appears from 
this equation, that the difference of these two sums depends 
solely on the coordinates of the moveables, at these two 
epochs, and not at all on the manner in which they are con- 
nected together, or the routes which they describe in passing 
from their initial positions to those which they occupy at the 
end of the time ¢. It is in this, that the law of motion, which 
has been denominated the prineiple of living forces, consists. 

565. It follows immediately from this principle thus ex- 
pressed : 

Ist. That the sum of the living forces is constant when the 
points of the system are not subject to any motive force, and 
that their velocities do not vary in magnitude and direction, 
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except in consequence of their mutual comnexions, or because 
they are constrained to move on fixed and given curves or 
surfaces. 

2ndly. That if al? the points of the system occupy the 
same positions at two different epochs, the sums of their 
living forces will be also the same at these two epochs. 

As the forces which produce the impact of bodies of any 
nature whatever, arise from the reciprocal actions of their 
molecules (No. 553), it follows that equation (b) has place 
during the entire continuance of this phenomenon. Now, in 
the impact of bodies endowed with perfect elasticity, the 
moveables are supposed to resume, after the percussion is over, 
the exact form which they had previously, so that all their 
points revert to their primitive positions; if, therefore, this 
has actually place in the case of two or more bodies of any 
form whatever, then when they commence to separate from 
each other after the impact, the sum of the living forces of 
all their points will be the same at this instant, as it was the 
first moment of the percussion, or, in other words, there will 
be no loss of living force in the system, as has been already 
observed (No. 361), in the particular case of two homo- 
geneous spheres, whose centres move in the same right line. 

566. If the foree of attraction or repulsion which emanates 
from a fixed centre, and acts on the point m, be denoted by 
r, and if 7 be the mutual distance of these two points, we 
shall have (No. 158) 

m(xdu + dy 4+ 2dz) = + rdr; 
in which the superior sign has place when the force is re- 
pulsive, and the inferior sign in the case of an attractive force, 
and x denotes a given function of r, which may be always 
regarded as positive. Consequently, if the distance 7 is a at 
the commencement of the motion, and « at the end of the 


time ¢, + ale rdr will express the variation of the living 
a 


force of the system, produced bv the force zr during the time ¢. 
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that is to say, it will be the part of the second member of 
equation (b), which belongs to this force. Consequently, 
when this foree is repulsive, there will be an increase or dimi- 
nution of living force, according as the distance r shall have 
been increased or diminished, and the contrary will be the 
case when the force r is attractive. Itisevident from what has 
been observed in No. 346, that this will also have place with 
respect to the mutual actions of the points of the system ; and 
in fact, if, as in No. 554, we denote the mutual action of m 
and m’, for example, by r, and the distance mm by p, we shall 
have 


mx =H 








(a—2')¥ fot Yy-y) tof (-2')¥ 


sf oP ani gs _— 
Se mya ; ee 
the sign is — or +, according as F is repulsive or attractive ; 
hence since 
pra (cm er'yPt (yy P+ (e—2'), 
pip =(u—a’)(le— de’) +(y—-y dy dy) +(2—2! (ded, 


there will result 








m (xdu + ¥dy + zdz) + m'(x'dx' + y'dy' + 2/dz') = + Fdp, 
for the part of the second member of equation (a) which cor- 
responds to the foree r, and consequently, + 2 \" Fdp will be 


the variation of the living force of the system, which this force 
F will produce, while the distance p changes from p =a to 
pu. As the superior sign has place when the action is re- 
pulsive, and as the quantity F is always positive, it is evident 
that there will be an increase or diminution of living force, 
according as “>a or «Za, that is to say, according as p is 
increased or diminished ; it follows, for example, that the mu- 
tual action of the molecules of a gas which tends to increase 
their mutual distances, produces always an inercase of living 
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force, in the system of which this fluid constitutes a part, when 
it is actually dilated, and a diminution when it is condensed. 
When the foree F is attractive, the preceding quantity should 
be affected with the inferior sign, and it will produce opposite 
effects. It appears also that if a weight P be applied to a 
machine or any system of material points, it will produce an 
increase of living force expressed by the product 2h, when it 
descends through a vertical height A, and a diminution, like- 
wise equal to 2r/, when it is elevated the same height, what- 
ever be the route which the body pursues in these two cases, 
whether a right line or a curve. 

567. If the point m is constrained to remain on a moveable 
surface, the equation of which is L= 0, then 1 is a given 
function of x, y, =, t. If the resistance of this surface, acting 
in the direction of one of the two parts of the normal, be de- 
noted by n, and if for conciseness, we make 


=[O+@+@l> 


then we shall have, for the components of this unknown 
force N, 
dt. du du 
MX = NV, mY = Wa? mz = NV. 
Hence the part of the second member of equation (a), 
which correspends to this force, will be 


du 
m (xd + vdy + ade) = wv (5 dat + ay dy + mt) 


and as by differentiating completely the equation L = 0, with 
respect to ¢, x,y, Z, we obtain 





Mt + Fede + FE dy + Feds = 0, 


Bese ca d Wi ee 
it is evident that this part may be reduced to — nv on dt. There- 


fore in order to take the force N into account, in calculating the 
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living force of the system, we should add the double of the 
integral of this quantity to the second member of equation (b); 


d 


rat will be the variation of the living 


foree, produced by the force x, during the time ¢, the integral 
being taken in such a manner that it may be cipher, when 
t= 0(d). 

This variation will be positive or negative, according to the 


consequently — 2§nv 


sign of a and according to that of v, which last will depend 


on the direction in which the force x acts. As the magnitude 
of this resistance n depends in part on the centrifugal force of 
the point m, in order to know it, and consequently to be able 
to calculate the value of the preceding integral, the velocity 
of the point m and its trajectory must have been previously 
determined ; this supposes that the problem with which we 
are occupied has been resolved, as far as concerns the point 
m. ‘The variation of living force produced by this unknown 
force, will be no longer independent of the track which this 
point pursues in going from one position to another; and the 
principle of living forces, such as it has been announced above, 
will not have place; indeed its demonstration implies, that the 
equation L = 0 dves not contain the time explicitly. 

568. Neither will this principle have place, although the 
surface, of which L = 0 is the equation, may be immoveable, 
when the friction of the point m against this surface is taken 
into account; as the variation of the living force produced by 
the friction, depends on the pressure, which is equal and con- 
trary to the unknown force N, we cannot calculate a priori 
the magnitude of this variation; however it is easy to prove 
that the effect of the friction will be always to produce a dimi- 
nution of living force. 

In fact, as the friction is proportional io the pressure, that 
of the point m against the surface, the equation of which is 
L = 0, may he represented by f'n, in which f denotes a given 
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fraction, which, as well as the unknown N, will be a positive 
quantity. Moreover, as the friction acts in the direction of a 
tangent to the trajectory of the moveable, and as this direction 
is contrary to that of its velocity, if the are described by the 
point m during the time ¢ be denoted by s, the components of 
the force fn parallel to the axes of 2, ¥, &, will be 


~ pS, — pu, ~&, 

consequently, as dx? + dy? + dz* = ds, the term of the second 
member of equation (a), which arises from this force, will be 
reduced to —/'Nds(e), and, there will occur in the second 
member of equation (b), a term — 2, f'nds, in which the inte- 
gral should be taken in such a manner, that it may vanish 
with s, and this evidently indicates a diminution of living 
force. 

This result will equally agree to the case, in which one 
body of a system slides on another; by assuming for ds the 
clement of the curve described by their point of contact in 
virtue of this sliding, for n the reciprocal pressure of these 
two bodies, and for /’a coefficient depending on the nature of 
their surface, the quantity — 2§ fds will still express the di- 
minution of living foree, which arises from this friction. 

Tn the same manner it may be shown that the resistance of 
a medium produces constantly a diminution of living force, 
which will depend on the velocity of the moveables. Thus, 
the frictions of the parts of a system against cach other, or 
against fixed obstacles, and the resistances of themedium which 
the moveables traverse, diminish continually the sum of the 
living forces of all these bodies; and it is in this manner, that 
these forees eventually reduce the entire system to a state of 
rest, if it has been put in motion, and then abandoned to itself, 
without being subjected to the action of other motive forees, 
which may reproduce continually the living forees destroyed 
by these resistances. ‘This is what, for example, the force of 
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the spring effects in common time-picces ; its action restores, 
to the vibrating body, the living force, which, without this, it 
would have lost at each return to the vertical, and thus causes 
it to reascend constantly to the same height, notwithstanding 
the effect of friction and of the resistance of the air. In time- 
pieces moved by weights, the living force lost is restored to 
the pendulum by a weight which descends a very small space 
during each oscillation. 

569. If the coordinates of the centre of gravity of a system 
m, m’, m", &e. of material points, be denoted, at any instant 
whatever, by a, 71, 21, and, if we make 


fear, yYENty, THU, 


so that 2x,, y,, 2,, may be the coordinates of m any point 
whatever, referred to this centre as the origin, we shall have 
dx, _ tt — 0. Sy Oe — 
=m d= 0, am =0, Sn = 0, 
and because 
da? 4 dy? + d=” 
dé? ms 


2 


there will result(/’) 


2 2 ay 2 oe) 2 2 
Ynv? = (ene) Bm + Im (tent dz, J: 





or, what comes to the same thing, 


: Vmv? = v2 Tm + Tnv?, 

in which v, denotes the velocity of the centre of gravity, and 
v, the velocity of the point m, jin its motion about this centre. 
Consequently, the sum of the absolute living forces of ali the 
points of the system, will be obtained by adding the product 
of the square of the velocity of their centre of gravity and of 
the sum of their masses, to the sum of the living forces of all 
these same points in their relative motion about this centre. 
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It appears from this theorem, that if # denotes the mass of 
one of the heavenly bodies, uv the sum of the living forces of 
all its points in its motion of rotation about its centre of gra- 
vity, and w the velocity of this centre in space, uv -+ mu? will be 
the sum of the absolute living forces of m. Consequently, if 
equation (b) be applied to the solar system, we shall have 


Zu + Imv’? = vd + 246(x, y, =, 2’, &e.) ; 


in which the sums = comprehend the sun, planets, satellites, 
and even the comets, if their masses were known; p is an arbi- 
trary constant, depending on the velocities and positions of all 
these bodies at a given instant, and ¢ denotes a function rela- 
tive to their mutual attractions. We shall likewise have, in 
virtue of the same theorem, 


2 





Dinu 





dett dy + det) 
ge > 


vam + Im ( ap te 


in which v denotes the velocity of the centre of gravity of the 
solar system in space, and 2, 4,2, the coordinates of the centre 
of figure of m, referred to this centre of gravity as their origin. 
Consequently, the equation of living forees will become 

du +dyP+dz, 


. Lan +26(r,y,2, w',&e.) (¢) 


Su+v? Sat Sm ( i 
We 


In order to obtain the expression of the function ¢, it may 
be observed, that in consequence of the nearly spherical form 
of the heavenly bodies, and the smallness of their dimensions 
compared with their distances from each other, we may con- 
sider them as masses condensed into their centres of gravity 
(No. 242). Therefore, if the intensity of universal attraction 
at the unit of distance, and referred to masses taken to repre- 
sent unity, be denoted by f, the masses of two of these bodies 
by mand m’, and the distance of their centres of gravity by p, 


hi 


: : 5 nm 
their mutual attraction will be expressed hy f 


, 
s-> and the 
pP 
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value of the corresponding term of the function ¢ will be 
— finn! 


; hence we shall obtain for its complete value, 
p 





et ma 





(ay, &% a’, &e.) = 


in which the sum 3% extends to all the Saat bodies, taken 
two by two. - 

Let it now he observed, in order to simplify equation (ec), 
that if the action of the stars on the bodies of the solar sys- 
tem is not taken into account, the motion of its centre of 
gravity is uniform and rectilinear, and the velocity v is a con- 
stant quantity. Moreover, if the perturbations of the motion 
of rotation of each of the celestial bodies, which arise from 
the attractions of all the others on that part of the one in 
question, by which it differs from a sphere, be not taken into 
account, the quantity u is likewise constant for each body in 
particular (No. 419); hence, if the variable part of Su be ne- 
gleeted, equation (c) will become, by substituting another con- 
stant ¢ in place of p — Yau — v?um, 


=n (tees Ses te ac 


aps mum’ (a) 

If the origin of the coordinates be transferred to the centre 
of the figure of the sun, and if 2, y, = be the coordinates of 
the centre of m referred to this centre, and g, h, h the coordi- 
nates of this centre referred to the centre of gravity of the 
solar system, then we must have 


ZoU-g ywry-h, x1=22z-4, 


for the coordinates of the centre of m, whose origin is at the 
centre of gravity of the system; there will result from these 
equations, 





dg dx dh dy dk dx 
dt Saaz Tm a? Geen = =m ade a Ln Sm at : 
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and because 


dx P+ dy?+-dz/? dx? + dy? + dz? 
a n(' de t) = a n (Soe dt? ) 
dg dx dh. dy dk mez 
gum di 25, um i 24 sm 7 
dg? + dh? + dk? 
+ ( at) =m, 








—25 








equation (d) will be changed, by eliminating the quantities 
dg “ah dk 
dt’ dt? dt 


zn (SEU) _ 1 [(am)'s (am Mey 


Mm mn 


; into the following(g) : 





+ (an% Jac 23 
F : mm, 
The sums >, with the exception of 2m and a? will not 
contain the mass of the sum. However we can also separate 
from these two sums, the terms relative to this star, namely, 


PN aA le So 
r v r A 
by denoting the mass of the sun by m, and the distances of the 
centres of mm, m’,m”, &c., from M by 7,7’, 7’, &c. By this 
means the equation of living forces applied to the solar system, 
will finally become 


dx? + dy? ete) 1 ( dx 5) ( ay, 
zm ( dt? ~ Oe eal au dt. a dt 


, 
+(am&) j= =c— 2fuz = — apn 





in which the sums © extend only to the planets, the satellites, 
and, if it is possible to estimate their masses, to the comets 
also; the origin of their coordinates being in this expression at 
the centre of the sun. 
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We may remark on this occasion, that the most direct 
meansof determining whether the combined action of the comets 
has any sensible influence on the system of the world, would 
be to calculate at epochs separated by considerable intervals 
from each other, the value of the quantity c, deduced from 
this equation, by means of the relative velocities, the mutual 
distances, and the masses of the other celestial bodies, at 
these different epochs ; if the values of c¢ are found to be 
sensibly unequal, their variations must be ascribed to the 
action of the comets, as we suppose that the action of the 
stars is always neglected, and that no impact or explosion 
takes place in this interval; for we shall see immediately, 
that sudden changes of velocity alter the sum of the living 
forces of the system, and, consequently, produces a change 
in the value of the quantity c. 

570. It is evident from No. 346, that the function denoted 
by ¢ in equation (b), is a maximum or a minimum for the 
values of the coordinates x, y, 2, 2’, &e., which belong to a 
position of equilibrium of the system; it follows, therefore, 
that the sum of the living forces of all its points ceases to in- 
crease or decrease as often as the system, during its motion, 
passes into a position in which it would remain in equilibrio, 
if its points were not actuated by any acquired velocities; and 
as these functions of the time must be alternately maxima 
and minima, it results also, that the positions of equilibrium 
through which the system passes will be alternately stable 
and instable ; the latter corresponding to the minima of the 
function ¢, and the former to its maxima. 

Nevertheless, as the distinctive character of the two states 
of equilibrium has been merely stated in No. 347, it remains 
for us to prove, that, in fact, the stability of equilibrium ob- 
tains when the function ¢ is a maximum, which we proceed 
to do by means of equation (b). 

For this purpose, Ict a, b,c, a, b’, e, &e., be the coordi- 
nates of the points ww’, mw”, &e., ina state of equilibrium of 
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the system, then let them be made to deviate by ever so smail 
quantities from their positions, by impressing on them very 
small velocities &, A’, k”, &c., so that at the end of the time ¢, 
the coordinates of the same points may be 


woatp, ysb+q, z=Ee+", 
voatp, youve, yoerr, 
&e. 


It is proposed to show that the variables p, 9,7; p’, &e-s 
will always remain very small, if the quantity ¢ (a, b,c, a’, &e.) 
is a maximum. 

In fact, if » (x,y, 2,2’, &c-) he developed according to 
the powers and produets of p, g, 7p’; &e., then by the com- 
mon property of maxima and minima, the sum of the terms 
depending on the first powers of these variables will be always 
cipher, whatever the number of independent variables, which 
occur in the question, may be. It is also demonstrated in 
the differential calculus, that the sum of the terms depending 
on the squares and products of p, 9,7, p’, &¢., that is to say, 
the sum of the terms of the second order, with respect to 
these quantities, may, in the case of a maximum, be decom~ 
posed into as many squares as there are independent vari- 
ables, each of which is affected with the sign —. Henee, if 
the remainder of the series which includes the terms of the 
third and higher orders be represented by rn, we shall have 


(xy ys 22’, &e.) =H (a, b, €, a’, Ke.) — (88? 48? Re.) +R 5 
s,s’, s", &c., being linear functions of p, q, 7, p’; &c., which 


will vanish at the same time as these variables. If this value 
of ¢ be substituted in equation (a), we obtain 


LSme* = § Smk? ~ (2? 4 8? 4 8? + Ke.) + RK. 
Now, immediately at the commencement of the motion, 


the variables p, g, 7, p’, &e., are very small; and, as long as 
this is the case, the quantities s, 8’, »”, &c., are equally so: 
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and, conversely, when the values of s, s’, s”, &c., are very 
small, those of p, g, 7, p’; &e. must be so likewise. More- 
over, for such values, each term of the second order is greater, 
without reference to the sign, than r, which only contains 
terms of an order superior to the second; consequently, how- 
s’”, &c., may be, each of them 


> 


ever small the squares s*, s® 





surpasses the value of Rr. 

This being established, we are justified in concluding that 
all the quantities s, s’, s”, &c., will continue very small, and 
that none of them will ever surpass V3 ink?; for as these 








quantities vary by continuous degrees, this cannot take place 
before that s, the greatest of them, for example, becomes equal 
to Y}Zmk*; and as this value of s will continue very small, 
since by hypothesis all the quantities 2, k’, k”, &c., are very 
small, we should have at the same time, 





sa 55K, 8? >, 8? >R, &e., 


ESmv? = — (8? 4? + &e.) + rs 


which, as } 2mv’ is essentially positive, would be absurd, 
Consequently the variables p, y, 7, p’, &e., will continue 
always very small, and the system will only oscillate about 
its position of equilibrium, which will be therefore a stable 
equilibrium, as we proposed to demonstrate. 

When the quantity ¢ (a, b, ¢, a’, &e.) is a minimum, the 
sum of the terms of the second ordgy in the development of 
(a5 Y, 2, 0, &e.), is a positive quantity ; the equation of 
living forces may then subsist, though the variables p, Dl sP's 
&e., be not always very small; but this is not sutticient to 
justify us, in concluding that they will in fact cease to be so, 
at the end of a certain time, however small they and the initial 
velocities hk, k’, k”, &e., may be supposed to be at the com- 
mencement of the motion; and it is only by determining, in 
cach problem, their values in functions of ¢, that we can be 


certain that they are not restricted to narrow limits. 
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571. As the initial velocities by which the points a, mi’, 1”, 
&c., are actuated at the commencement of the motion, and of 
which the components have been represented by a, 5, ¢, a’, 0’, ¢’, 
&c., in No. 535, satisfy necessarily the given conditions which 
connect the moveables with each other and with the other 
points of space; and since by hypothesis these conditions are 
expressed by equations, namely, by equations (2) of No. 531, 
it follows that if an infinitely small portion of time be denoted 
by «, and if we assume 


Sx—a, syobe, sz=ece, S2’= a's, &e. 


the displacements of the points m, m’, m”, &c., which corres- 
pond to these: increments of their coordinates, and also the 
contrary displacements, will satisfy the given conditions, that 
is to say, equations (3), which have been deduced from equa- 
tions (2) in No. 531. We may therefore employ these values 
of dx, dy, &c., in equation (5) of No. 535; so that if at the 
commencement of the motion, the factor « common to all the 
terms be suppressed, we shall obtain the equation 


sm [(a — a)a+ (B—b)b + (c—c)ce] =9, (e) 
between a, B, c, a’, &c., the components of the velocities by 
which the points m, m’, m”, &c., would be actuated if they 
were free and detached, and those of the velocities by which 
they are actually actuated. 

It is easy to verify this equation in the initial motion of 
rotation of a solid body about a fixed point. In fact, if m be 
changed into dm, and Sinto §, and if we make 

(e+ +c) dm =h; 
so that h may represent the sum of the living forces of all the 
points of the body, the preceding equation will become (A) 
§(sa + Bb + ce) dns h. f) 
Besides, we shall have (No. 408) 


a=qz,—-ry,, bo=rr,—pz,, c= py,- gy;: 
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XY,» %, being the ‘three coordinates of dm referred to the 
principal axes of the body which intersect at the fixed point, 
and p, g, 7 denoting the components of the velocity of rotation 
about these same axes. Moreover, if the principal moment, 
relative to the fixed point, of the quantities of motion impressed 
on all the points of the body, be denoted by k, and the angles 
which the axis of this moment makes with the axes of w,, y,, 2, 
by a, 8, y, we shall have 


s(B2,— ay) dm = keosy, 
s (az,— cx,) dm = kh cos B, 
s (cy, — Bz,) dm =k cosa; 


for it is evident that the first members of these equations are 
the moments, with respect to the axes of z,, y,, 2,, of the 
quantities of motion, of which & is the principal moment; 
so that the values of these integrals might be deduced from 
the value of k, by multiplying it by cosy, cos, cosa (No. 
281). Now, if the values of a, b, ¢ be substituted in equation 
(f), there results, by taking into account these last equa- 
tions(?), 

k(p cosa + geosB +r cosy) =h; 
consequently, if the component of the angular velocity of ro- 
tation about the axis of the principal moment be denoted by w, 
so that we may have 


w = pcosa +¢ cos 8 +7 cosy, 
there will result 
ho =h; 

which agrees with the theorem of 419, according to which 
this component of the velocity of rotation is equal to the sum 
of the living forces, divided by the principal moment of the 
quantities of motion. 

572. Now, if a sudden change should take place, during 
the motion, in the velocities of the moveables, we may assume 
for 8x, dy, &c., in equations (5) of No. 535, the infinitely 
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small displacements of all the points of the system, which 
actually take place at any epoch whatever of this change, 
provided, as is explained in the following number, that at 
this instant the points of the parts of the system that are in 
contact, are actuated by the same velocity for the two adjacent 
parts, in the direction which is perpendicular to their common 
surface. This being so, there will be two distinct cases to 
consider : 

Ist. If the sudden change is produced by the meeting of 
two or more bodies of the system, or by the impact of these 
moveables against fixed obstacles, the condition in question 
will be satisficd af the instant of the greatest compression 
(No. 468). Hence if a, b, ¢, a’, &e., the components of the 
velocities of the moveables, be supposed to refer to this instant, 
and a, B, c, a’, &c., to the commencement of the impact, we 
may assume, as in the preceding number, 

Seay bymhe, Ex=ece, Sa’ =a’e, &e.5 
and equation (e) will obtain between the components of the 
velocities at these two epochs, which will be those of the 
commencement and end of the stock, when the moveables are 
destitute of elasticity. Now, this equation (e) gives 
Xm (aa + Bb + ce) = Sm (A? + + co) 5 


and as 


wa [(a — a)? (B— bY + (© — €)7] 
= Bn (a2 B+ 07) + S(O + +C)-2Em(aat phtce), 

there results (’) 

Em (a2 B24 c?) — Sm (a?+ b+ c?) 

= dn [(a— a+ (8B -— B+ (c — 6)7]5 
so that the excess of the sum of the living forces of all the points 
of the system before theimpact, over the sum of the living forces 
after the impact, is a certain sum of living forces, and, conse- 
quently, a positive quantity. Hence, in the sudden changes ot 
velocity, arising from the impact of bodies destitute of elasticity, 
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against each other, or against fixed obstacles, there is a loss 
of living force; this has been already observed in the case of 
the impact of two spherical and homogeneous bodies, whose 
centres move in the same right line (No. 361). 

2ndly. When the sudden cltange is produced by internal 
explosions, which break in pieces one or more bodies of the 
system, the condition of No. 536 will then be satisfied by 
A,B,C, 4’, &e., the components of the velocities at the com- 
mencement of the phenomenon, and not by a,b,e,a’, &e., 
the components of the final velocities ; so that in this case, we 
can no longer employ the preceding values of 82, 8y, &c., in 
equation (5) of No. 535. But if the infinitely small portion 
of time be denoted as before by «, we may assume 


ex=ay yan, de= ce, Oa'= A's, &e.; 


by means of which equation (5) will be changed in the fol- 
lowing : 
Em[(a—a)at(n—h)n4+(c—c)c] =0; 


hence we obtain 


Dn (a+ WP +c?) — Sm (a? + w+ c*) 
= Sm [(a— 4)? + (b— B+ (ce ~c)"]; 
from which it appears, that the sum of the living forces of all 
the points of the parts of moveables, after the explosion, is 
always greater than the sum of their living forces before the 
explosion. It is evident, in fact, that if the moveables be at 
rest before the separation of their parts, this separation will 
he always followed by an increase of living foree; but in 
virtue of the theorem that has been just stated, whatever may 
he the motions of translation and rotation of a body, the sud- 
den change produced by an internal explosion will always 
produce an increase of living force, and not a diminution, as 
in the case of the impact of bodies destitute of elasticity. 
Without it being necessary to add anything to what has 
been stated in No. 469, respecting the impact of elastic bodies, 
VOR. 1D Das 
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it is evident that the first part of this phenomenon, from the 
commencement to the termination of the greatest compression, 
is analogous to the first of the two preceding cases, and the 
second part, i.c., from this instant to the separation of the 
moveables, to the second of these two cases; there is, conse- 
quently, a loss of living force experienced during the first 
part, and an increase during the second. Moreover, if the 
moveables are perfeetly elastic, so that they resume, when 
they separate, the same form which they had before the 
impact, and if the two parts of the phenomenon are perfectly 
similar, the increase of living foree, during the second part, 
will be equal to the diminution which takes place during 
the first; consequently, the sum of the living forces of the 
system will be the same before and after the impact, agreeable 
to what has been observed in No. 565. This, however, 
implies, that no account is taken of the loss of living force, 
which will always take place in the case of the friction, or of 
the sliding of the bodies, the one against the other, during 
the continuance of their contact. 

573. The principle of the least action, which it remains 
for us to consider, consists In this, that if in the motion of a 
system of bodies, for which the principle of living forces has 
place, the product of the velocity of each material point of 
the system, of its mass, and of the clement of its trajectory 
be taken, and if the sum of similar products for all the move- 
ables be taken and then integrated, from a given position of 
the system to another position likewise given, the value of 
this integral will be generally a minimum. 

This theorem is an extension of that of No. 160, and may 
be demonstrated in the same manner, on that account, we 
shall, for the sake of conciseness, suppress the demonstration of 
ithere. If the element of the trajectory of m be denoted by ds 
and its velocity by 2, it will be the integral of Sivds, whose 
value will, in general, be a minimum ; but in some cases, as 
in that of the motion of a material point on a surface which 
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returns into itself, the méniémum may be replaced by maximum ; 
and all that can be demonstrated on the subject is, that the 
infinitely small variation of § Zmvds is always equal to cipher. 
Because ds = vdt, if we make v = Ymv*, the integral in 
question is the same thing as§vdt. Therefore, the principle 
of the least action implies, that the integral of the product of 
the living force of the system, and of the clement of the time, 
is generally a m/némum ; so that, in nature, when a system 
of bodies is transferred from one position to another, the least, 
quantity possible of living force is expended. When the move- 
ables are not subject to the action of any motive force, the 
quantity v is constant (No. 565), and it is then the time of 
the transit which is a minimum. If the principle of least ac- 
tion be compared with the principles of living forces, of the 
conservation of the motion of the centre of gravity, and of the 
conservation of areas, it is evident that the first is merely a 
rule to enable ns to form the differential equations of motion, 
which is now useless, since these equations may he obtained 
in a more direct and general manner, by means of formula (1) 
of No. 531; whereas the other principles, at the same time that 
they indicate important properties of motion, have also the 
advantage of furnishing the integrals of these differential 
equations, which, in the greater number of problems, is the 
only thing that can be known respecting them. 

The principle of the conservation of the motion of the 
centre of gravity furnishes three integrals in finite quantities, 
namely(m), 

Lame = adn + at, 
my = bim + Be, 
mz = clim + cl; 


a, b, ¢, A, B,C, being six arbitrary constants, the three first 
of which represent the coordinates of the centre of gravity of 
the system at the commencement of the motion, and the three 
others are the sums of the quantities of motion impressed, at 
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this epoch, on all the points of the system parallel to the axes 
of the coordinates. 

The integrals which result from the principle of the con- 
servation of areas are three integrals of the first order, namely, 


Um (ady — ydx) = cdt, 
Em (zdzx — adz) = c'dt, 
Em (ydz — zdy) = edt; 


c, c’, ¢” being three arbitrary constants which express the 
+ moments of the initial quantities of motion of all the points of 
the system, with respect to the axes of 2, y, 2, or double of the 
areas described, in the unit of time, about these same axes. 
Finally, the principle of living forces furnishes only one 
integral, which is equation (b) of No. 564, and which may 
be written as follows, 








43m (+4 + +i. 





= Hep (8, Y, Fy 2; Bl) 5 


p being an arbitrary constant. 


BOOK THE FIFTH. 


HYDROSTATICS, 


CHAPTER I. 
PRELIMINARY NOTIONS. 


574. Hyprosvatics is the part of statics which treats of 
the equilibrium of fluids. A fluid is a collection of material 
points, which yield to the least effort that is made to separate 
them from one another. The fluids which we meet with in 
nature approach, in different degrees, to a state of perfeet 
fluidity ; the adherence which exists between the molecules of 
several of these substances, and which is termed their viscidity, 
prevents the separation of their parts ; but in the theory which 
we now proceed to explain, we shall only consider the case of 
perfect fluids, and, with the exception of certain liquids whose 
viseidity is considerable, we shall find that the laws of equili- 
brium at which we shall arrive, may, without sensible error, 
be applied to all other fiuids. 

These substances are, like solid bodies, composed of de- 
tached molecules, and separated by empty spaces; but if a 
fluid be divided into parts of an insensible extent, each of 
which, nevertheless, contains an immense number of moic- 
cules, we may admit that the conditions of the equilibrium of 
each part are the same as if it was infinitely small, that it 
always retains its luidity, and that its density is that of the 
hody, such as it has been defined in No, 98. This comes, in 
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fact, to the same thing, as if the fluid was regarded as a con- 
tinuous mass, whose density is constant, or variable by in- 
sensible degrees. 

575. Fluids are divided into two classes, namely, liquids 
and aeriform fluids. 

Liquids are also termed incompressible fluids, but, in 
point of fact, they are substances which can be compressed 
sensibly, only when they are subjected to very great pres- 
sures. If, for example, a vertical cylinder is filled with water 

*toa certain height, and if we suppose that the only pressure 
on its upper surface, is that of a weight equal to the atmo- 
spherical pressure, it appears: from observation, that in this 
case, if the cylinder retains the same diameter, and if its 
sides do not yield to the pressure transmitted to them through 
the liquid, the primitive height of the water is diminished 
only by 46 millioneths. If the pressure on the upper surface 
be increased until it becomes cqual to several hundreds of 
atmospherical pressures, the condensation of the water, as 
given by experiment, increases proportionably to this pres- 
sure. Mercury is still less compressible than water, and we 
have not succeeded by any effort hitherto made, in diminishing 
its volume in an appreciable manner. 

Aeriform fluids, under which denomination the atmospheric 
air, and the different gases are supposed to be included, are 
compressible, and endowed with perfect clasticity ; so that they 
can at once change the form and volume by compression, and 
exactly revert to their original form, when this compression 
ceases. They have been, in consequence, denominated elastic 
Auids. 

Vapours are also clastic fluids; but for a given temper- 
ature, a given space can only contain a determinate quantity 
of vapour; so that if, when the vapour has attained this limit, 
either the space or temperature be diminished ever so little, a 
portion of the vapour liquefies. It appears from experiment, 
that this maximum of vapour is always the same at equal 
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temperatures, in space void of air, and in space filled with 
air more or less dilated or compressed, In general, the 
density of the vapour is inconsiderable, relatively to that of 
the liquid from which it arises; but if, when a liquid is con- 
tained in a vessel closed on every side, of which it occupies, 
for example, the third, or the half, its temperature be ele-, 
vated to a very high degree, the entire liquid, after being di- 
lated, is suddenly converted into a transparent vapour, whose 
density is a third, or one-half, of the primitive density of this 
same liquid. 

The air and the gases are denominated permanent fluids, in 
contradistinetion to vapours ; but there is reason to believe that 
they may he liquefied by the application of a very great com- 
pression, or by means of a very great refrigeration, i. e. by 
reducing their temperature considerably, and this, in fact, has 
been verified in the case of several of them. 

576, ‘The characteristic property of fluids, which distin- 
guishes them essentially from solids, and which is the basis on 
which the theory of their equilibrium is founded, is the faculty 
which they possess of transmitting equally, and in all directions, 
the pressures exerted on their surfaces. In the author’s me- 
moirs on the general equations of the equilibrium and motion of 
elastic fluids, inserted in the twenticth volume of the Journal 
of the Polytechnic School, it is shown how this property 
arises from a mutual disposition of the molecules of the fluid, 
to which it reverts very rapidly, when it has been compressed 
or dilated ; and how the resultant of the molecular attractions 
and repulsions, which produces the interior pressures, may 
vary in a very high ratio, for the very small variations of dis- 
tance of the molecules, which have place in the Hquids. But, 
in this present treatise, we shall consider the property in 
question, as furnished by experiment, and as admitted by all 
philosophers and geometricians who have treated on hydro- 
statics, so that its accuracy cannot be questioned. In the 
same way, when the equilibrium of the elastic plate was dis. 
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cussed (No. 306), we set out from a secondary principle, in- 
stead of referring to the molecular actions from which it was 
derived. 

577. In order to obtain an exact notion of the equality of 
pressure in all directions, we shall first consider the case of 
incompressible fluids. 

Let a prismatic vessel, which is at right angles to its 
hase, and rests on a horizontal plane, be filled up to er with a 
liquid such as water, for example, and let ancn (fig. 33) re- 
present a vertical section of it, likewise let this vessel be sup- 
posed to be exactly closed by means of a horizontal piston. In 
order to simplify the question, we will not take into account the 
weight of the water, so that this fluid does not exercise of itself 
any pressure on the sides of the vessel. Finally, let a given 
weight p be laid on the piston, in which weight that of the 
piston itself is supposed to be included. — It is evident that the 
horizontal base of the prism will be pressed in the same man- 
ner as if the weight p was laid immediately on this base, and 
uniformly distributed throughout its entire extent. All its 
points will experience equal vertical pressures, and the pres- 
sure that will result for a, any portion whatever of this base, 
will be proportional to a, and it will be equivalent to a vertical 
force applied to the centre of gravity of the area a, and ex- 


Pa 4 ‘ 
pressed by —, a denoting the area of the entire hase of the 
a ~ 


prism, which is also that of the base of the piston in contact 
with the liquid. Now, the principle of the equality of pres- 
sure in all directions, consists in this, that the pressure which 
the weight v exerts on the upper part of the water is trans- 
mitted by the intervention of the fluid, not only on the base of 
the vessel, but also on its lateral faces; all the points of the. 
vessel are equally pressed in directions perpendicular to the 
sides; and an area a, taken on one of the lateral faces of the 


2 


* . Pa ope * 
prism, experiences the same pressure 7 2s if it constituted 


it part of its horizontal base. 
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Generally, if the form of the vessel is that of any poly- 
hedron whatsoever, of which figure 34 represents a section, 
and if this vessel is exactly filled with a liquid devoid of gra- 
vity, and then exactly closed; when one of the faces of this 
vessel is removed, and replaced by a piston, to which a given 
force p is applied perpendicular to the surface of the adjacent 
liquid, the vessel and the fluid will remain at rest, and by the 
principle just explained, the pressure which the force P exerts 
on the adjacent surface, will be transmitted, by the intervention 
of the liquid, on all the faces of the polyhedron. All the points 
of the vessel, and also the points of the base of the piston, will 
be equally pressed from within outwards, in directions perpen- 
dicular to the sides; and, relatively to an area a, taken on one 
of these sides, or on the surface of the piston, the pressure will 
be a force perpendicular to its plane, applied to its centre of 


: QP ’ a 
gravity, and equal to = a@ being the entire area of the base 


of the piston, in contact with the liquid. 

This transmitted pressure acts in the same manner in the 
interior of the liquid; so that if we conceive a portion of the 
liquid to be terminated by plane faces, or if a solid polyhedron 
be plunged into it, any part such as a of one of its faces will 


likewise experience a normal pressure equal to =, and acting 
from without inwards, 

These results may, without difficulty, be extended to the 
case in which the pressed surface is no longer plane; it is 
only sufficient to decompose it into infinitely small elements, 
which may then be regarded as the plane faces of an infini- 
tesimal polyhedron ; and if w denotes the area of one of these 


Pw, Bae ante 
elements, as will be the normal pressure which it will expe- 


rience; @ being always the area of the piston, and Pp the per- 

pendicular force applied to it. If the constant pressure which 

a plane area equal to unity experiences be denoted by p, then 
Vor. I 36 
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we shall have - = p and the products pw and pa will express 


the pressures on the element w and on the plane area equal 
to a. 

If the liquid has a certain degree of viscidity, the property 

tof pressing equally in every direction has still place, only in 

, this case, the pressure is not transmitted laterally with the 
same rapidity as in the direction of the force P itself; but, 
after the lapse of a definite time, the lateral pressure becomes 
equal to the direct pressure; and, it is at this instant, that 
the equilibrium of the fluid is considered. 

578. When the liquid contained in a vessel is heavy, it 
transmits the pressure exerted on its surface in the same man- 
ner as when it is devoid of weight, but it exerts besides, on the 
sides of the vessel, a pressure which arises from its weight, 
and is variable from one point to another: the same is the 
case when the points composing the liquid are solicited by 

 the-action of gravity and by other given forces, and it is 
in equilibrio in the vessel. If the sides of the vessel are 
necessary, in order to secure the equilibrium, so that if an 
opening be made, the liquid would immediately escape; it ne- 
cessarily follows that the sides experience in each point a par- 
ticular pressure directed from within outwards, along the nor- 
mal to the surface of the vessel; for it is only in this di- 
rection that a surface can prevent a material point in contact 
with it from moving, and thus destroy, by its resistance, the 
motive force of this moveable. 

The same thing has place in the interior of the liquid, both 
with respect to portions of the liquid itself, and also relatively 
to bodies plunged in it, as has been stated in the preceding 
number. The pressure on any point whatever is an unknown 
quantity, which we shall determine in the sequel, and which 
will depend on the position of this point and on the motive 
forces which act on the fluid. As in general, it changes from 
one point to another, it can only be supposed rigorously con- 
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stant for an area of an infinitely small extent ; now, in order to 
measure the pressure on a determinate element of a surface, we 
suppose a plane area which is assumed to represent unity, and 
which experiences, through its entire extent, the same pressure 
as this element, then if p be the total pressure which this area 
sustains, and w the infinitely small extent of this element, the + 
product pw will be the pressure corresponding to this element, 
and normal to the surface of which it constitutes a part. The 
coefficient p will be a function of the coordinates of thi? same 
element, which we shall term the pressure referred to the unit 
of surface. 

This being established, if a plane portion of the surface of 
the vessel be taken away, and if it be replaced by a piston of 
the same extent, it is evident that when a force equal and con- 
trary to that which this portion of the vessel experiences, is 
applied to this piston, the equilibrium will subsist as before. 
Moreover, if the vessel is closed on all sides, and is every 
where in contact with the liquid, and firmly secured, the 
equilibrium will not be disturbed, by increasing this first 
force by the addition of any other foree such as p; for since 
the forces applied to the points of the fluid are in equilibrio, 
every thing takes place relatively to this force p, as if these 
forces had no existence, in like manner as in the preceding 
number. Consequently, the pressure exerted by this force p 
on the surface of the liquid in contact with the piston, will be 
transmitted equally in every direction, by the intervention of 
the fluid, and the pressure p referred to the unit of surface, 
will be increased in each point by a constant quantity equal to 


Pi, * A er 
qi in which @ always denotes the area of the piston which is 


in contact with the liquid. 

It is important to distinguish, as has been done here, the 
two descriptions of pressures which are exerted against the 
sides of a vessel that contains a liquid in equilibrio, or which 
the parts themselves of this liquid sustain; one of these pres- 


cs 
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‘gures, namely, that*which arises from the weight and other mo- 


tive forces that act on the fluid mass, varies from one point to 
another ; the other, which arises from the forces applied to its 
surface, and is transmitted through its intervention, remains 
the same throughout the entire extent of the fluid. ‘The com- 
bined effect of these two pressures at each point constitutes the 
total pressure. 

579. In consequence of this property which fluids possess 
of transmitting equally in every direction the pressures exerted 
on their surface, an incompressible fluid contained in a vessel 
firmly secured, must be considered as a real machine; for a 
machine is in general an apparatus by means of which a force 
acts on points that are beyond its direction, and exerts on 
these points efforts which are greater or less than if it was im- 
mediately applied to it, and this is evidently the case of the 
force », which has been considered in the preceding numbers. 

‘Lhe principle of virtual velocities has place in the equi- 
libriuim of this machine, as in that of all other known machines. 
In order to prove it, let us consider an immoveable vessel of 
any form whatever, which may have as many openings as we 
please, let a cylinder which extends indefinitely without the 
vessel be applied to each of these openings, then let this vessel 
be filled with any liquid, such as water, the given weight of 
which we shall not take into account; and let us suppose that 
the water rises in all the cylinders to a certain distance from 
their orifices, and that it is terminated by plane surfaces per- 


‘pendicular to the lengths of the cylinders. Finally, Jet pistons 


be introduced into the eylinders which fit them exactly, and 
which at the same time are at liberty to slide without friction 
in the direction of their length. Let a, a’, a’, &c., be the 
bases of these pistons, which are likewise those of the cylin- 
ders; and let the forces p, v’, p’, &e., be applied to these 
bodies, in a direction perpendicular to their bases, and acting 
from without inwards, and finally, let the given forces which 
act on one another through the intervention of the water, be 
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in equilibrio. In this state, the pressure referred to the unit. 
of surface must be the same on all the sides of the vessel and 


on the bases of the pistons (No. 577). If therefore it be de~ 


noted by p, the total pressures which the bases of the pistons 
sustain from within outwards, will be pa, p’a, p’a, &c. In 
order that there may be an equilibrium, these pressures must 
be respectively equal to the forces Pp, pr’, p’”, &c. ; consequently 
we shall have 
prap, vxap, v/=a'p, &e. * (a) 
By means of one of these equations, the value of p can be 
determined ; and by substituting it in the others, the equa- 
tions of the equilibrium of the system will be obtained, the 
number of which will be less by one than that of the pistons. 
Now if we conceive, agreeably to the definition of the prin- 
ciple of virtual velocities, that the parts of the system are 
displaced in such a manner that the pistons actually correspond 
to the sections cp, c’p’, c’p”, &c., of the cylinders. One 
set of these bodies will have advanced, and another set 
must have receded ; let these displacements be denoted by 
h, h’, kh’, &e., and let them be considered as positive or nega- 
tive, according as the pistons have advanced or receded; then, 
in the figure, the distance A comprised between the sections 
EF and cp is positive, and the distance 4’ comprised between 
the sections 2’r’ and c’p’ is negative. The volumes of water 
which issue from the cylinders, and flow into the vessel, cor- 


respond to the positive values of h, 4’, h”, &c., and those which | 


issue from the vessel to flow into the cylinders, correspond to’ 
their negative values. Both the one and the other will be 
expressed by the products ah, a’/l’, ah’, &c., no reference 
being made to the signs. Consequently, water being con- 
sidered as incompressible, and the figure of the vessel as in- 
variable, the sum of these positive or negative products must 
be cipher, and we shall have 


thea + ah’ +&e. = 0. (b) 
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If this equation be multiplied by p, there results, in conse- 
quence of equations (a), 


Ph+rh' + pv“h” + &e. = 0, (ce) 


which is the equation resulting from the principle of virtual 
velocities, applied to the forces Pp, p', »”, &e., and to A, h’, 
h, &e., the displacements of their points of application 
The condition of the system, which in the present case is the 
invariability of the volume of the liquid, is expressed by 
equation (b). Not only do the displacements A, h’, h’, &e., 
satisfy this condition, but also the opposite displacements, 
—h, — h’, —h", &e., as is required by the principle of vir- 
tual velocities (No, 331). The magnitudes of the quan- 
tities A, h’, h", &c., may be finite, provided that none of the | 
pistons enters into the vessel, or moves beyond the cylinder 
in which it ought always to be contained, 

580. The principle of the equality of the pressure in every 
direction, belongs to elastic fluids as well as to liquids; but 
in the case of the first, in order that they may press against 
the sides of the vessels which contain them, it is not necessary 
that any motive forces should act on their molecules, or that 
any pressure should be exerted on their surfaces, the elasticity 
of these fluids, in virtue of which they continually endeavour 
to occupy a greater volume, is sufficient to produce this pres- 
sure. Hence, if we suppose a mass of air, of gas, or of any 
vapour to be contained in a vessel closed on all sides, and if 
the weight of the fluid is not considered, the sides of the vessel 
will sustain equal pressures in all their points, directed from 
within outwards, along the normals to these sides. The pres- 
sure referred to the unit of surface, will be the same through- 
out the entire extent of the vessel; in order to determine it, 
let an opening be made in any part whatever of the vessel, and 
let a piston be applied to this opening, then if the force neces 
sary to maintain it in equilibrio be divided by the area of the 
base of the piston in contact with the fluid, the quotient will 


HYDROSTATICS — PRELIMINARY NOTIONS, Ets) 


express the required pressure, which will be always the same 
quantity in whatever part of the vessel the opening is made. 
If, for example, the vessel represented by figure 35, is filled 
with an elastic fluid, the forces p, pr’, p”, &c., that should be 
applied to the pistons, which close the cylinders, in order to 
hinder them from sliding, will be proportional to the bases 
a, a’, a", &e.; the ratio of each force to the corresponding 
base will be the same for all the pistons; and equations (c) 
will still have place, but only for the motions of the system in 
which the total volume of the fluid undergoes no change. 

This constant pressure, which an elastic fluid exerts on the 
sides of the vessel that contains it, depends on its matter, its 
density, and its temperature. It has been also termed the 
elastic force of the fluid. It appears from experiment, that 
for the same fluid, when the temperature is not changed, the 
elastic force is proportional to the density ; so that if p denote 
the measure of the clastic force, that is to say, the pressure re- 
ferred to the unit of surface, and p the density, we have in cach 
fluid 

php; 

& being a coefficient which depends only on the matter and 
temperature of the fluid. When the gravity of the fluid is 
taken into account, or more generally, when its molecules are 
solicited by given forces, the pressure p varies from one point 
to another of the vessel, according to a law which depends on 
these forces, and which we shall determine in the sequel. 


CHAPTER II 
GENERAL EQUATIONS OF THE EQUILIBRIUM OF FLUIDS. 


581. In order to discuss the question in the most general 
manner, let us consider a fluid mass ancp (fig. 36), which may 
be either homogeneous or heterogeneous, compressible or in- 
compressible, all whose material points are solicited by given 
forces, and let it be proposed to express the conditions of its 
equilibrium by equations. 

Let «, y, z be the coordinates of m any point whatever of 
this mass, parallel to the rectangular axes or, oy, oz; we shall 
suppose for greater clearness, that the plane of the axes of a 
and y is horizontal, that the axis oz is drawn in the direction 
of gravity, and that the mass ancy is comprised below the 
plane of the axes of x and y, in the solid angle, contained by 
the three planes of the positive coordinates. Let the fluid 
mass be distributed into parts, which, agreeably to what is 
stated above (No. 574), we shall consider as infinitely small 
elements; and let these elements be supposed to be comprised 
between planes infinitely near to each other, and parallel to 
those of the coordinates ; so that these elements may be each 
of them rectangular parallelopipeds, the adjacent sides of 
which are parallel to the axes, and equal to the differentials of 
the coordinates, the two horizontal bases of that which corres- 
ponds to any point such as m, and which is represented in the 
figure, will be equal to dzdy, its vertical height am’ will be 
equal to dz, and its volume will be dedydz. 

If the density of the fluid in this point, such as it has been 
defined in No. 98, be denoted by p, and the differential element 
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of the mass corresponding to this same point by dm, we shall 
have . 
dm = p da dy dz. 

In homogeneous liquids, if the small compressions that they 
experience, and which may be unequal in different points, be 
not taken into account, the factor p Will be a constant quan- 
tity; and it will be a known or unknown fanetion of the co- 
ordinates x, y, z, in heterogeneous liquids, and also in elastic 
fluids, which are not equally compressed in every direction. 

Letxdm, ydm, zdm denote thecomponents of the motive force 
which acts on the element dm resolved parallel to the axes of 
2, y, Z, 80 that x,y, z may be the components of this force re- 
ferred to the unit of mass, or of the accelerating force relative 
to the point m. Each of these three quantities will be a func- 
tion of x, y, z, the values of which shall be regarded as posi- 
tive or negative, according as the force which it represents 
tends to increase or diminish the coordinate to which it is pa- 
rallel. Moreover, the element di will be pressed from with- 
out inwards, on its six faces, by the surrounding fluid, and, in 
order that it may remain in repose, these exterior pressures 
must be in equilibrio with the interior forces xdm, vdm, zdm. 

This being the case, if the vertical pressure which is exerted 
on the upper base dady, in the direction of gravity, be de- 
noted by pddy, p being the pressure which corresponds to 
the unit of surface on this infinitely small base (No. 577); 
this quantity p will be an unknown function of a, y, 23 
and at the point m’, the coordinates of which are a, y, 2 + dz, 


it will become p + oP az, and it will express the vertical 


pressure, relative to the unit of surface, exerted on the infe- 
rior base of dm. Consequently, this second base will ex- 
perience, in the direction of gravity, a pressure equal to 


(p +2a:) dxdy; the resistance of the fluid on which the 
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element dm presses, is a force equal and contrary to this pres- 
sure ; so that this element dm is urged in a vertical direction by 


the two opposite forees pdxdy and (p +2ae) dxdy, or by a 


force equal to their difference Pa dy dz, and directed up- 


wards. Now, in order that this element dm may be neither 
moved in the direction of gravity, nor in the contrary direction, 
this force must be equal to zdm, the vertical component of 


the motive force which acts downwards, consequently, we 
shall have, 


¢ dx dy dz = zdm ; 
in like manner, if g and r denote the pressures, referred to the 
unit of surface, which correspond to the faces of dm parallel 
to the planes of the axes of x and z, and of y and z, then, 
in order that the element dm may not move cither in the 
direction of the axis of y, nor in that of the axis of x, we should 
have 


dq dr 
ay ee = ydm, ae dz dy dz = xdm. 


Now if in these three equations, the preceding value of 
dm be substituted, they become, by suppressing the common 
factor dxdydz, 


dp dg dr _* 
de 7 0% dy ~ PY an px. (1) 





582. If the elements into which the mass ancop is divided - 
be solid, so that this mass may be regarded as a collection of 
solid rectangular parallellopipeds, in juxta-position with each 
other, it is not necessary that any relation should subsist be- 
tween the pressures. which cach of these parallellopipeds ex- 
perienees on those faces which are not narallel- the elemant 
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its horizontal bases, and none at all on its vertical faces; but 
as this infinitely small element must be considered as fluid, as 
well as all the parts of the entire mass, which should have a 
finite magnitude (No. 574), it follows from the fundamental 
property of fluids, that the three quantities p,g,7, must be 
equal to each other, or at least, if they differ, the difference 
can be only an infinitely small quantity, which may be 
neglected in equations (1). 

In fact, the pressure which the surrounding fluid exerts on 
each of the faces of the parallellopiped dydydz, is transmitted 
on the other faces, by the intervention of the fluid, of which 
the element dm consists ; this transmission is made in the 
manner already explained, from which it follows, that if the 
pressure which has place from without inwards, on the upper 
horizontal base, be denoted by pdxdy, the pressures trans- 
mitted on the lateral faces, and which act from within out- 
wards, will be represented by pdxdz and pdydz; moreover, 
we should add to these transmitted pressures, those which 
result from the motive force of the fluid din, consequently, if 
the pressure due to this foree, and exerted, for example, on 
the face dydz, be denoted by y, the entire pressure which has 
place from within, outwards, or from right to left, on this face 
dy dz, will be expressed by pdydz+4y. On the other hand, the 
pressure arising from the surrounding fluid, and exerted ‘from 
without inwards, or from left to right, on this face dydz, has 
been represented by rdydz ; this force is the resistance which 
the surrounding fluid opposes to the interior pressure pdydz-+ y3 
consequently, we must have 


rdydz = pdydz +. 

Now, although the value of y may be unknown, we are 
nevertheless certain, that this quantity can only be an infi- 
nitely small one of the third order, like the motive force of 
dima), trom which it arises; hence if y be neglected relatively 
to pdyd:, we shall have y = p; in the same way it may be 
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also shown, that we must have gap. The conélusion would 
be still the same, if the element dm, instead of being a rec- 
tangular parallellopiped, was any polyedron whatsoever, all 
whose sides were always infinitely small; and it may be de- 
monstrated in the same manner, that the exterior pressure, ex- 
erted in a direction which is perpendicular to all the faces of 
the surrounding fluid, is proportional to their respective areas, 
and independent of the motive foree of the polyedron. It 
follows, therefore, that all the elements of the surface which 
pass through the point mM, experience the same pressure re- 
ferred to the unit of surface, and that if w be the area of one 
of them, the normal pressure which it sustains on one or 
sbher of its two sides, is equal to pw, whatever may be the 
direction of the plane to which it belongs. 

In consequence of the condition r = g = p, equations (1) 
. become 


dp dp dp 
dan P* aye dz nee (2) 


and they are the general equations of the equilibrium of fluids, 
which it was proposed to find. 

583. The conditions of equilibrium which they express, 
are reduced in each particular case, to our being able to find 
for p a function of x, y, 2, which satisfies at the same time 
these three equations. Now, if they be respectively multi- 
plied by da, dy, dz, and then added together, there results 

dp = p (xdz + vdy 4+ zdz); (3) 
therefore, in order that the value of p may be possible, the 
product of p, and of the formula xdx + ydy + zdz, should 
be an exact differential of a function of three independent 
variables a, y, z. Conversely, when this condition is satisfied, 
p will be the integral of this product, and in this manner 
equations (2) will be satisfied. 

If the coordinates of any point whatever of the surface of 
abcp be substituted in place of x, y, z, in this value of p, the 
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pressure at this point on the side of the vessel in which this 
fluid mass is contained, will be had; this pressure will be 
always destroyed, provided that this side is fixed and suscep- 
tible of indefinite resistance ; but in those parts, where the 
vessel is open, and where the fluid is entirely free, there is 
nothing to destroy the pressure p, consequently, its value 
must be cipher, for all the points of the free surface of a fluid 
mass in cquilibrio; this gives for the differential equation of 
this surface 
xde + dy + zdz = 0. (4) 
This equation also obtains, when there is a constant pres- 
sure made on the free surface of the fluid; for then we must 
have dp = 0, for all its points, and as p the density is met 
cipher, equation (4) results at once from formula (3). If by 
any mcans whatsoever, a pressure be made on the free surface 
of a fluid, which is variable from one point to another, and if 
this pressure, referred to the unit of surface, be represented by 
S(%; y,2), the value of p deduced from equation (4), should 
coincide, for all the points of the free surface, with the given 


function of a, y, z; and, in this case, the differential equation 
of this surface would be 


p (xdu + yvdy 4 zdz) = df (2, y, 2). 


In the subsequent part of this treatise we shall always 
suppose that the exterior pressure is eithef cipher, or con- 
stant throughout the entire extent of the free surface of a 
fluid in equilibrio. 

As the pressure p is proportional to the density in elastic 
fluids (No. 580), it follows that this pressure can never be 
cipher in a fluid of this nature, as long as the density does not 


oe 


vanish, that is to say, as long as the fluid exists, and has not ; 


lost its entire elastic force by the effect of cold. Hence an 
elastic fluid cannot be in equilibrio, except when it is con- 
tained in a vessel which is closed on all sides, or, which is the 
same thing, when a pressure is made on its surface directed 
from without, inwards. 


*, 
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584. It follows from equation (4), that the resultant of 
the accelerating forces x, y, z, which act on each point of the 
free surface of a liquid in equilibrio, is perpendicular to this 
surface, both in the case where there is no exterior pressure, 
and also when there is exerted on this surface, a pressure 
which is constant from one point to another. In fact, if any 
curve whatever be traced on this free surface, and if ds be the 
differential element of this curve corresponding to the point 
dz dy dz 
ds’ ds’ ds’ 
cosines of the angles which the tangent to this curve, at this 
same point, makes with lines drawn parallel to the axes of the 
eoordinates, and ifr be the resultant of the forces x, y,Z, since 
the cosines of the angles which its direction makes with these 


whose coordinates are 2, y, z, so that may be the 


parallels, will be =, x, <, by dividing equation (4) by rds, we 


* shall have 


xde | vdy 1 ade _ 
nds | rds ™~ rds 


from which it appears, that the direction of the force n, and 
the tangent to the curve traced arbitrarily on the surface, are 
perpendicular, the one to the other, and consequently, this di- 
rection must coincide with the normal to the point which is 
considered. In gencral, this pressure will act from without 
inwards ; but when the exterior pressure is not cipher, it may, 
on the contrary, be directed from within outwards. 

If equation (4) be integrated, and if there be assigned to 
the arbitrary constant, introduced by the integration, any series 
of particular values, the determinate equations which will re- 
sult will belong to as many different surfaces, and equation (4) 
will be the differential equation of each of these, and conse- 
quently, each of them will possess the property of being equally 
pressed in every direction throughout its entire extent, and of 
intersecting at a right angle, in all its points, the direction 
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of the resultant of the forces x,y,z. Such of these surfaces 
as, from the value of the arbitrary constant, must, when 
produced, lie in the interior of the fluid, are termed surfaces 
of level. If this arbitrary constant be made to increase by 
infinitely small degrees, the fluid mass will be divided Into an 
infinite number of infinitely slender strata, and comprised’ be- 
tween two consecutive surfaces of level, which, on this ac- 
count, have been termed strata of level. 

The value of the constant which belongs to the exterior 
surface will be determined in each case, by means of the given 
volume of the liquid ; so that the exterior pressure will have no 
influence, either on the figure of equilibrium, or on the dimens 
sions of this fluid considered as incompressible. If the liquid 
should be reduced to a state of solidity, the equilibrium would 
not be deranged ; hence it follows that a constant normal pres- ; 
sure acting from without, inwards, on all the elements of the 
surface of a liquid or solid body, is destroyed of itself, and ean- 
not impress on this body any motion cither of translation or ro- 
tation. Fora liquid, this equilibrium of exterior pressures results 
from the characteristic property of fluids, of transmitting e equally 
in every direction, the pressures exerted on their surface (N 0. 
577); in the sequel it will be shown that this is true, inde- 
pendently of this property, and that it equally obtains for a 
solid body of any form whatever. é 

585. Let us now suppose that the fluid in equilibrio is. 
composed of homogeneous matter, and that it has every where 
the same density and temperature. As the quantity p is 
constant, it follows from equation (3), that the formula 
xdx + vdy + zdz must be an exact differential of a function 
of three independent variables. If this is not the case, the 
equilibrium is impossible in the fluid mass, whatever form may 
be given to it, even if it be contained in a vessel closed on 
every side. 

But the condition of the integrability is always satisfied, 
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with respect.to forces which are either attractive or repulsive, 
and whose intensities vary in functions of the distances from 
the centres from which they emanate (No. 158). Conse- 
quently, the equilibrium of a homogeneous liquid, subject to 
the action of similar forces, will be posséble; and in order that 
it may actually have place, there should be such a form given 
to the fluid, as that its free surface may intersect at right . 
angles, throughout its entire extent, the resultant ef these 
forces, whether they be attractive or repulsive (). ‘ 
If, for example, the fluid mass be supposed to be entirely 
free, and that a constant pressure is exerted on its surface, 
then when the only force which acts on its particles is directed 
to a fixed centre, the figure of the mass ancp in equilibrio 
about this point, will be that of a sphere whose centre is this 
point, and radius, a line depending on the given volume of 
this mass. If the force directed towards the fixed centre be 
supposed to be attractive, and to vary in the inverse ratio of 
the square of the distance, and if the intensity of this accele- 
rating force at the surface of the liquid be ae by g, its *’ 


radius by a, and the exterior pressure by n,Z& a a il be the 


affeaction at the distance 7, and it follows from. equation ( (4), 
that p the pressure at the same distance is equal(c), 
p= + 22 — gpa. 
Fs . 
This will also have place, if the fixed centre be replaced by a 
solid sphere, all whose points attract those of the liquid in the , 
inverse ratio of the square of the distance; but in this case, if 
the radius of this sphere be ¢, the value of p is furnished by 
the preceding equation only for values of r comprised between 
r=eandroa. When the attraction is changed into a re- 
pulsive force, it is only necessary to change the sign of g; so 


that we shall have 
2 





puil+gpa— ie 
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The least value’ of p belongs to r = ¢, and will.be 
1 e4(a— 0) 


P= aa 


It must be positive, in order that the liquid’stratum may not 
détach itself from the solid body and be dispersed in space; con- 
, Sequently, the external pressure IT must surpass the quantity 


* ge Mer fee a), In general, it is necessary in the equilibrium’ 


ofa uid, that the value of p the pressure, should be positive 
throughout the entire extent of its mass, in order that the 
contiguous parts may press against one another, and ‘the fluid... 
be not separated. 

When the radius ¢ is very great, the attractive forces di- 
rected towards the centre of the sphere are sensibly parallel, 
and the surface of the liquid is, for an inconsiderable extent, 
sensibly plane and perpendicular to the direction of this®force. 
This is the case of a heavy liquid, which will be particularly 


, discussed in the following chapter. 


586. If, whatever be the forces of attraction or repulsion 
directed towards fixed centres, which act on all the points of 


any fluid mass ancy, we make #. 


xdx + ydy + zdz = do; 


in which ¢ denotes a function of the coordinates 2, Y, 2, de- 


‘pending on the laws of these forces in functions of the dis- 


tances, equation (3) will then become 


dp = pdd. 


In order that it may subsist when the density p is variable, 

this density should be a function of the quantity. ps and con- 

versely, when this condition is fulfilled, there is always a value 

of p which satisfies this equation of equilibrium. Now, by 

equation (4), the quantity ¢ is constant throughout the entire 

extent of each stratum of level; therefore in-a heterogeneous 
VOL. Il. 31 
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fluid and in a compressible fluid in equilibrio, it is necessary 
that the density should be constant throughout the entire ex- 
tent of the same stratum; and as the superficial stratum, sub- 
jected to a given constant pressure, is a stratum of level, 
it is likewise necessary that it should have the same density 
throughout its entire extent(e). 

If the fluid is incompressible, the density p may be any 
function whatever, either continuous or discontinuous,; of the 
quantity @; when it is given, the value of p in a function of p, 
may be obtained by integrating the formula pdg, and deter 
mining the arbitrary constant, by means of the constant and 
*given magnitude of the external pressure. . 

In the case of a heterogencous liquid, subjected to the ae-. 
tidn of a central force, it is necessary, in order that there may 
be an equilibrium, that its mass should be composed of con- 
centrigal spherical strata, whose density must be the same 
throughout the entire extent of each of them, though it may 
vary arbitrarily from one stratuth to another(/).’ In like man- 
ner, if several heavy liquids are contained in a vessel, it is neces- 
sary, in order to an equilibrium, that each horizontal and infi- 
nitely slender stratum should consist of only one liquid; this 
condition will be satisfied, if the upper surface which is sup- 
posed to be subjected to the action of a constant pressure, and 

. the surfaces which separate two consecutive liquids, are all 
plane and horizontal. Moreover, in order that the equilibrium 
may be stable, it is necessary that the densities of the super- 
imposed liquids should decrease from the lowest to the highest 
‘stratum, in order that the centre of gravity of this system of 
bodies shoald be the lowest possible (No. 348). 

587. In an elastic fluid, the density is connected with the 
pressure (No. 580), and cannot be apbitrarily assigned, as “in 
the case of an incompressible and heterogeneous fluid. By 
dividing equations dp = pd¢, and p = kp, the one by the other, 
there results 


dp _ dy : 
owe | (5) 
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If the temperature be every where the same, & will be a 
constant quantity, and, by integrating, we shall have 


1 ¢ ’ 
p=ne, pape, (6) 


which expresses the laws of the density and pressure in the 
state-of equilibrium of the fluid; e denoting the base of the 
Naperian system of logarithms, and 1] an arbitrary constant, 
which expresses a certain pressure, that may be determined 
from knowing the pressure in a given point(g). If the tem- 
perature varies from,one point to another, & will likewise 
: vary ; but in order that equation (5) may subsist, it is necesa 
sary that this quantity should be a function of ¢, which may 
be arbitrarily assigned. Consequently, the temperature must 
be also a function of ¢, and therefore it is constant throughout 
- the entire extent of each stratum of level of an elastic fluid in 
- equilibrio. This condition being satisfied, equations (6Y'should 
-be replaced by the following 
ve 


p=lle*, p= 


> 


" 
é 


od a 


When the centrifugal force and want of sphericity of the 
earth are not taken into account, the difection of the weight 
of the molecules of the air is towards the centre of the earth, 
and the strata of level are spherical and concentrical. There- 
fore, in order that the atmosphere may remain in equilibrio, 
it is necessary that the temperature should be every where the 
same at the same height above the surface of the earth, and 
that it should only vary with the elevation of the goncentrical 
strata. + Now, this is never the case; for the heat of the sun 
acts unequally on the different points of the surface of the 
earth and of each atmospherical stratum. As the temperature 
depends on the latitude, it is not possible that an equilibrium 
could have place, and this is the cause of those permanent 
winds which are, in fact, observed near to the equator. 
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Moreover, the condition of the equilibrium of the atmospherical 
strata can throw no light on the variation of temperature in 
the vertical direction ; for equation (5) obtains whatever may 
be the value-of & in a function of ¢, and consequently, what- 
ever may be the law of this variation. 

When the mass aBcp is composed of several gases of diffe- 
rent natures, the conditions of equilibrium may be satisfied 
in two different ways; when these gases are completely mixed 
together, so as to constitute a perfectly homogeneous fluid, 
and when they are, on the contrary, disposed in strata, resting 
the one on the other, so that their surfaces of separation are all 
faces of level. The first case obtains in an atmosphere of 
which the composition is the same at all heights. This state 
of perfect mixture is that of the most stable equilibrium; and 
when two different gases are placed the one over the other, in 
a vessel closed on all sides, they will become eyentually,per- * 
fectly mixed together, unless we take care to secure the vessel 

. which contains them, from the slightest agitations. 

588. The centres -of the attractive or repulsive forces, 
which act on each point such as m of the fluid mass aBcp, 
may be all the other material points of this mass. In this 

- case, X, Y, Z, the components of the total accelerating force 
acting on the point m, will consist of an infinite number of 

« terms, and if we suppose that the natural law of action equal 
and contrary to reaction, obtains in their mutual attractions 
and repulsions, and that besides, all these points are subjected 
to the action of the same extraneous forces, this will not pre- 
vent them from being certain functions of a, y, z. 

In the ease of nature, these mutual actions are of two dif- 

ferent kinds ; the one varies in the inverse ratio of the square of 
» the distance, and the intensities of the others are expressed by 
functions which decrease with extreme rapidity, so that their 
t-« values are only then sensible, when the distances are insensible. 
X, Y, Z, the total components of the forces of the first species, 
are computed -by distributing the mass ancp into infinitely 
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small elements (No. 98), and then determining by the integral 
calculus, the sums of the attractions or repulsions of all these 
points, along each direction. With respect to the actions of 
-the second species, which are properly termed molecular forces, 
and which are attractive or repulsive, according as the attrac- 
tion of the ponderable matter is greater or less than the calo- 
rifie repulsion, they ought not to be taken into account in the 
calculation of the forces x, ¥, Z, relative to an interior point 
‘M3; for it is precisely these molecular forces, which produce 
the pressure p, that is equal in every direction about m, and 
which was already considered in forming the equations of 
‘equilibrium, ~~. 
It results from this last consideration, that equations (2) of 
No. 582 are the necessary and sufficient conditions of equili- 
brium of all the forces, the molecular actions among the rest, 
which act on, dm any element of the fluid mass; so that the 
equilibrium has certainly place, when there is such a value of 
p as satisfies these equations for all the points of the fluid, . 
which coincides with the value of the pressure at the free sur- 
face, that is given directly, and which should not become 
negative in any point, in order that the parts of the fluid may 
remain contiguous, - * 
If the law of the molecular forces, in’a function of the dis 
tance, was given, and if we could deduce from these forces the. 
expression of the quantity p in a function of the mean interval 
of the molecules (No. 98), then by substituting this expression 
in equations (2), one of them would determine the magnitude 
of this interval, about the point m, in the state of equilibrium, 
and the two others would express theconditions of this equi- 
librium. The numerical value of p would then result from 
that of the mean interval, or from the corresponding value of¢., 
the density; and in the memoir cited above (No. 576), the : 
author has explained how this pressure p may vary in a very-3, 
high ratio, for the very small variations of the density which 
are observed in liquids. But as the direct determination ‘of 


> on 
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the pressure p is impossible, its value must be deduced from 
the conditions themselves of equilibrium, or from formula (3), 
which is a consequence of them. 

When the point m is situated on the surface of the fluid, 
or is less distant from it than the radius of activity of the 
molecular forces, these forces, and the rapid variation of the 
superficial density, should be taken into account in the calcu- 
lation of the components x, y,z, and, consequently, of the 
value of p deduced from formula (3). There results from 
this, an influence of molecular forces on the figure of the 
fluid in equilibrio, which, in general, is not sensible, and 
which only becomes so in capillary spaces. In this treatise, 
these are not taken into account; and for every thing con- 
cerning the phenomena of capillary forces, the reader is re- 
ferred to the new theory of capillary action lately published 
by the.author. + ? 

589. If a homogeneous, or heterogeneous liquid turns 
uniformly about a fixed axis, we can by means of the pre- 
ceding formule determine the conditions which are necessary 
and sufficient td be satisfied, in order that it may retain a per- 
manent figure, and move like a solid body. For this purpose 
it will suffice to join to the components x, ¥, z, those of the 
eentrifugal force which results from this rotation. 

Let then the axis of rotation be that of the coordinates of 
z, r the distance of any point m from this line, so that we may 
have ‘- 

r= ey x; 
let a denote the constant angular velocity, which is common 
to all the points of the fluid, va will be the absolute velocity 
of the point M, and since it describes a circle whose radius is 7, 
the value of the centrifugal force will ‘be ra*(No. 174). As 
this force acts in the direction of the production of 7, its com- 
’ yponents parallgl to the axes of and y will be obtained by mul- 


* 


Pa ee : x eos . : 
tiplying it by : and z, this gives, for their respective values, 
+ 
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xa" and ya%, which should be added to the forees x and y ; 
and as the force z is not changed, formula (3) will become 
dp = p (xdx + vdy + zdz + a’adx + a’ydy). (a) 
The quantity comprised between the parentheses will be 
still an exact differential, namely, the differential of the func- 
tion @ of No. 586, increased by $a?(a?+ y’) or by $a’. 
Consequently, the permanent form will be possible; and if 
the free surface of the liquid experiences a constant pressure 
throughout its entire extent, the equation common to this sur- 
face, and to all the surfaces of level, will be 
xdz + vdy + 2dz + a? (adx + ydy) = 0. (b) 
In the case of a homogeneous liquid, it will be sufficient 
to determine the free surface by the integral of this differential 
equation, and its arbitrary constant can be determined by 
knowing the entire volume of the liquid, as we shall gee im- 
mediately by an example. In the case of an heterogemeous li- 
quid, it is moreover necessary that it should be composed of 
homogeneous strata, whose figures mey likewise be deter- 
mined by the integral of this same equation,*and which will 
only differ from the exterior figure in the values of the arbitrary 
constant. ; m 
590. Let equation (b) be applied to the case of a heavy 
homogencous liquid, subject to the action of gravity 3 let it 
be supposed to turn about a vertical axis, and to be contained 
in an open vessel. If the gravity be denoted by g, and if the 
“eoordinates of the positive zs be estimated in the contrary di 
rection to this force, we shall have 


x=0, y=0, z= -g@, 
consequently, equation (b) will become 
gdz = a (xdz + ydy) ; 


hence, by integrating and denoting the arbitrary constant-by 


c, there results = 
~ 
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a os 2 
eed i +/) +0, 


from which it appears, that the free figure of the liquid is that 
of a paraboloid of revolution, whose axis will be that of the 
rotation. 

In order to determine the constant c, let us suppose that the 
vessel is a vertical cylinder with a circular base, and let its axis of 
figure be that of the coordinate z, or of rotation; let its radius 
bea, and hthe height through which a body should fall in 
order to acquire the absolute velocity of the surface, namely 
aa, so that we may have a’a?= 2gh, and, consequently, 


2 - —z +¢; likewise, let 5 be the height of the water before 


the corimaieaniiont of the motion, za will be the volume 
of the liquid, which remains the same during the rotation; 
now, if the paraboloid be divided into infinitely slender cy- 
lindrical strata, whose common axis is that of the axis of 
z, then” 2ardr will be the base, and 2rzrdr the volume of 
the stratum of which the radius is 7; and the thickness dr, 
therefore, the entire volume will be obtained by integrating 


Qwerdr from r= 0 tora 3 hence it follows that 
* 


ia . a@= 2(* rar. 


By substituting for zits value, and performing the iti Sal 
we obtain for the value of c(h), 


ex=b—th. 


The equation of the upper surface will therefore be 
2 
z= is +5—th. 


The least and greatest values of z which belong tor = 0, and 
rma, willbe b~— 3h, and 6 + 4A, so that the depression of 
the liquid about the axis, and its elevation at the circumference, 
which are produced by the rotation, will be the same, and their 


é 
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value will be half the height through which a body should ‘fall 
to acquire the velocity of the circumference. 

591. When the forces of which x, y, z are the components, 
arise from the attractions of all the points ofthe liquid, in 
the inverse ratio of the squares of the distances, or according 
to any other laws, the total values of X, ¥, Z, depend, in ge- 
neral, on the form of the liquid and on its strata of level, and, 
conversely, this form depends on the values of these compo- 
nents. This mutual dependence of the attractions of the 
fluid and of its figure, renders the determination of the latter, 
by means of equation (b), extremely difficult. Even in the 
case, when the fluid is homogencous, the problem cannot be 
resolved in the ordinary case of the attraction varying in the 
inverse ratio of the square of the distance, except on the sup- 
position, that the centrifugal force is so inconsiderable, that 
the fluid differs very little from the spherical form, which it 
would assume if this force was cipher, that is to say, if the 
fluid was at rest. It might, in this case, be demonstrated hy 
an analysis founded on the consideration of scries, but which 
cannot be introduced here, that the figure of the fluid is ne- 
cessarily that of an ellipsoid of revolution, whose compression, 
may be determined by means of the magnitude of the centri- 
fugal force at the equator, compared with the attraction of 
the fluid at this same point. 

But it is easy to verify the above statement, namely, that 
the elliptic figure always satisfies equation (b), when the 
velocity a docs not pass a certain limit, and that then there 
are two ellipsoids of revolution, which correspond to the same 
value of this velocity of rotation. In fact, if the equation of 
the surface of the fluid, in its permanent state, is 


2 ey a ‘ 
at ete _ 


"which is that of an ellipsoid of revolution, whose axis of figure 


and equatorial diameter are respectively 2e and 2c V1 + yy 
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arid if x, ¥,z are the components of the accelerating force 
arising from the total attraction of this body on the point of 
its surface whose coordinates are z, y, z, estimated along the 
productions of these coordinates, that is to say, in a direction 
opposite to that of the components, the expressions of which 
were given in No. 106; then, by changing the signs of these 
expressions, and observing that the mass of the ellipsoid is 





expressed by $zpc* (1+ y*), we shall have(?) , 
, 2afpx 
ae x= ue [y— (+7’)are(tang = y)], 


y= =f (y-(. +y’)are (tang = y)], 


2) 
as etn: [are (tang = y) — y]; 
in which f expresses, as in the number just cited, the inten- 
sity of attraction at the unit of distance, and between masses 
respectively equal to unity. It will be, therefore, necessary 
to prove, that these values, joined with equation (c), gatigfy 
equation (b). Now, if they be substituted in this equation, 
and if all its terms be multiplied by y*, which implies that y 
is not cipher, by making, for conciseness, 
a 


Tih ° 





there results : 
[gy—8 C+ y)are (tang = y) + ey"] (ede + yay) 
+ (1+ 7’) are (tang = y) — y] zdz = 0; 
by differentiating equation (c)ywe obtain 
edz + ydy + (1+ y)2dz =0; 


and, in order that this differential equation may coincide with 


the preceding, it is necessary, and it sufficcs, that we should, 
have * : 


dy -— (1+ 7) are (tang = y) + ey’ = are (tangy) — 7; 
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or by reducing(z) 


3 
te are (tang = y) = 0; (d) 
so that it only remains to ascertain whether this equation has 
real roots, and to determine their number. 

For this purpose, let its first member be represented by p, 
and let a curve be supposed to be traced, of which the corres- 
ponding values of y and 3 are the abscissa and ordinate; this 
curve will cut the axis of the abscissa at the origin ; however, 
the root y = 0, does not belong to the question, as long as 
the velocity a, and consequently ¢, is not cipher. The other 
roots of equation (d) are equal two by two, and of contrary 
signs; but it will be sufficient to consider its positive roots, 
since equation (c) only contains the square of y. This being 
so, if the differential of 8 be put equal to cipher, we obtain(/) 

‘ey +2 Ge—1) 74+ 9e=0, (e) 
by means of which the abscissze corresponding to the maxima, 
or minima, of this ordinate, may be determined, Now, as 
this equation is of the second degree with respect to y’, it fol- 
Yows that there can be only one maximum, or minimum, on 
each side of the origin of the abscissz, hence it is evident, that 
the curve car only cut the axis of the positive abscissee, beyond 
this origin, in two points, so that, at most, there will be only 
two positive and real roots of equation (d). Moreover, we 
may observe, that if equations (d) and (e) have place for the 
same value of y, the curve will(m) touch the axis of the ab- 
scisse in a point which corresponds to a double root of equation 
(d). - Now, from equation (ce) We can deduce 


2 
eS Sn 
so G+ 7)8 +) 
_ and if this value be substituted in equation (d), there results(z) 


TP + 307° 427 y os sae oe 
EEL) OL yy Tm Me (tang = 1); 
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an equation which can have only one positive root, besides 
y=0. This root really exists, and its approximate value is 
found by trial to be 

y = 2,5293. 


The corresponding value of « is 
= 0,1123; 


from which it follows that for values of ¢ less than this fraction, 
there are two distinct intersections of the axes of the positive 
abscisse, and two unequal roots of equation (d); that for this 
value of c, these intersections coalesce into a contact, and the 
two roots become equal; and that finally, for greater values 
of «, equation (d) has no real roots, and the intersections have 
not place. It is certain that these roots correspond to the less 
values of ¢, and not to the greater; for whene = x, equation 
(a) has no value different from cipher; and on‘the contrary, 
when « is a very small fraction, the two real roots of this equa- 
tion may be easily determined (0). 

When by means of equation (d), the two approximates 
values, which answer to a given value of ¢ less than the prox 
ceding fraction, shall have been determined, the preceding 
values of x, y, z will make known the attractian of the fluid 
in any point whatever of its interior or of its surface, and 
the values of ¢ can be deduced from the volume of the fluid, 
which is also given. When the value of ¢ surpasses this frac- 
tion, we are not justified in concluding that a permanent 
figure of the liquid is impossible, but only that it cannot be 
an ellipsoid of revolution; for, gvith the exception of the case 
in which this figure is supposed to differ little from that of a 
sphere, it has not been yet demonstrated that the elliptic figure 
of revolution is the only one which suits the equilibrium of the _ 
centtifugal forees and of the mutual actions of the molecules ; 
it has not been even proved that the sphere is the only figure 
which a fluid mass at rest can assume, when ite-molecules 

* ~~ 
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mutually attract each other, however natural it may appear 
to be. 

592. If the quantity « is a very small fraction, equation 
(d) may be satisfied by making y a very small quantity. We 
then have 

are(tang = y) = y —4ty'° + &e.; 
1 —_ 
’ 3+7 
and if these values be substituted in equation (d), we obtain 


by suppressing the factor y, which is common to all the terms, 
and then neglecting powers of y superior to the first(p), 


2 
3-7 + &e.3 


which corresponds to an ellipsoid very little compressed. 
As the two semiaxes are c and cV1+ 7%, the compression 
must be very nearly equal to }y?; a’e may be taken to ex- 
press the centrifugal force at the equator, and 4njfpc the at- 
traction in a point of the surface; which would be the exact 
values of these two forces, if the body was exactly spherical. 
The ratio of the first to the second is 32; consequently when 
a homogeneous fluid turns about a fixed axis, and differs very 
little from the spherical figure, its compression is equal to five 
times the centrifugal force at the equator divided by four times 
the attraction at the surface(7). It may be also demonstrated 
that if the fluid is composed of strata that are very little 

- compressed, whose densities decrease from the centre to the 
surface, the compression will be always less than in the case of 
homogeneity, but still greater than the two-fifths of that 
which answers to this case(r). 

In the motion of rotation of the earth, the ratio of the 
centrifugal force te the gravity, or to the terrestrial attraction, 
is about 345 (No. 177) at the equator. Therefore if the earth 
was a homogeneous fluid mass, its compression would be 245, 
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the two-fifths of which is ;453 345 the value which results 
from observation, is comprised between these two limits, as in 
the case of a fluid mass, whose density decreases from the 
centre to the surface. 

By making 


z=e, VP +PaCV1+y7, 


in the values of z and Yx?+ ¥%, and then developing accord- 
ing to the powers of y, we find(s) 


® a Sethe (1 4. 4 r+ &e.), 


nto 





Yeeyn— (1437 C+ &e.), 


for the attractions which have place at the poles and at the 
equator. By adding to the second the centrifugal force ac, 
whose value is, by what precedes, 4fipce, or the product of 


4y? 
$nfpe and 0° there results 





VEE ate = — AMC _Y ? +80), 


for the weight at the equator. If z the weight at the pole be 
taken from this expression, and if it be then divided by z, we 
obtain (¢) 

2 ‘2 2, 

x ete EC ay Se 
so that if the square of y* be neglected, this ratio is equal to 
the compression }-y?, and consequently, the sum of these two 
quantities is equal to five times the centrifugal force divided - 
by twice the weight at the equator, conformably to the theorem 
cited in No. 193(«). . 

In this same case of a very small value of «, equation @ 
may be also satisfied by means of a very great value of y. 
For such a value of v. we have the identical equation « 
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are(tang = y) = 3a — are (tong =+) ;: 
A 


therefore we shall have in a converging series 


; i 1 1 
are(tang = y) = $7— gti bat he. 


in like manner we have 
odie 
+3 = y 
and if these developments be substituted in equation (d), a 


value of y may then be obtained, arranged according to the 
increasing powers of «, namely, 


~ 4+ &e.s 


ar 8 
y= 4h + &e., 
which will be the second real root of this equation(v). 

For more details on this important theory, and on its ap- 
plication to the figure of the earth, the reader is referred to the 
second and fifth volumes of the Mechanique Céleste. 

593. There is an essential difference between the surfaces 
of level traced in the interior of a liquid, subject to the mutual 
action of all its points, and those described in a fluid the points 
of which are only solicited by extraneous forces, that is to say, 
by attractions or repulsions, which emanate from fixed centres, 
and are functions of the distances from these centres. Let 
aBcp (fig. 37) be the free surface of a liquid at rest, or for 
greater generality, turning abouta fixed axis. Let srcu bea 
surface of level traced in its interior, and let r be the resultant 
of all the forces which act on m any point whatever of this 
surface. In the two cases adverted to above, this force will act 
in the direction of nmr the normal at this point; now, since, 
in the second case, its magnitude and direction do not at all 
depend on any action of the points of the fluid, it will continue 
to be perpendicular to the surface ErGH, though the stratum 
of liquid comprised between ErGH and aBcp should be taken 
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away, so that after this abstraction, the liquid terminated by 
grou will still remain in equilibrio; but in the case of the 
mutual actions of the points of the system, the force r will de- 
pend on the action of this interior liquid, and on that of the 
exterior stratum ; in general, its magnitude and direction will 
be changed, when the stratum comprised between abcp and 
ErGu is suppressed, and the equilibrium of the fluid terminated 
by ereu will no longer have place. In order that it should 
be reestablished, the form of the surface ErGi should be 
changed, so as to become perpendicular in each point to that 
part of the force R which remains. 

The action of the exterior stratum comprised between ancy 
and ErcH, will be nothing on all the points of the interior 
fluid and of the surface EraH, when the entire mass of the fluid 
being homogeneous, it deviates very little from the spherical 
figure, and its points are only solicited by their mutual attrac- 
tions in the inverse ratio of the square of the distances, and by 
the centrifugal foree. In fact, all the surfaces of level are then 
similar ellipsoids, and, consequently, the stratum comprised 
between aBcp and Ere, two of these surfaces, does not 
exercise any action on the points situated in the interior space 
(No. 105). But this nullity of action of a stratum terminated 
by two surfaces of level on the interior fluid, is not @ condition 
of the equilibrium of fluids; for if the forces be such as have 
been supposed above, it has no longer place, for example, when 
the liquid is heterogeneous ; this renders the surfaces of level 
dissimilar, though they are still elliptical, and such that the 
ellipticity of any surface whatever as ErGH depends on the 
thickness and constitution of the exterior stratum. See Me- 
chanique Celeste, tom ii. p. 85, and following pages. 

In the case of homogeneity, the elliptic stratum comprised 
between aucn and ErGH, may be taken away or replaced at 
pleasure, without deranging the equilibrium or changing the 
form of the interior fluid, provided that the velocity of rotation 
remains always the same. But there are also other strata 
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which may be added to the fluid terminated by ErcH, without 
deranging its equilibrium, although their attraction on the 
points of this liquid may not be cipher. It is evident, that the 
exterior surface of the additive stratum may be an ellipsoid 
similar to Eran, and having its centre in a point of the axis 
of rotation different from the point o. The exterior surface 
of this stratum may also have its centre in this point, and be 
an ellipsoid whose compression is different from that of the 
interior surface. In order to make this appear, let ancy and 
a’n’c'b’ (fig. 38) be the two different ellipsoids which satisfy the 
condition of equilibrium of thesame homogencous fluid, turning 
about a fixed axis with a given angular velocity (No. 591); 
likewise let ErGn and xe’t’e’n’ be two surfaces of level traced 
in the interior of these ellipsoids, respectively similar to the 
exterior surfaces, having the same centre o as these, and in- 
tersecting at the point m; we can, without deranging the 
equilibrium of the liquid terminated by ercu, add to it the 
stratum comprised between the two dissimilar and concentrical 
surfaces EFGH and a’p/c’n’.. It should he observed, that not only 
the action of this additive stratum on the points of the interior 
liquid, and of the surface ve, is not cipher, but that this 
action on each point of the surface is not even directed along 
the normal. ‘Thus, at the point , the action of the stratum 
comprised between the surfaces erGH and a’p’c’p’ is not di- 
rected along Nmp the normal to the first surface; for the 
action of the interior liquid terminated by this surface, is 
already directed along nmr, and if the action of the additive 
stratum had also this direction, the action of the entire mass, 
terminated by the surface a’p’c’p’, would he still directed along 
this normal, while we know it should be directed along n’m’r’, 
the normal to #’r’c’n’, the other surface of level. 

Whatever may be the nature of the forces which act on a 
heterogeneous or homogencous fluid mass turning about a 
fixed axis, we should not forget that the sole condition of 
equilibrium is the existence of a quantity p which satisfies 
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equation (a), and which must be cipher or constant at the free 
surface of the liquid. All other conditions which we may 
wish to add to this, are already comprised in it, or if not, the 
equilibrium cannot have place. 

594. Among the different laws of attraction, there is one 
which is not that of nature, but which possesses some remark- 
able properties. This law is that of a mutual action in the 
direct ratio of the distance, and one of the properties to which 
we refer is, that the resultant of the actions of all the points of 
a body onany point whatever, is independent of the form and 
constitution of this body, whether homogeneous or hetero- 
gencous, and is the same as if the entire mass was condensed 
into its centre of gravity (2). 

In fact, if 2, y, 2 be the coordinates of the attracted point, 
a!, y', 2’, those of an attracting point, w the mass of this se- 
cond material point, w the distance of the two points, hu the 
accelerating force directed from the first point towards the se- 
cond; & being a constant coefficient, the components of this 
force in the direction of parallels to the axes of the coordinates, 
drawn through the attracted point, will be ku(a’— 2), ku(y’ -y) 
hu(2z’—2z), for the cosines of the angles which its direction 
makes with these lines are the differences v'—2, y/—Yy, 2/—2; 
divided by «. Consequently, if the total components of the 
accelerating foree of the attracted point be x, ¥, z, we shall 
have 

xX = hEyx!— hednu, 
¥ = k3py' — hyd, 
Za hSye! — kz; 


in which the sums & extend fo all the points of the attracting 
body. Now, if the entire mass of this body be denoted by , 
and the three coordinates of its centre of gravity by a, 41, “15 
we shall have 


Su =m, 
Dur’ = mx, 
Spy’ = my, 


Tes! = mz, 3 
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consequently, there will result, 
x =km(a,— 2), 
¥ =hkm(y—y), 
z= khm(24—2z)3 
equations which evidently contain the proposition to be 


proved. 
If these values of x, y, z be substituted in equation (b), 


. . a 
and if we make, for conciseness, ~— = «, there results 


Aum 





(@,— 2) da + (— y)dy + (2, —2)dz + e(wda + ydy) =0; 


hence, by integrating and denoting the arbitrary constant by 
c, we obtain 
(@—a)'+ (y—y)'+@ — 2)" ey) =e. 
This equation will be that of the surfaces of level in a 
liquid turning about the axis of z, and whose points are at- 
tracted in the direct ratio of the distanee; it shows that all these 
surfaces are concentrical, and of the second degree. More~ 
over, if the origin of the coordinates be transferred to their 
common centre, that is to say, to the centre of gravity of the 
fluid, the first powers of the corresponding coordinates must 
disappear, which cannot be the case unless 7, = 0, y, = 0, 
== 0(y). The preceding equation will be therefore reduced to 
P+i-)@t+y)=e3 (f) 
consequently, the surfaces of level are ellipsoids, or hyper- 
holoids of revolution, according as « Z 1, or «> 13 and, in 
each case, they have the same axis of figure, which is the 
axis of rotation. When the volume of the liquid is given, the 
hyperboloid is not possible, except when the fluid is contained 
in a vessel, and then equation (f) is solely applicable to the 
free part of its surface. ‘Therefore, when «> 1, the perma- 
nent figure of a liquid which is free on all sides is impossible, 
in the case of such forees as we have just considered. If 


444 GENERAL EQUATIONS OF THE EQUILIBRIUM OF FLUIDS. 


¢Z 1, all the surfaces of level are ellipsoids, which differ 
from each other in the values of c. In order to determine the 
value of this quantity, which corresponds to the exterior sur- 


face, the volume of the ellipsoid, the expression of which is 
4 A gx 
es should be put equal to the given volume of the liquid. 
It is remarkable, that in this example, the law of the den- 
sities of the strata has-no influence on its exterior figure, or 
on that of its strata of level(z). 


CHAPTER IIL 
OF THE EQUILIBRIUM OF FLUIDS ACTED ON BY GRAVITY. 


595. Ir in a vessel ancp open at its upper surface, and of 
which the horizontal base az rests on a fixed plane, a heavy 
homogeneous liquid be poured to the height a’n’, then, in 
order that this liquid should be in equilibrio, it is necessary 
that the free surface a’s’ should be horizontal or perpen- 
dicular to the direction of gravity, and this equilibrium will 
not be deranged if a constant pressure of any magnitude what- 
ever be made on this surface. 

The pressure referred to the unit of surface, will be the 
same throughout the entire extent of each horizontal section 
of the liquid. If it be denoted by p at the depth z below 
a’n, and if the constant density of the liquid be denoted by 
p, and the gravity by gy, then by equation (3) of No. 583, 
we shall have dp = pgdz. Hence, by integrating, we shall 
obtain - 

P=pgz +1; 
Nl being the exterior pressure, which will be generally the 
atmospherical pressure corresponding to z= 0. This con- 
stant pressure will be transmitted, without alteration, on all 
the elements of the sides of the vessel, and of the bodies 
plunged in the liquid; and it should be added, in each point, 
to the variable pressure due to the gravity of the liquid. It 
will be therefore always easy to take it into account; and, for 
greater simplicity, we can suppose it equal to cipher, and 
thus reduce the preceding equation to 


P= pgz- 
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Let 4 denote the area of the base an of the vessel, v the 
entire pressure exerted on this base, / the distance of a’b’ from 
this same base, or the height of the liquid, then we shall have 
at the same time 

zh, epx=bp=pgbh; 
from which it appears, that the pressure exerted on the hori- 
zoutal base of a vessel, is equal to the weight of a cylinder 
filled with the liquid, whose base is equal to that of the vessel, 
and height that of the liquid, so that the mass and volume 
will be consequently pbk and bh. 

This pressure p is therefore independent of the form of the 
vessel ; so that if three vessels represented by fig. 40, having 
equal bases, and placed on the same horizontal plane, be 
filled with the same liquid to an equal height, the pressures 
exerted on their bases are equal, although one of the vessels 
may be a right cylinder, another a vessel of the form of a 
truncated cone resting on its lesser base; another a similar 
cone resting on its greater base. The common pressure on 
each of the three bases, is the weight of the liquid contained 
in the cylindrical vessel ; this remarkable result is fully con- 
firmed by experiment. 

In the case of several liquids placed one over the other in 
a vessel, it will be sufficient and necessary, in order to insure 
their equilibrium, that the surface of separation of two con- 
secutive liquids should be horizontal (No. 586) ; and in fact, 
if this is the case, cach new liquid will exert on all the points 
of its base a constant pressure, which will not derange the 
equilibrium of the inferior liquid. The total pressure exerted 
on the bottom of the vessel may be determined in the fol- 
lowing manner, 

596. Let a new liquid, the density of which is p’, be 
poured on the fluid in equilibrio in the vessel ascp (fig. 
39), and then if its superior surface a” B” be horizontal, as 
that of the first, these two fluids will be in equilibrio in the 
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vessel, and if h’ be height of ab” above the level of a’B’, and 
U’ the area of a’s’, which is the base of the second fluid, it will 
exert on this base a pressure equal to p’gh’b’.. This pressure 
will be transmitted, through the intervention of the inferior 
liquid, on aB the bottom of the vessel, and the area of an 
being denoted by 4, there results from it a pressure on this 
plane surface, expressed by p’gh’b (No. 577); consequently, 
the entire pressure exerted by the two fluids on the horizontal 
base of the vessel, will be pghb + p’yl’b. 

If a third liquid, whose surface a’”’s” is also horizontal, be 
poured into the vessel, the equilibrium will not be deranged; p” 
being its density, 4” the height of its level a’’B” above a’B”, 
the upper surface of the second liquid, and b” the area of this 
last surface, this third liquid will exert on its base a”B” a 
pressure equal to p”gh’’b”, which will be transmitted by the 
second liquid, and become p“gh’b’, on a’B’, or o/, the upper 
surface of the inferior liquid ; this pressure will be transmitted 
in like manner, by the intervention of the inferior liquid, and 
become p'gh’’b on the bottom of the vessel ; consequently, the 
three superimposed liquids will exert on the bottom of the 
vessel, a pressure equal to pghb + p’gh'b + p"gh"b, or to 
(ph + p'h’ + p’h’) gb. 

By continuing in this manner, it is evident that when any 
number whatever of liquids of different densities are super- 
imposed and in equilibrio in the same vessel, the pressure 
which they exert on the horizontal base of this vessel, depends 
only on the extent of this base, on the thicknesses of the dif- 
ferent fluids, and on their densities. In the case of a cylin- 
drical and vertical vessel, it will be equal to the sum of the 
weights of all the fluids ; and it will not change with the form 
of the vessel, provided that neither the extent of its base, nor the 
thickness or density of each liquid undergoes any change. 

As this result is independent of the thickness of the hori- 
zontal strata, it subsists even when these strata are infinitely 
slender, that is to say, when the density of the fluid mass 
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varies by continuous degrees in the vertical direction, and 
consequently corresponds to the case of compressible fluids. 
It is equally true when the gravity varies from one stratum 
to another with the density; this is the case when the height 
of the liquid cannot be neglected relatively to the radius of 
the earth, This also may be inferred from the equation 
dp = pgdz, which obtains in the equilibrium of all fluids, whe- 
ther compressible or not, and in which the gravity g, and 
the density p, may be supposed to be functions of the vertical 
ordinate x. 

597. Let us now consider the equilibrium of liquids subject 
to the action of gravity contained in several vessels, and which 
may flow through lateral openings from the one to the other. 
If all these openings are closed at once, the equilibrium will 
not be deranged ; it is therefore, in the first place, necessary 
that the liquids should be arranged in cach vessel, in horizontal 
strata; but this condition is not sufficient, and it is also neces- 
sary that when the openings are not closed, a certain relation 
should subsist between the clevations of the liquids in the diffe- 
rent vessels, which will depend on the ratio of their densities. 

If the same liquid is contained in the different communi- 
cating vessels, the level of this liquid must be the same in all 
these vessels. I'or if a homogeneous liquid is contained in 
two vessels, for example, which communicate laterally by the 
canal EF (fig. 41), and which are placed on fixed horizontal 
planes ; and if this liquid rises to a8 in one of the vessels, 
and to cp in the other, if these two horizontal sections do 
not exist in the same plane, so that when the plane of cp, 
the section of one of the vessels, is produced, it may intersect, 
the other vessel in a section af, situated lower than ap, by 
the distance 3, then if in this state the equilibrium subsists, it 
will not be deranged by substituting for the open section cp, 
a fixed plane ; the fluid contained between ap and af will 
exert on af a pressure equal to pgyé, 6 denoting its den- 
sity, and y the area of this section a8; this pressure will be 


ACTED ON BY GRAVITY, 449 


transmitted by the intervention of the liquid contained in the 
two vessels to the plane cp; and there will result from it, a 
pressure on this horizontal plane directed upwards, and ex- 
pressed by pyye, ¢ denoting the area of cp. Consequently, 
if the plane cp be removed, the equilibrium will not have 
place, unless 8 the difference of level of the liquid in the two 
vessels be cipher; which was proposed to be demonstrated. 

The two sections aB and cp being comprised in the same 
plane, if a liquid be poured on ap to a height a/b’, and if its 
density be denoted by p’, it will exert on aB a pressure equal 
to p’gbh; b being the area of an, and h the distance comprised 
between the horizontal sections aB and a/s’, This pressure 
will be transmitted on cp, where it will be equal to p/gch, and 
it will act from below upwards; in order to destroy its effect, 
the vessel should be closed by a fixed plane at cp, or a 
fluid should be poured on cp, the pressure of which on cp 
should be equal and contrary to p’gch. In this last case, if the 
fluid rises to c’p’, and if its density be denoted hy p,, and the 
distance comprised hetween cp and cn’ by hk, the pressure 
exerted by this fluid on ep, will be p,gke; and so that in order 
to an equilibrium, we should have p,é = p‘h. 

Therefore, it appears, that when diferent liquids contained 
in communicating vessels, are in equilibrio, their densities 
should be in the inverse ratio of their heights above the sec. 
tions of these vessels made by the same horizontal plane. If 
new liquids be poured over those which have been now con. 
sidered, it will appear in the same manner, that denoting the 
thicknesses of the liquids in one of these vessels by h, h/, h”, 
&e., and their densities by p’, p”, p’”, &e., and representing 
the corresponding quantities in the other vessel, by 4, h,, 2, 


a> 
&e., 9; Pus Pi» &e., the equation 


ph + pl! + ph" + &e. = pk + pk + pik, + &e., 


must obtain ; hence it results, that the pressures referred to 
the unit of surface, will he equal on the two upper sur- 


egert 8) ae thas 
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faces an and cp, of the homogeneous liquid which communi- 
cates hetween the vessels, and it may be cither that whose 
density is p’, or that of which the density is p,, or more gene- 
rally, any other liquid whatsoever, provided that the two sur- 
faces aB and cp which terminate it, exist in the same horizontal 
plane. 

It may observed, that infinitely thin strata comprised in 
different vessels, and contained between the same horizontal 
planes, will experience the same pressure referred to the unit 
of surface ; but, above the plane which terminates the inferior 
liquid, they may contain different liquids ; so that the pro- 
perties of strata of level, or those which are perpendicular to 
the direction of gravity, have place as do equality of pressures, 
but not us to the homogeneity of the liquid(No.586), when 
these strata are separated by fixed planes. 

598. ‘Lhe laws of the equilibrium of heavy fluids in com- 
munieating vessels, are suseeptible of a great number of ap- 
plications, we shall restrict ourselves to the consideration of 
those that are most common, 

That which first presents itself, and which we shall merely 
state, is the theory of levellings, and of instruments that 
have been termed levels. 

Inthe syphon, the two branches of which are open at their 
upper part, and which contains water, or any other liquid, 
the equilibrium has place when the two extremities of the 
liquid are comprised in the same plane, whatever the magni- 
tude of the atmospherical pressure at these two points may be. 
The equilibrium may also exist in the inverted siphon, pro- 
vided that then the pressure of the atmosphere has a suitable 
magnitude. 

Let ane (fig. 42) he this inverted tube, B its highest point, 
e and v the points at which the liquid is sustained in these 
two branches, and which are situated in the same horizontal 
plane. If p denote the density of the liquid, and # the height 
of the point 8 above this plane, the pressure on the unit of 
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surface, exercised by the liquid on these points & and F will be 
equal to pgh; and if I he the pressure with which the at- 
mospheres urges each of these points upwards, we should 
have II > pgh, or at least II = pgh, in order that this pressure 
may prevent the liquid from flowing out. In the second case, 
the pressure on the point 8 will be cipher ; in the first, it will 
be equal to JI— pyh; if 1 Z pgh, the pressure at the point 8 
will be negative, the liquid will be separated at this point, and 
will How out through the two branches of the syphon. More- 
over, in the inverted syphon, the equilibrium of the liquid 
is but instantaneous, and can only obtain in consequence of 
the adherence of its molecules among one another, or to the 
interior of the tube ; from the instant that its extremity F is 
ever so little below or above its extremity E, the excess of 
the atmospherical pressure above that of the liquid is greater 
or less at the point £ than at the point Fr, and the liquid flows 
through the branch se or the branch Ba of the syphon. In 
the common application of this inverted tube, the shortest 
branch Ba is plunged in a vessel 11, containing the liquid that 
rises to the point p of the tube, then a vacuum is made by 
exhausting the air contained in this tube, the liquid rises 
above its primitive level until it reaches B the summit of the 
tube, and it then descends to the point c, and thus flows out 
at this extremity of the tube. The flowing out of the liquid 
stops when the point p is so depressedin the branch Ba that it 
becomes lower than the point c; this, however, never can be 
the case, since an is supposed to be the shorter of the two 
branches of the tube (a). 

The hydraulic press, the invention of which is attributed 
to Pascal, consists of a prismatic vertical vessel # (fig. 43), 
open at its upper part, and filled with water to an. A lid 
cover placed on an, while it fits the vessel accurately, can 
slide along its sides ; and below ax there is an opening c, to 
which a bent tube cox is fitted, whose vertical branch pr is 
open at its upper part £. The water in the vessel flows through 
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the orifice c, and, on account of the weight of the cover placed 
on aB, this liquid rises in the tube pe to a point F, situated 
above the production of this horizontal section an. This 
being so, if an additional weight x be added to the weight of 
the cover, the liquid will descend to a’s’ in the vessel u, and 
tise to F’ inthe tube pe. By this addition of x, the pressure on 
the unit of surface will be greater on a’B’ than on ax, by the 


wee ; ° . : 
quantity 3° db denoting the area of the horizontal section of 45 


at the same time, the pressure on the unit of surface and due 
to weight of water contained in the vertical tube pg, will be 
increased by the quantity pga, p denoting the density of the 
liquid, and # the elevation of the point ¥’ above the point F. 
Therefore, in order that the equilibrium may subsist, we 
must have 
x = pybe ; 

an equation, by means of which, when x is determined, the 
weight x will be known. Care should be taken to inake the 
surface b very considerable, in which case small elevations of 
water in the vertical tube may correspond to very great loads 
on the moveable cover, and thus enable us to measure them. 
The horizontal section of the tube is very small with respect to 
b, consequently, the depressions of the cover in the chest n 
are very small relatively to the elevations of the liquid in the 
tube ; for if y be the distance comprised between aB and 4/3‘, 
and ¢ the horizontal section of the tube, we shall have by= ca, 
because the entire volume of the water must be invariable. In 
fine, it is not necessary that the tube pE should be either 
vertical or cylindrical; and by the preceding formula, the 
value of x can be always obtained, provided that x is the 
distance comprised between the two levels of the liquid in 
Fand F’. 

A barometer is, in general, a tube anc, (fig. 44), whose 
branches BA and bc are vertical, and it is closed at a the 
extremity of Ba, and open at c the extremity of Bc. A per- 


ACTED ON BY GRAVITY. 453 


fect vacuum is made in this tube, and then mercury is poured 
into it, which rises to p in the branch an, and to a less height 
g, in the open branch cs. If through the point E a hori- 
zontal plane be drawn intersecting the branch az in F, the 
mercury situated below this plane will be in equilibrio of 
itself; and in order that this state may continue, the pressures 
on the unit of surface which are exerted at r by the mereury 
Fp, and at & by the atmosphere, must be equal to each other. 
Hence, if 1] denote the pressure of the atmosphere, m the 
density of the mereury, and h the vertical height of the point 
p above the point F, that is to say, the difference of the 
levels p and r of the fluid in the two branches of the barome- 
ter; mgh will be the value of the pressure of the mercury at 
the point F, and consequently, we shall have 


mgh = Ml. 


If the branch Bc be supposed to be prolonged vertically to 
the extremity of the atmosphere, the equilibrium will not be 
deranged; hence then the atmospherical pressure which is in 
equilibrio with that of the mercury, is in fact the weight of 
the air contained in a vertical cylinder, extending indefinitely 
into the atmosphere, and having for its base the unit of sur- 
face: it depends on the decrease of the gravity according as 
we ascend above the surface of the earth, on the density and 
temperature of the strata of the air, and on the quantities of 
aqueous vapours which they may contain. As this weight 
varies in the same part of the earth, A the height of the baro- 
meter varies also, its magnitude changes also in consequence 
of the action of the parts of the winds whose direction is 
vertical, and which render the pressure of the atmosphere 
greater or less than it would be, if the air was in a state 
of repose ; at Paris the mean value of hf is 0",76. If any 
other liquid be substituted in the barometer in place of mer- 
cury, the height 4 would change in the inverse ratio of the 
density of this liquid, compared with that of mercury, it being 
always supposed that there is a perfect vacuum above the 
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level p, in the closed branch of the barometer. In the case 
of water, this elevation 2 is about 10", 4, and it is also the 
greatest height te which water ean be raised in a pump above 
its exterior level. When there is a stratum of air between 
the surface of the liquid and the piston, this air is di- 
lated, and it exerts a less pressure than that of the atmos- 
phere on the interior liquid; it therefore renders the ascent 
of the water less than it would be if there was a vacuum below 
the piston; the actual diminution will be determined in the 
next chapter. 

599. We now procecd to calculate the pressures exerted 
by heavy liquids ou the inclined or curved sides of the vessels 
which contain them, and on the surfaces of the solid bodies 
that are plunged into them. 

The pressure which a homogeneous liquid exerts on the 
side of a vessel that is inclined to the horizon, is equal to the 
weight of a prism of this liquid, whose base is this side, and 
whose height is the distance of its centre of gravity from the 
level of the liquid. In fact, if w be an element of this side, 
and z its distance from the level of the liquid, the pressure 
on this element will be pw, or, by substituting for p its value 
pg, given in No. 595, pgzw; and as the pressures on all the 
elements are perpendicular to the plane side, the value of the 
resultant of these parallel forces will be the product of pg 
and of the integral of zw, extended to the entire side; now, it 
is evident, that if 5 be the area of this side, and z, the dis- 
tance of its centre of gravity from the level of the liquid, this 
integral is equal to 2,5, consequently, the pressure on the 
inclined plane will be pgbz,, agreeably to the statement of the 
theorem given above. 

In the ease of several liquids superimposed in the vessel, 
the pressures exerted or transmitted by each of these liquids, 
on the inclined side, should be determined separately, and then 
the total pressure sustained by this surface will be equal to 
their sum. In consequence of the pressure of the atmosphere 
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represented above by IT, this total pressure will be increased 
by a quantity equal to ai. 

As all the points of the horizontal base of the vessel expe- 
rience equal pressures, the resultant of these parallel forces 
passes through the centre of gravity of this base; but in the 
case of an inclined side, the inferior elements experience a 
greater pressure than those which are nearer to the surface; 
and the point where the total resultant of all these pressures 
meets the side, and which may be denominated the centre of 
pressure, Will be always lower than the centre of gravity of 
this same surface. Wher a plane surface plunged in a homo- 
geneous liquid turns about its centre of gravity, the magnitude 
of the pressure which it experiences will not be changed, but 
the point of application of this constant normal force will 
change its position on this surface(e). 

600, Vor an example of the determination of the centre of 
pressure, let the plane surface be a trapezium anep (fig. 45), 
whose two bases an and cp are horizontal. If this surface 
he divided into elements parallel to these bases, and of an in« 
finitely small height, each of these elements will experience 
the same pressure throughout its entire length, and its centre 
of pressure will be at its middle point; now if aB and cp the 
sides’ of the trapezium be produced until they meet in the 
poine kK, and if then Ka be drawn from this point to w the 
point of bisection of as, this line will biseet cp in G, and all 
the clements of the trapezium, therefore, the required centre 
of pressure will be in this line, and it is only necessary to 
determine its distance from az. Let 2’ be this distanee, a 
that of any element whatever from the same base AB, uw the 
length aw of this element, z its distance from the level of the 
fluid, 4 the height of the trapezium, udx and pgzudz will 
respectively denote the area of this element, and the pressure 
which it experiences ; the value of the total pressure will be 


\ pgzude; and by the theory of the moments of parallel 


forces, we shall lave 
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aw r/ 
a \ pgzudz = i apgzudz. 


In like manner, if c denote the distance of aB from the 
level of the liquid, a the angle comprised between the vertical 
plane drawn from this line to the level of the liquid, and the 
production of the plane of the trapezium, we shall have 


xme+2zcosa; 


and if this value of = be substituted in the preceding equation, 
there will result, by suppressing the constant factor gp, which 
is common to its two members, 


a’ (c(" udx + cos a." nude) 


= o( audx + cos a.(? wudz. 


Let the lengths of the two bases az and cp be denoted by 
aand&, and the perpendicular from the point K on cp by fA, 
then the perpendicular from the same point on az or a, will be 
k +h, and on NN or u, it will be& +4 — x; and as these lines 
a, b, u are parallel, we shall have 


urbiik +h—axih, 
a:b::kh +hek. . 
If the value of & be deduced from the second proportion, 
and substituted in the first, there results(e) 


_ oh _ ah—(a—b)e 
his BY us i 4 





By substituting this value of w in the preceding equation, 
and then integrating, we obtain (/) 


_ 2he (a + 2b) + (a + 35) cosa 
~ 6c (a + 6) + 2h (a + 2D) cosa” 


7 





az 


Consequently, if ev be drawn at this distance 2’, parallel to 
an, the point Pp where it cuts the line cu drawn from the 
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middle of an to that of cp, will be the centre of pressure of 
the trapezium. 

In figure 45, as the upper base is supposed to be the 
greater, but if the contrary was the case, it is evident that it 
would be only “necessary to substitute for the angle a, its 
supplement, which is the same thing as if the sign of cos a 
was changed in the formula. When a = 90°, the surface is 
horizontal, and the formula becomes 


,_h(a$ 2b). 
~ 3(a+8) ° 


which in fact coincides with the distance of the centre of gra- 
vity of the trapezium from its base a. 

Whatever be the value of the angle a, if this base is on 
a level with the water, c= 0, and the general value of a’ 
becomes 


y h(a+3d), 
= Fab): 


so that in this case it is independent of the inclination of the 
surface. If b= a, the trapezium becomes a parallellogram, 
and we have then 
wathy 
e 

If 4 or ais cipher, the trapezium becomes a triangle, and 

we shall have either 
w= th, or a’ = jh. 
In the first case, the base of the triangle is on a level with the 
water, and 2’ is the distance of the centre of pressure from 
this base; in the second case, 2’ is the distance from the sum- 
mit which is at the surface of the liquid(g). 

601. The pressures on a portion of a curved surface, may 
be determined by resolving the normal pressure on each ele- 
ment, into three forces parallel to the axes of the coordi- 
nates, and then calculating by double integrals, the total com- 
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ponents in these three directions, which components may al- 
ways be reduced to two forces, that for the most part are not 
reducible to a single resultant (No. 264). But in the case of 
pressures exerted on the entire surface of a body immersed in 
a fluid, the reduction to a single force will be always possible, 
and the direction of this unique resultant will be vertical, as 
we now proceed to show. 

Let amp (fig. 46) be the body in question, z, y, z the co- 
ordinates of M any point whatever of its surface, and let the 
level of the fluid be the plane of the axes of « and y, the axis 
of z vertical, and drawn in the direction of the gravity. Let 
w be the differential element of the surface, and p the pres- 
sure on the unit of surface at the point M, so that the pressure 
exerted on this element, and acting in the direction of the in- 
terior normal at, may be equal to pw. The value of p will 
be the same for all points, which are at the same distance z 
from the level of the liquid, whether this stagnant fluid be 
homogeneous, or only composed of horizontal strata, whose 
density: varies from one stratum to another. Likewise, let 
a, B, y be the angles which the normal mn makes with pa- 
rallels to the axes of x, y, z, drawn through the point m in 
the interior of the body. .Finally, let w be projected on the 
three planes of the coordinates, and let its projection én the 
plane of the axes of y and z be denoted by a, on that of the 
axes of z and a by }, on that of the axes of y and 2 by ¢, so 
that as a, (3, y are the inclinations of the tangent plane at m 
on these three planes, we shall have 


a=wcosn, b= wcosh, ¢=weosy; 
and if these equations be multiplied by p, there will result 
pa=pwcosa, pb =pwcosB, pe = pwcosy; 


from which it appears that the products pa, pb, pe, are the 
components of the normal pressure pw resolved parallel to the 
axes of x, y, 2; so that the component perpendicular to each 
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plane of the coordinates, and, generally, to any plane what- 
ever, may be deduced from pw, by substituting for the cle- 
ment w, its projection on this plane. 

This being established, as the body amp is bounded on 
all sides, there is, at least, a second element of its surface, 
which has the same projection on each given plane, as the 
element w. Thus, if from the point M, a perpendicular mr is 
let fall on the plane of the axes of y and z, this perpendicular 
or its production will meet the surface of the body in a point 
m’, and the projection of the element w’, which corresponds to 
this point on this plane, will be the same as that of w, and 
equal to a. As the two elements are situated at the same dis- 
tance from the level of the liquid, pw and pw’, the normal 
pressures which they sustain will be to cach other as the areas 
w and w’, of which the ratio may be any maguitude whatever. 
But their components parallel to the axis of x, will have a 
common value pa, and as the forces pw and pw’ act along the 
interior normals MN, m‘n’, these equal components will evi- 
dently act in opposite directions, the one to the other, that is 
from mM towards m’ at the point mM, and from m’ towards M at 
the point m’. Consequently, the component parallel to the 
axis of x, of the pressure exerted on w, will be destroyed by 
the component acting in the same direction, of the pressure 
exerted on the other element w’. In the same manner, it will 
appear, that the component of pw parallel to the axis of y, 
will be also destroyed by the component in this direction, of 
the pressure relative to a third element, which corresponds to 
the point where the perpendicular let fall from the point m on 
the plane of the axes of and z, mects the surface of the body 
a second time. Therefore, we may infer, that these hori- 
zontal components of the pressures exerted on the elements 
of the surface of the immersed body, mutually destroy each 
other, in each of the infinitely slender horizontal sections, and, 
consequently, on its entire surface. Hence it follows also, 
that all these pressures are reducible to one sole force, which 
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is the resultant of their vertical components, and which arises 
from the preponderance of the value of p in the lower part of 
the body. 

_ If p results from a pressure exerted at the surface of the 
liquid; its value would be constant throughout the entire ex- 
tent of the surface amp; and the components of the pressures 
will be mutually destroyed two by two, in the vertical as well 
as in the horizontal directions. Therefore whatever be the 
form of a fluid or solid body, a constant normal pressure 
exerted on all the points of its surface, cannot produce any 
motion, either of translation or rotation, as has been already 
stated (No. 584). 

602. In order to determine the resultant of the vertical 
pressures exerted on amp, let a perpendicular be let fall from 
M any point whatever on the horizontal plane of the axes of « 
and y, meeting this surface amp in mM, The elements w and 
w’ which correspond to the points mM and m,, will have the 
same projection ¢ on this plane; but the pressures on the 
unit of surface will be different, and if they be denoted by p 
and p,, the filament of the body which is terminated by these 
two elements, and whose length is mn, will be urged verti- 
cally, from below upwards, by a force pe —p,c. For greater 
simplicity, the liquid in which the body is immersed is sup- 
posed to be homogeneous. If its density be denoted by p, 
and the length of mat, by ¢, we shall have p — p, = pg/, and 
the vertical pressure pgic will be the weight of de, the volume 
of the liquid, that is to say, the weight of the volume of the 
liquid, whose place is occupied by this filament of the body. 
If the body be decomposed into infinitely slender vertical fila- 
ments, each of these filaments will be urged upwards by a 
similar foree ; hence it follows, that the resultant of all the ver- 
tical pressures will only differ from the weight of the fluid fila- 
ments which are replaced by those of the immersed body, in the 
direction ofits action, so that it will be equal to the total weight 
of the volume of the fluid, which this solid body displaces, applied 
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to the centre of gravity of this volume, in a direction opposite 
to that of gravity ; which centre of gravity will coincide with 
that of the body itself, when this last is homogeneous, 

Tf the body is not entirely immersed in the liquid, it is not 
necessary, in calculating the pressure which it experiences, to 
take into account the part of it which is situated above the 
level of the liquid; the point m, will then appertain to the 
section of the body made by the production of the plane of this 
level, and by taking p, = 0, this case will come under the pre- 
ceding. The value of the resultant of the vertical pressures, 
which will be always that of all the pressures, will be then the 
weight of the volume of the liquid displaced by the immersed 
part of the floating body, and its point of application will be 
the centre of gravity of this same volume. 

603. These results likewise have place when the liquid is 
composed of horizontal strata. We may also arrive at them by 
an indirect consideration, which it is useful to point out. When 
the equilibrium is established in this liquid, it evidently will not 
be deranged if any part whatever of this liquid was to become 
solid, in which case, this part becomes a floating or immersed 
body. Now, in order that the normal pressures exerted by the 
surrounding liquid on the surface of this body, may be in equi- 
librio with the weight of this solid part, they should be reducible 
to one sole force, equal and directly contrary to its weight. 
Moreover, if the part of the liquid which was supposed to be- 
come solid was replaced by another body which had exactly 
the same surface, it is evident that the pressures of the sur- 
rounding fluid are not altered; consequently the pressures on 
the surface of a body entirely or partly immersed in a stagnant 
liquid, whether homogeneous or heterogeneous, are always 
reducible to an unique foree, equal to the total weight of the 
successive horizontal strata of the liquid, of which this body 
occupies the place, and applied to the centre of gravity of these 
same strata, in a direction opposite to that of gravity. 

It follows from this, that in order that a body entirely im- 
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mersed in a liquid may be in equilibrio, it is necessary that its 
mean density should be equal to that of the liquid, the place 
of which it occupies, and that its centre of gravity and that of 
this portion of the liquid should exist in the same vertical. 
The second condition is always satisfied when the bedy and 
also the liquid are homogeneous. With respect to bodies 
which are only partly immersed, and which float on the sur- 
face of the liquid, the conditions of their equilibrium will be 
considered in the following chapter. 

604. The hydrostatical principle which has been just de- 
monstrated, is commonly expressed by stating, that a body 
immersed in a liquid loses a part of its weight equal to the 
weight of the fluid which it displaces (No. 191). It appears 
from this that in order to obtain the true weight of a body, it 
should be weighed in a vacuo. ‘Two bodies weighed in the 
air, in water, or in any other fluid, and which are in equilibrio 
when weighed in an exact balance, have really different 
weights, unless their volumes are equivalent. That body, 
whose volume is the greater, has the greater weight, since, 
though it experiences a greater loss in the fluid, it is still in 
equilibrio with the other. 

If the same body is weighed in a vacuo and in water, and 
if p be its weight in the vacuo, and p’ its weight in water, then 
rand p — p’ will be the absolute weight of this body and of 
the same volume of water; they are therefore to cach other as 
the densities of these two substances (No. 60). If the density 
of water be taken as the unit, and that of the body be denoted 
by p, we shall have 

p 


p= . 
P—P 





It is by this formula that the densities of bodies, which can be 
weighed in water without being dissolved, are determined by 
means of the hydrostatic balance. 

605. The demonstration of No. 601 is saually applicable to 
the lateral surfaces of a vessel, which contains a liquid (A) ; and 
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it follows from it, that the horizontal components of pressures 
exerted from within outwards, on the entire interior surface of 
the vessel, mutually destroy each other’s effect two by two, so 
that if the bottom of the vessel is placed on a fixed horizontal 
base, the action of the fluids which it contains cannot put it 
in motion ; this also results from the principle of the conser- 
vation of the motion of the centre of gravity (No. 553). But 
if an opening be made in one of the lateral surfaces, below the 
level of this liquid, it will flow out through this orifice; and 
as there is no pressure on the part of the surface which is 
taken away, that which is exerted on the opposite part of the 
yessel will be no longer destroyed ; consequently this vessel 
will be put in motion in a direction opposite to that in which 
the fluid flows out. This is the principle on which several 
machines, that are moved by the reaction of a fluid, are con- 
structed, and on which is founded the proposition of D. Ber- 
noulli, to move vessels without the aid either of oars or wind(:), 

In like manner, it may be shown by the same reasoning as 
in No, 602, that the entire pressure exerted on the bottom of 
the vessel and on its lateral surfaces, is always equal to the 
weight of the fluid it contains, applied at the centre of gravity 
of this fluid, in the direction of gravity. Each vertical fila- 
ment of the fluid, which may be continued without interruption, 
from its level to any point whatever of the base, exerts on 
this point a normal pressure, the component of which is equal 
to the weight of this same filament. That which meets the 
interior of the vessel in two points, namely, in the bottom and 
one of the sides, exerts in these two points pressures whose 
vertical components act in opposite directions. The compo- 
nent which corresponds to the inferior point, acts in the di- 
rection of gravity, and exceeds the other by a quantity equal 
to the weight of this filament ; and, in this manner it appears, 
that the resultant of the vertical pressures of all these fluid 
filaments, is the same thing as the weight itself of the Auid in 
question. 
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This pressure should be carefully distingnished from that 
which acts solely on the bottom of the vessel (No. 595), 
and which is equal to the weight of the fluid only when 
the vessel is a right cylinder or prism. Tt is less than this 
weight, when the vessel enlarges from the bottom to the 
top, like the frustum of a cone that rests on its lesser base, 
because the vertical filaments of the fluid which issue from its 
level, and are intercepted by the lateral surfaces, do not press 
on the bottom of the vessel; on the other hand, it is greater 
than the weight of the liquid when the vessel is like a frustum 
placed on its greater base, since the vertical filaments which 
issue from the bottom of the liquid, and are intercepted by its 
lateral sides, exert, nevertheless, the same vertical pressure on 
the bottom of the vessel, as if they extended to the surface of 
the liquid, as the deficiency in weight of each of these income 
plete filaments is compensated by the resistance of the surface 
by which they are terminated(s). 


CHAPTER IV. 


OF THE EQUILIBRIUM AND MOTION OF FLOATING BODIES, 


606. In order that a heavy body may be in equilibrio on 
the surface of a fluid at rest, its weight should be less than 
that of an equal volume of this fluid; nevertheless, there are 
eases in which a species of vacuum of small extent is formed 
about a floating body, and which,-as it should be added to its 
volume, diminishes, consequently, its mean density, so that 
‘bodies of small volume may float, though their proper density 
surpasses that of the liquid(a). This circumstance, which is 
connected with the theory of capillary phenomena, will not be 
taken into account in this treatise (No. 588). 

The density of the solid body, if it is homogeneous, or its 
mean density, if it is not so, being less than that of the liquid, 
the body sinks in the liquid, until the weight of the displaced 
fluid becomes equal to its entire weight; and when this 
equality obtains, the body remains in equilibrio, provided that 
its centre of gravity and that of the displaced fluid exist in the 
same vertical, for the pressure of the liquid which should be 
in equilibrio with the weight of the body, is equal to the weight 
of the displaced liquid, and it acts at its centre of gravity in 
an opposite direction (No. 602). 

If the floating body is homogeneous, as well as the liquid, 
the centre of gravity of the displaced liquid coincides with that 
of the immersed portion of the body. In the state of equili- 
brium, the volume of this part of the body is to that of the 
entire body, as the density of the body is to that of the liouid, 
and the determination of the positions of equilibrium of a 
floating body becomes a geometrical problem, which may be 

VOU, IL 30 


466 OF THE EQUILIBRIUM OF FLOATING BODIES. 


stated in the following manner. To cut a body by a plane, in 
such a manner that the volume of the segment may be to that 
of the body, in a given ratio, and that the centres of gravity of 
the segment and of the body may exist in the same perpen- 
dicular to the cutting plane. Let then the section of the body 
which satisfies these two conditions, be placed on the level of 
the liquid, in such a manner, that the segment whose volume 
has been thus determined, may be situated underneath, and 
therefore immersed in the fluid, and one of the positions of 
equilibrium of the floating body will be obtained. In each 
particular case, these two conditions will be expressed by 
equations, the complete solution of which will make kno#n 
all the positions of equilibtrum of this body. Sometimes their 
number will be infinite, as in the case of solids of revolution, 
whose axis is horizontal; in other cases, this number is finite 
and determinate; but it would be difficult to demonstrate, @ 
priori, that whatever be the form of the body, it has always a 
position of equilibrium. 

607. Let the case of a triangular prism, whose edges are 
horizontal, be selected for an example of the problem that has 
been just stated. The cutting plane will be evidently parallel 
to these edges; moreover, its direction will be independent of 
the distance comprised between the two bases. Hence then 
we need not take into account the length of the prism, but 
solely determine the intersection of the cutting plane and of 
one of these two bases, so that the problem becomes one of 
plane geometry, which will have place equally in the case of a 
prism or of a horizontal cylinder with any base whatever. 
Let apc (fig. 47) be one of the bases of the given prism. It 
may happen that two angles of this triangle are immersed in 
the liquid, or only one of them. If the ease of only one 
immersed angle be first considered, we shall then sce how the 
other case is reducible to this. Let therefore c be this im- 
mersed angle, my the intersection of the cutting plane and of 
the base asc, which it is proposed to determine, and which will 
represent the level of the liquid. Let a, 6, ¢ be the given 
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sides of this triahgle anc, which are respectively opposite to 
the angles a, B, c, and let 2 and y denote the unknown sides 
cm and cn of the triangle myc, so that we may have 


BC=a, ac=b, aB=ec, CM=2, CN=y. 


The area of any triangle is equal to half the product of two of 
its sides and of the sine of the included angle; hence we shall 
have 
anc=jabsinc, MNc=4}aysinc. 
As the weight of the entire prism is equal to the weight of a 
prism of the fluid equal in volume to the part immersed, we 
shall have 
MNC: ABC: 7313 
r being a quantity less than unity, which represents the ratio 
of the density of the floating body to that of the liquid. This 
proportion gives, by substituting for anc and mnc their pre- 
ceding values, 
ay = rab. (1) 

Now, if cp be drawn from ¢ to the point of bisection of the 
base an, and if on this line pe be taken = } nc, the point 
will be the centre of gravity of the triangle asc. In like 
manner, £ being the middle point of mv, if on cx a part uF be 
taken = } cx, the point F will be the centre of gravity of nc. 
Therefore the line GF must be perpendicular to mn(): but as 
the lines cp and ce are cut into proportional parts in the points 
Gand F, the lines pE and GF are parallel ; consequently, the 
line pz which joins the middle points of the two bases an and 
MN, is also perpendicular to my, from which it follows that 
the two lines pm and pn are equal, Conversely, if pm = py, 
the line pz will be perpendicular to MN, as is also its parallel 
GF; therefore, in order that pE the right line which joins the 
two centres of gravity G and F may be perpendicular to the in- 
tersection MN, it is necessary and sufficient that the values of 
bm and pn should be equal. 

This being so, if we make cp = 4, and denote pcs and 
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pea, the two parts of the angle ack, By B and a respectively, 
we shall obtain, by considering the triangles pcm and pen, 


pM? = 2? + 27? — 2hx cosa, 
pn? Vy — 2hy cosf3; 
and by putting these two values equal to each other, there 
will result » 
at — thxeosa = y? — 2hy cos B. (2) 
By means of equations (1) and (2), a and y can be deter- 
mined. We obtain by the elimination of y(c), 


wt — 2ha* cosa + 2hrabzr cosh — r°a°h? = 0. (3) 


The value of a can be deduced from this equation, which is 


of the fourth degree, and then as y = = the corresponding 


value of this quantity can be determined. 

As equation (3) is of even dimensions, and has its last term 
negative, it must have at least one positive and one negative 
root. The other two roots may be either real or imaginary. 
If they are real, it is evident, from the rule of Descartes, that 
equation (3) will have three positive roots and one negative 
root. For if we suppose a term = + 02? to be added to it, 
whether this coefficient is + or —, we have always three va- 
riations and one continuation. As the unknown quantities 
xand y, which are the sides of the triangle mc, must be 
positive quantities respectively less than ca and cp, the sides 
of the triangle anc, we should reject, as being inapplicable 
to the question, the negative root of equation (3), the values 
of x which are greater than a, and also those which give a 
value greater than y. ‘Thus, there are, at most, only three 
positions of equilibrium when only one angle c is immersed in 
the liquid. 

608. If this angle be without the fluid, and the two points 
a and B below the level my, the problem will be the same as 
in the preceding case, with this sole difference, that ]— + 
should be substituted in place of y in equation (1) and (3). 
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In fact, as the gentres ef gravity of the triangle anc, and of 
its two parts mNc and mnua exist on the same line, and as 
the centres of gravity of ac and of the second part must be 
situated on a perpendicular to MN, the centres of gravity of the 
triangles anc and MNc must always exist on this perpendicu- 
lar; so that we have at once, without any change, equation (2), 
which expresses this condition. Moreover, the proportion 


MNBASABCii7r:l, 


which should now have place, may be changed into the fol- 
lowing, 
MNC?ABC?::lL—7:1; 
in consequence of which, equation (1) is changed into 
ay = (1—r)ab. 

If by means of this, y be eliminated from equation (2), we 
will light again on equation (3), in which the ratio r will be 
replaced by 1 — 7, that is to say, we shall have 


x'—2he* cosa + 2h(1—r) abe cosB—(1—r)a*h? = 0. (4) 


By reasoning in the same manner as before, it appears that 
there are at most but three positions of equilibrium, when the 
two angles a and B are immersed in the fluid. 

If the three angles a, B, c be successively considered, and 
if we examine the case for each angle, in which it is solely 
immersed in the fluid, and solely without the fluid, all the 
horizontal positions of equilibrium of the given prism will be 
determined ; and from what precedes, it results that this num- 
ber can never exceed eighteen(d). : 

609. When the triangle aBc is isosceles, we may dispense 
with equation (3) or (4), and resolve the equations in 2 and y 
directly. If, for example, b = a, the triangles cap and cap 
will be equal and rectangular, and we shall have 


Boa Puod~he, acosa=zh: 
. ge> 
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2p 
ay = ra’, ya ESO y_ a) =o. (5) 
They may be satisfied at once, by making 
emy=avr; 


which values, as 7 Z 1, and aVYr Za, are evidently admis- 
sible. There results from it a position of equilibrium, in 
which the triangle MNc is isosceles, and in which aB the hase 
of the triangle anc will be parallel to aN or horizontal. By 
changing r into 1 — 7, a second position will be obtained, in 
which the point c will be situated without the liquid, and the 
base as still horizontal, But there’ may be also other po- 
sitions of equilibrium, for which this base will be inclined. 

In fact, if the factor y — x of the second equation (5) be 


suppressed, there arises 
4a°— 


y+ ru 3a —. 





As this and the first equation (5) give the sum and product, 
of the two unknown quantities x and y, it follows that these 
quantities will be the two roots of the same equation of the 
second degree, and the expressions for these roots will be(e) 


qlee + VET. 


If cach of them be taken successively for x, and the other 
for y, there will result, when they are respectively real, and 
less than a, two new positions of equilibrium, in which the base 
aB is situated without the liquid. By substituting 1~r in 
place ofr, and always supposing the real roots less than a, two 
other positions of equilibrium will be obtained in which this 
base is immersed. When the two preceding roots are equal, 
the base an is horizontal, and its new positions of equilibrium 
must coincide with the preceding, and, in point of fact, we - 
have then 4a?— ?=-4a’ yr, from which we obtain( f) 


yrrer avr. 
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610. In the case of an equilateral triangle, ¢ becomes equal 
to a, in the preceding formule. The equal values of x and y 
will not be changed ; their unequal ones will become(g) 


T+ VI —I6n, 
in the case of only one immersed angle, and 
Fx Vv l6r — 1), 


n the case of only one angle without the liquid. It will 
be therefore necessary to know what the fraction r ought 
to be, in order that its values may be real, and less than 
a, Now, ifr 2 #, and > J, the first formula will be real, 
and its two values will be less than a; without these limits, 
this formula will be either imaginary, or one of its values will 
surpass @; and, in the same manner, in order that the values of 
the second formula may be real, and less than a, it is necessary 
and sufficient that we should have 7 Z 4and > 5. It ap- 
pears, therefore, that from 7 = 7 tor = 3, the first formula 
is solely admissible, and that, on the contrary, it is the second 
that is solely admissible from + = } to r = 453 and that for 
+>f wr <4y, the two formule should be rejected, 

As in the case of an equilateral triangle, every thing rela- 
tively to the three summits is similar, the number of positions 
of equilibrium will be always a multiple of three, and this 
number may be six or cighteen according to the value of 7(A), 

611. Besides their horizontal positions of equilibrium, 
homogeneous prisms and cylinders may float in positions of 
equilibrium, in which their edges are vertical, and their bases 
parallel to the level of the liquid, and there are two for each 
body, since either of the two bases may be immersed in the 
liquid. The centres of gravity of a vertical prism, and of its 

“immersed part exist on the same perpendicular to the level ; 
the ratio of their volumes is the same as that of their heights @), 
and, consequently, the height of the immersed prism is to that 
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of the entire prism as the density of the body is to that of the 
liquid, which is sufficient to enable us to determine the depth 
to which the body sinks in its state of equilibrium. 

Solids of revolution, and in general, all bodies which are 
symmetrical about an axis, have likewise two positions ‘of 
equilibrium, in which this line is vertical, and which may be 
easily determined, Let us suppose, for example, that the 
body was a homogeneous ellipsoid, whose three semiaxes are 
a, b, c; let the axis 2e¢ be vertical, and let be the distance of 
the two other axes from the section, which coincides with the 
level of the water, u isan unknown quantity, which is positive 
or negative, according as this section is below or above the 
centre of the ellipsoid. Likewise, let z be the area of the 
horizontal section of this body made at any distance such as z, 
from its centre; then as the volume of the semi-ellipsoid is 
a abc, that of the immersed segment will be obtained by 


subtracting from a abc, the integral (onde, which expresses 
the value of the segment comprised betweer the level of the 
water and the horizontal section, made through the centre 
of the body, and which has the same sign as u. ‘Therefore, 
in the case of equilibrium, we shall have(h) 


2m ie a" zdz = sl $ 
3 oO 3 


r being always the ratio of the density of the floating body to 
that of the liquid. As this body is an ellipsoid, we shall have 


(No. 89) 
“a rae — 2); 


’ and the equation of equilibrium will become 
ui 3ceu — 2(2r —1)e = 0. 


It will have always one real root comprised between + ¢, and 
it will be positive or negative, aceording as r >1 or 7 Z 4. 
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In the extreme cases of = 0 and + = 1, this root will be 
usec andu=—ce. 

The parts immersed in different liquids of the same body 
symmetrically arranged about a vertical axis, are in the inverse 
ratio of the densities of these fluids. This is the principle of 
the construction of the hydrometer, by means of which the 
densities of different fluids ean be compared together. 

612. Among the different positions of equilibrium of the 
same body floating on the surface of a liquid, there are some 
which are stable, and others which are not so} and from 
No. 570, it appears that if this body be made to turn about 
an axis, which, for greater clearness, we shall suppose to 
be horizontal, its successive positions of equilibrium will be 
alternately stable and instantaneous. It is of consequence to 
distinguish carefully the first from the last, which would not 
continue sufficiently long to be observed, but for the slight 
adhesion of the floating body to the liquid with which }t is in 
contact. In the first place, let the floating body be supposed to 
be perfectly symmetrical, as to the form and density of its parts, 
oneach side of a vertical scetion ancn (fig. 48). Let @ be its 
centre of gravity, which must exist in this section, Likewise, 
let ac be the line in which this section meets the level of the 
liquid when the body is in equilibrio in it, and let uw be 
the centre of gravity of the volume of the liquid that is 
displaced by the body; this point will likewise exist on the 
section ancp, on some point of Bax drawn from the point c, 
perpendicular to ac. When the body is homogeneous, the 
point u will be beneath c, as is represented in the figure; but 
when the floating body is ballasted, that is to say, when the 
density of its inferior part is increased, the point c may fall 
beneath the point H. This being so, if the floating body is 
caused to deviate a little from its position of equilibrium, by 
making it to turn about an axis perpendicular to ancp ; and if 
it be then remitted to itself without impressing on it any 
initial velocity, whatever may he the motion which the body 

vol, U. 3P . 
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will assume, the section apcp will always remain vertical, 
and a, the centre of gravity, will constantly exist. on it. 

In this new position, let a’c’ (fig. 49) be the line which 
indicates the level of the liquid, and that intersects ac in x, 
in which case, the segment of the body which belongs to aga’, 
will be immersed in the liquid, and that which belongs to crc’, 
will be raised out of it. As we have supposed that the volumes 
of these two segments are equal, it follows that the volume 
of the liquid displaced by the body will not be changed; con- 
sequently, the weight of this volume of the fluid will be still 
equal to that of the body, as in the state of equilibrium. 
Now, as G the centre of gravity of the floating body ought to 
move as, if the mass of this body being concentrated in it, the 
weight of this body and the pressure of the fluid were applied 
to it (No. 438); and as these two vertical forees act in oppo- 
site directions, and are, by hypothesis equal, it will not be 
necessary to consider the motion of the point ¢. 

If n’ be the centre of gravity of the volume of displaced 
liquid, after the body has been made to deviate from the posi- 
tion of equilibrium, this point, like the centre of gravity c, 
will appertain to the section ancp, but they will be, ix gene- 
ral(l), no longer situated in the same vertical; consequently, 
the pressure of the fluid will cause the body to turn about a 
line passing through the point G, and perpendicular to the 
section ancy ; and the question will be to determine whether 
this motion tends to make the body revert to its position of 
equilibrium, or to cause it to deviate more and more from it, 
and eventually upset it. 

Now, if through the point x’ the vertical #’m be drawn 
meeting the line BGK perpendicular to ac, at the point ™, it 
is evident that the pressure of the fluid, which is exerted up- 
wards in the direction w’m, will tend to bring back the line 
BGK to its vertical position, which is that of the equilibrium, 
or to cause it to deviate more from it, according as the point 
M is situated above or below the point «. In the first case, 
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the equilibrium will be stable, in the second case it will not be 
so. When the point m coincides with the point G, the body 
will still continue in equilibrio, in any position near to the 
first, in which it may have been placed. If¢ the centre of 
gravity of the body falls below that of the volume of the dis- 
placed liquid, which was , in the state of equilibrium, that is 
to say, if this point G exists between the points B and H, on 
the line Bx, the point m will be above G, and the equilibrium 
will be necessarily stable. If, on the contrary, the point e is 
above H, as in the case of a homogeneous body, the point m 
may be above or below c, and the equilibrium may be either 
stable or unstable. The point m, the consideration of which 
enables us to distinguish the two states of equilibrium of a 
floating body, is symmetrically situated with respect to a ver- 
tical section, and is “termed the metacentre. We now, how- 

" ever, propose to give another rule, deduced from the principle 
of living forces, by means of which the stability of the equili- 
brium may, in all cases, be ascertained. 

613. For this purpose, let us consider a body of any form 
whatever, homogeneous or heterogencous, in equilibrio in 
the water. Let ancp (fig. 50) be the intersection of this 
body. with the level of the water, G the centre of gravity 
of the moveable, n that of the volume of water displaced 
by the part immersed of this body, v the volume of this 
part, and m the mass of the entire body ; since it is supposed 
to be in equilibrio, the line eit is perpendicular to the plane 
ABCD, and the mass of displaced water is equal to that of the 
body, so that if the density of the water be denoted by p; we 
have 

M= Vp. 


Let us suppose that the section anco is elevated above, or 
depressed below the level of the water (fig. 51), by a very 
small quantity, and that at the same time, the plane of this 
section is inclined by ever so small an angle: and also, for 
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greater generality, that small velocities are impressed on the 
points of the moveable. The equilibrium will be deranged, 
and to determine the stability, it will be necessary to consider 
whether, in consequence of the motion that the body acquires, 
the section asco, which is fixed in the interior of the body, 
deviates more and more from the level of the water, or tends 
to revert toit, by oscillating on each side of this level. During 
the motion which ensues, the natural level of the water cuts 
the floating body in a section which is variable in its interior, 
and which is termed the plane of floatation. Let a‘n/c’p/be 
this section at any instant whatsoever, aB’cp” another va- 
tiable section of this body made by a horizontal section which 
passes through the centre of gravity of the section aBcD; Ac 
the intersection of ancy and aB”’cp”, which is variable on 
aBcD, 8 the mutual inclination of these two sections, g the 
distance of aB’cp” from the plane of floatation; which dis- 
tance we shall consider to be positive or negative, according 
as this section exists above or below the level of the water. 
The variable quantities @ and ¢ are supposed to be very small 
at the commencement of the motion, and the question will be 
to determine whether they remain very small during its entire 
continuance. 

614. If the variable velocity of dm any element whatever 
of the mass of the moveable, be denoted by u, the sum of the 
living forces of all its points will be given by the integral 
§u*dm extended to the entire mass, and the equation which 
resalts from the principle of living forces, will be of the form 
(Neve), 

§v’dm = c + 293 (a) 


e being an arbitrary constant, and ¢ a function depending on 
the forces which are applied to the points of the moveable. 
These forces are the gravity which acts on all its points, 
and the vertical pressures which the fluid exerts on the im- 
mersed part of the surface of the body ; now we can substitute 
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for these pressures, motive forces which act on all the elements 
such as dm of its mass, that are situated below the level of the 
water, by taking for each element a force, acting in a direction 
opposite to that of gravity, andequal to the weight of the volume 
of the water which it replaces; for by No. 602, the magnitude, 
direction, and point of application of the resultant of these 
motive forces, will be the same as that of the vertical pres- 
sures. In this manner, if the gravity be denoted by g, the 
element of the volume of the moveable, which corresponds to 
dm the element of its mass, by dv, the motive force of dm will 
be gdm — gpdv, if this material point exists below the level of 
the water, and gdm if it be above it. Moreover, if z be the 
variable distance of dm from the plane of floatation, which will 
be positive or negative according as dm is below or above this 
plane, it follows from the general value of the function ¢, 
given in No. 564, that in the present question, we should 
have 
» = Szgdm — Szgpdv; 


in which equation, the first of these two integrals extends to 
the entire mass of the floating body, and the second solely to 
the part of its volume that is immersed. 

If from c the centre of gravity of the mass M, a perpen- 
dicular cx be let fall on the plane a’s‘c’p’, and if cz be made 
= z,, we shall have at once, for the value of the first integral, 


§zgdm = gMz,. 


If the second be divided into two parts, the one relative to 
v the volume, situated below ancp in the state of equilibrium, 
the other relative to the volume comprised between the sec- 
tions aBcpD and a’n’c’p’, then gvpz’ will be the value of the 
first part, 2’ being the variable distance of H the centre of 
gravity of the volume v, from the plane of floatation, that is 
to say, the length of ur the perpendicular let fall from the 
pomt ui on the plane a’s’c’p’.. Therefore, if for one moment 


478 OF THE EQUILIBRIUM OF FLOATING BODIES. 


& be the value of the integral §zdz extended to all the ele- 
ments dy of the volume comprised between ancp and 4’B/c’D 
gph will be the second part of the second integral comprised 
in the expression ¢, and we shall have 


$ = gz, — gpvz' — gpk, 
for the complete value of this quantity. But as the tight line 
cu is perpendicular to the plane asco, the angle which it 
makes with the vertical is 6, the inclination of the plane 
ascp to the horizontal plane; if, therefore, the constant 
length of cx be denoted by a, we shall have 


z)= 2/4 acos 6; 


in which the superior sign will have place when the point 6 
is below n, and the inferior sign in the contrary case. By 
substituting this value of z, in that of g, and observing that 
M = Vp, there results 


¢@ = + gpavcos # — gok; 


and it will only remain to determine the value of the integral 
represented by &. 

615. In order to obtain it, let the area of the section 
aBcD be decomposed into infinitely small elements, and let 
them be projected on the plane of flotation a’n’c’p’, the volume 
comprised between those two sections of the body will, by this 
means, be divided into an infinite number of vertical cylinders 
whose bases are the horizontal projections of the elements of 
agcp. Let then any one of these cylinders be cut by an in- 
finity of horizontal planes, and let dv the element of the 
volume which is considered, be the part of this cylinder com- 
prised between the two consecutive planes, whose distances 
from the plane of floatation are z and z + dz, so that this 
clement may be equal to the base of the cylinder multiplied 
by dz. Now as dd is the differential clement of the section 
ABcD, the horizontal projection, or the base of the corres- 
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ponding cylinder will be dd cos 9, because @ is the inclination 
of the plane of dd on the plane of projection, therefore, we 


shall have 
dv = dzdy cos 8; 


consequently, §zdv, the integral relative to one of the vertical 
cylinders, will be the product of dX’cos 8 and of §zdz, or equal 
to(m) ty? cos 0 dX, y being the height of this cylinder, or the 
perpendicular let fall from dA on the plane of floatation; 
therefore, the quantity denoted by & will be 


hk = cos OS y'dd; 


in which the integral is supposed to extend to the entire area 
of ascp. The perpendicular y consists of two parts, the one 
comprised between the two parallel planes a’p’c’p’ and aB“cp", 
and which is denoted by Z, the other comprised between dA 
and the second plane, which will be equal to. /sin 0, Z de- 
noting the distance of this element from ac the intersection of 
the two planes aBcp and aB"cp"; we shall therefore have 


y=F4+lsind, 
in which 7 will be regarded as positive or negative, according 
as dd is below or above the second plane. By substituting 
this value in the preceding equation, and observing that @ 
and @ are constant in the integration adverted to above, there 
results (7) 

h= kG cosOfdd + EsinOcosO6/dd + Lsin?Ocos OS Pda. * 

If b denotes the area of the section asco, or the value of 
§dA, then as the line ac contains by hypothesis, the centre 
of gravity of this section, the integral §7dA is cipher; and if 
we make 

§Pdd = by’, 
so that y may be a line depending on the figure and extent of 
abcb, we shall have finally 


b— lheos @(72 3. 2 cin? A). 
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This formula does not give the exact value of #; in order 
that it should, the volume comprised between the sections 
a’n’c’p! and aBcp should be the part of a vertical cylinder, 
cut off by the plane of the section ancn; but whatever its 
form may be, we may suppose that the exact value of h differs 
very little from the preceding, as long as & and @ are very 
small quantities, and it is easy to be satisfied that the diffe- 
rence of these values is a quantity of the third order with 
respect to @ and @(v). By substituting this approximate 
value of k in the expression of ¢, and also making 

@ 


te. 4 F 
sinf => — Tag + & cs@=1= pt ke, 


we shall obtain, when all the terms of the third order, with 
respect to these variables @ and @, are neglected, 


@ = + gpva = gpval’ — gph (2? + 7°76), 
by means of which equation (a) is changed into the follow- 
ing(p); 

Swdm + gp (bo? + (by? + va) 0] =e, (b) 
the term ++ 2gpva being supposed to be comprised in the ar- 
bitrary constant c. 

616. The value of this constant will be determined when 
the values of u, 2,0, which are supposed to be very small, 
are known at the commencement of the motion; and it ap- 
pears, moreover, from equation (b), that its value is positive, 
if the coefficient by? + va is positive, when the motion com- 
mences. If this coefficient remains positive during the entire 
eentinuance of the motion, it follows from this equation, by 
the same reasoning as has been employed in No. 570, that 
the variables and @ will remain constantly very small, so 
that at any instant whatever, we shall have 


O24 Se 8 ELAS 28g 
; — ; gpb 


from which it appears, that the stability of equilibrium of a 
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floating body depends on the sign of the quantity by? + va, 
and that this equilibrium will be stable when this quantity is 
positive at the commencement and during the continuance of 
the motion(q). : 

The integral (fd), which is denoted by by*, must bea 
positive quantity, since all its elements are positive. The 
term + va must be affected with the sign + when the point 
G is lower than the point H, therefore, in this case, the coef 
ficient by’ + va is positive, and the equilibrium is stable(r), 
When, therefore, the centre of gravity of the entire mass of a 
floating body is lower than that of the volume of water, which 
it displaces in its position of equilibrium, we may be certain, 
that this equilibrium is stable for all the small motions that 
can be impressed on the body. 

If, on the contrary, the point u is lower than the point c, 
the term + va must be affected with the sign —; therefore, 
we must have by?> va, in order that the coefficient by?=t va 
may be positive and the equilibrium stable. Now, the mag- 
nitude of the line y varies with the position of the line ac, 
which always passes through the centre of gravity of the sec- 
tion ancy, and turns about this point during the continu 
ance of the motiofi; hence if the line ac be made to make an 
entire revolution, it is evident that there is one position in 
which the line y will be less than in any other ; if, therefore, 
this least value of y be calculated, and if then we find by? > va, 
it is certain that the coefficient by? + va cannot become nega- 
tive, and, consequently, that the equilibrium is stable. 

In a ship, for example, it is easy to perceive that the ling 
ac, to which the minimum of the integral §?dA corresponds, 
is the line drawn from the prow to the poop, consequently, 
if the area of the section on a level with the water, be divided 
into infinitely small elements, and if then the sum of all these 
elements, multiplied respectively by the square of their dis- 
tances from this line, be determined, provided that this in- 
tegral surpasses the product of the volume of the water 
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displaced by the vessel, and of the distance of the centre of 
gravity of this volume from that of the vessel, we may be 
certain that the equilibrium is stable, with respect to all the 
small motions of the vessel, even when the second centre of 
gravity is higher than the first. 

617. Having discussed the question of the equilibrium and 
stability of floating bodies, we now proceed to determine the 
motion by which they are actuated, when they are made to 
deviate a little from a position of stable equilibrium. In 
order to solve the question completely, we should consider 
both this motion and also that of the liquid at the same time ; 
this the author proposed to do in another treatise, at present 
the motion of the fluid will not be taken into account, and, in 
order to simplify the problem, with respect to the solid body, 
it will be assumed, that it is symmetrical on each side of a 
plane, which continues to be vertical during the entire motion. 

This plane contains G and n the centres of gravity of the 
moveable and of the volume of fluid, which it displaces in its 
state of equilibrium. In this state, the line ca is vertical ; 
let it be inclined by making it to turn in this plane about the 
point G, then let this line be elevated or depressed in this 
same plane, parallel to itself; and afterward® let the moveable 
be remitted to the action of gravity, and of the pressures of 
the surrounding fluid, without impressing any initial velocity 
onit; itis evident, that the section of the moveable made by the 
plane in question, and which divides it into two symmetrical 
parts, will continue constantly yertical. ac the intersection of 
the sections ancp and aB"cp" will remain always perpendi- 
eular to this vertieal plane; and as by hypothesis, the line 
ac contains the centre of gravity of ancp(s), it follows, that 
this centre will be the point x where it intersects the same 
plane, and that the line ac will always meet the contour of 
ancp in the same points aandc. Independently of the sym- 
nuetry of the body with respect to the plane perpendicular to 
ac, let us suppose besides, in order to simplify the question 
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still more, that the line ex is perpendicular to the plane of 
the section ancp; this will be the case, when, for example, 
the plane passing through the two lines Gx and ac, likewise 
divides the moveable into two symmetrical parts. 

At the end of any time ¢, reckoned from the commence- 
ment of the motion, let z denote cE the distance of the point 
c from the fixed plane a’z/c’p’, the mutual distance of the 
two horizontal planes aBcp" and a‘p‘c’p’, 6 the angle KGE 
comprised between the line Gk and the vertical cz, y the 
distance of d\, any element whatever of the section ABCD, 
from the plane a’s’c’p’, & its distance from the vertieal plane 
drawn through the point G and parallel to the line akc. 
Likewise, let 7 be the constant distance of this clement from 
this line, and A the given length of cx. It is easy to per- 
ceive, that we shall have (¢) 


zal +hoos0, y=Ftlsind, 2=lcosO + hsin, 


in which J, h,& are to be considered as positive or negative, 
according as the clement dd is to the right or lett of the line 
akc, as the line Gx is to the right or left of the vertical ez, and 
the plane ax"cp" below or above a’b/c’p’, Finally, if the area of 
the section ancp-be denoted by 4, and if y denotes the same 
Ine as before in No. 615, we shall likewise have 


§di=b, Sidr = 0, §Pdd = by’; Q) 


in which the integrals are supposed to extend to all the ele- 
ments of 5. 

The variables Z and @ determine the position of the move- 
able at each instant. As the initial velocities of all the points 
of the body are supposed to be cipher, we shall have for 
t= 0, 
dQ ag 


O=a, t= py wo! di 


0, 


a, 8 denoting very small given quantities. The problem will 
consist in determining the values of # and Z in functions of é& 
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on the supposition that these variables remain very small 
during the entire continuance of the motion ; in consequence 
of which we are permitted to neglect the square of 0, and the 
product of @ and Z, and to consider the volume comprised 
between ancp and a’s’c’n’, as a truncated cylinder. 

618. The centre of gravity « will move as if m the mass of 
the moveable was condensed into it, and mg the weight of the 
body and the resultant of the pressures of the fluid were applied 
toit. This resultant acts in a direction contrary to that of mg ; 
it is equal to (v + v) pg, v denoting the volume of the dis- 
placed water in its state of equilibrium, and v + u this volume 
at the end of the time ¢. ‘Therefore, the motive force of the 
point c acting in the direction of gravity, will be mg—(v-+-v) pg 
or simply —vpg, because M = vp(w); as its initial velocity 
is cipher, it will not deviate from the vertical in which it exists 
at the commencement of the motion, and the equation of its 
motion on this line will be 


u is the volume comprised between the two sections aBcp 
and a/n’c’p’; so that if this volume be decomposed into ver- 
tical cylinders as before, we shall have 


u=Jycos Odd; | 
in which the integral is supposed to extend to all the elements 
of 6. By substituting for y its preceding value, we obtain(v) 
vu = 8 cos 8. 
If, therefore, cos @ be assumed equal to unity in this value 
and in that of z,, and if these values be then substituted in 


the equation of the motion of the point c, and if vp be put 
also in place of m, there results 


ee , gt 
at Ge =. (2) 


At the same time, the moveable will turn about the point 
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G, as if it was fixed, and the forces which solicit it were not 
changed (No. 438). Therefore, this motion of rotation will 
have place about the fixed axis drawn through the point a, 
and perpendicular to the plane which divides the moveable 
into two symmetrical parts; and because theaweight of the 
body passes constantly through this point, it will be due solely 
to the pressures of the surrounding fluid ; consequently, the 
equation of this motion will be (No. 392) (x) 


mk? denoting the moment of inertia of the body with respect 
to the axis of rotation, w its angular velocity of rotation at the 
end of the time ¢, and the total moment of the pressures at 
the same instant, with respect to the same axis. The velocity 
will be regarded as positive or negative, according as the 
motion has place in the direction indicated by the sagitta s, 
or in the opposite direction; so that we shall have 


d0 dw ap 


Oa a ae 

and, this being the case, the moments of the pressures in the 
value of » should be affected with the sign + or —, according 
as they tend to produce a rotation in the direction of the sa- 
gitta s, or in the opposite direction. 

Now, the total moment p may be divided into two parts, 
the one relative to the constant volume v, the other relative 
to the variable volume vu. The part of the pressure corres- 
ponding to the first volume is equal to veg applied to the point 
nu, and acting in the direction ur; the value of the perpen- 
dicular let fall from the point c on this line produced, if ne- 
cessary, is asin ™, in which @ denotes the constant distance 
GH, hence the first part of the moment y will be =e vapg sin 0, 
in which the superior or inferior sign ought to be taken, ac- 
cording as the point # is higher or lower than the point G(s). 
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With respect to the part of » which corresponds to vu, if this 
volume be always decomposed into vertical prisms, and if the 
pressure corresponding to y cos Od any prism whatever, be 
considered, which pressure is always equal and contrary to the 
weight of the yolume of the displaced fluid, we shall have pg.ry. 
cos 0 dX for the moment of this pressure; and, consequently, 
pg§vy cos Odd for the second part of #, in which the integral 
extends to the entire area /. By substituting for x and y 
their values, this quantity will become, by having regard to 


equations (1) (y) 
(7 cos 8 + hZ) pgd cos 8 sin 0; 
consequently, the complete value of y will be 
p= (by* cos? 0 + va 4 bhZ cos 9) py sin 9. 
If, in this value, unity and @ be substituted in place of 
cos @ and sin 8, and if the product of Z and @ be neglected, 


and if then, it and also the values of mM and w be substituted 
in the equation of the motion of rotation, it becomes 


a6 2 va gO 
Gat =o. @) 


The problem, therefore, depends on the two differential 
equations (2) and (3); and as the variables 6 and Z are sepa- 
rated in them, it follows, that the motion of rotation of a 
floating body, and that of its centre of gravity, are independ- 
ent of each other; a circumstance which obtains, because the 
line Gk drawn from the centre of gravity of the moveable to 
that of aBcp is supposed to be perpendicular to this sec- 
tion(z). By integrating these two equations, and determining 
the arbitrary constants, by means of the initial values of 


dg dé : 
Zz, 4, st a *° obtain (a’) 


= cos ge So, tvy (by? = va) 
Z= Boost Vf, §=a cos{ {YH = 80), 
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’ As the vertical ordinate of the centre of gravity is equal to 
h 4+. 2, when the square of @ is neglected, it follows, that the 
motion of this point is the same as that of a simple pendulum 

a 

z 
crease indefinitely, that is to say, in order ‘that the equi- 
librium, from which the floating body has been made to de- 
viate, may be stable, the quantity by?+ va must be posi- 
tive; which agrees with the theorem of No.616. When this 
condition is satisfied, the oscillations of the line cx on each 


side of the vertical ce will be the same as those of a simple 
7p? 


er v 
pendulum, the length of which is Breve 


If the floating body is not symmetrical on each side of the 
plane passing through the lines cx and akc, then when the 
perpendicular let fall from the point c on the section aBcn is not 
equal to the line Gk, the variables £ and @ will be no longer 
separated in equations (2) and (3), the first would contain a 


whose length is In order that the value of @ may not in- 


2, 
term multiplied by (y), and the second a term which has @ 


for a factor ; the motions of rotation and of the point « will be 
no longer independent of one another ; and the moveable may 
perform four descriptions of simple oscillations, into which its 
motion of rotation can be always decomposed, agreeably to the 
principle of the coexistence of small oscillations, but which may 
be reduced to two in the particular case which we have con- 
sidered (0). 


CHAPTER V. 


OF THE MEASUREMENT OF HEIGHTS BY OBSERVATIONS OF 
THE BAROMETER. 


619. Ir appears from No. 598, that the equation of equi- 
librium between the mercury contained in the closed branch of 
the barometer, and the pressure of the atmosphere in the open 
branch, is 

mgh = 11; (1) 
in which 1 denotes this pressure on the unit of surface, g the 
gravity, m the density of the mercury, and h the difference of 
level of this fluid in the two branches of the barometer; in 
this equation it is assumed that there is no sensible pressure 
above its level in the closed branch. 

As the equilibrium ought not to be deranged by supposing 
that the open branch of the barometer is extended to the limits 
of the atmosphere, it follows that the pressure I is the weight 
of a vertical cylindrical column of the atmosphere, whose base 
is the unit of surface, and the height that of this fluid. This 
weight is therefore equal to that of a cylinder of mercury, 
having the same base, and of which the height is about 0”.76 ; 
and it results from this, that the pressure of the atmosphere on 
each square metre of the surface of the earth is very nearly ten 
thousand kilogrammes(a). 

According as we ascend above this surface, the height and 
weight of the column of the air which presses on the mercury 
of the barometer, diminish more and more; consequently the 
height A must also diminish, and there exists a relation be- 
tween this height and that through which we have ascended, 
whicli will make one known by means of the other. This de- 
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termination will be the special object of this chapter ; but it is 
necessary previously to deduce some consequences of impor- 
tance to our subject from equation (1), and to explain the laws 
of the pressure of the air or of any gas whatever, relatively to 
its density and temperature. 

620. If the total surface of the carth expressed in square 
metres be denoted by s, the mass of the atmosphere will be 
equal to ms(0",76)(b); m being always the density of the 
mercury; and if r denote the radius of the earth, and 8 its 
mean density, its mass is }8s7. If therefore f represents the 
ratio of the first mass to the second, we shall have 

3m(0", 76) 

S= sa rae 

and as 
2mr = 40000000", m= 13",5975, 8 = 5”, 50, 

it follows that 

JS = 0, 0000008854 ; 
so that the mass of the atmosphere is a little less than a mil- 
lioneth of that of the earth. 

If the density of the air was the same throughout the en- 
tire extent of the atmospherical column, the height of this 
column, and A the height of the mercury in the barometer, 
would be in the inverse ratio of the densities of the air and of 
the mercury ; so that if Z denote the height of the atmosphere 
in this hypothesis, and p the density of the air at the tempe- 
rature of zero, and under a pressure of the barometer equal to 
0,76, we shall have 


t= (0,76); 
Pp 
and because (No. 61) 
™ = 10462, 
Pp 
there results very nearly 


i= 7950". 
VOL. IL. ~ BR 
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It is evident that the atmosphere extends much higher 
than this(c), since the density and weight of its strata dimi- 
nish according as their distance from the surface of the earth 
increases. A limit to which it cannot attain, is obtained by 
determining the height at which the centrifugal force is equal 
to the gravity, for beyond this, the centrifugal foree would 
disperse its molecules in space. This limit is less at the 
equator than at any parallel (@). Now, in this place, the centri~ 


fugal force is a (No. 178) at the surface of the earth; at a 


289 
height z above this surface it becomes gre) 


being the radius of the earth; 


, and the in- 


€ r 7 
(+2) : 
therefore the limit in question will be determined by the 


equation 





tensity of gravity is 


rte Yr 





Or FS)? 
from which we obtain, for this limit(¢), 
sor (7289 —1)3 


But there is reason to think that the air long before it reaches 
to so great a height is liquefied by the cold, which increases 
rapidly according as we ascend in the atmosphere(f). The 
law of this increase, when the air is free from the influence 
of surrounding objects, is altogether unknown to us, for 
it should not be confounded with that which is observed on 
the tops of mountains, where the temperature of the air and 
that of the ground mutually influence each other; the only 
datum which we have on this subject is that which results 
from observations made by M. Gay-Lussac in a balloon, in 
which he ascended to a height of 6980"; the simultaneous 
temperatures of the air at the surface of the earth and at this 
height were about 30,75, and — 9,50 of the centrigrade ther- 
mometer; which, on the supposition that the heat decreases 
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uniformly, gives about a diminution of one degree for every 
175” of elevation. 

621. If the open branch of the barometer be closed at c 
(fig. 44), or, more generally, if this branch be placed in coni- 
munication with a vessel # closed on all sides (fig. 52), the 
equilibrium of the system will not be deranged ; and it is the 
pressure’ exerted at © by the air contained in this vessel, which 
is in this case in equilibrio with that of the column of mercury,. 
pF, suspended in the closed branch, above & its level in the 
open branch. Therefore, the measure of this pressure on the 
unit of surface, or what is termed the elastic force of the air, 
will be mgh, which is the pressure of the mercury, and it will 
be equivalent to TI, the weight of the corresponding column 
of the atmosphere. A barometer which thus opens into a 
closed vessel, and by this means enables us to measure the 
elastic force of the air, or of any fluid whatever, is then termed 
a manometer ; mgh the weight of the mercury, depends on the 
natu, the density, and the temperature of this elastic fluid. 

If when the munometer is transferred from one place to 
another, the density and the temperature of the air contained 
in the vessel H remain the same at these two places, the height 
of the mercury must vary in the inverse ratio of the gravity, in 
order that the weight of the column of mercury may continue 
to be the same. Hence by measuring this height at different 
latitudes, the variations of gravity can be determined; but in 
order that this measurement may be made exactly, the va- 
riation of the volume oceupied by the air contained in H, which 
results from a corresponding variation of the height of the 
mercury in the closed branch, should be taken into account. 

Thus, if g and A denote the gravity and the height pr of 
the mercury in a given latitude, then if, when the manometer 
is transferred to another parallel of latitude, we suppose that, 
the temperature being the same, the mercury rises in the 
closed branch from p to v’, and that, at the same time, it 
falls in the open branch from & to 8’, if through the point 8’, 
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a horizontal plane be drawn, cutting the closed branch in Yr, 
and if p’r’ the difference of level of the two branches be de- 
noted by 4’, and the corresponding gravity by g’, the barome- 
trical pressures in the two places will be as gh and g/h’, and 
they will be proportional to the densities of the fluid contained 
in H, and consequently, in the inverse ratio of the volumes 
which it occupies in this vessel; therefore, if these volumes 
be denoted by v and v’, we shall have 


gh ov 
gh ye 
Now, if ¢ denotes the area of the horizontal section of the 

tube at the point p, the volume of mercury comprised between 
p and p/ will be (4’—h)e; but, in consequence of the in- 
compressibility of this fluid, it is necessary, that, whatever be 
the form of the vessel u, the volume v’ should surpass v by 
this quantity (2’ — h)e; therefore we shall have 


Wov+(h'—h)e; 


and by substituting this value of v’ in the preceding equation, 
we obtain for the ratio of the intensities of gravity at the two 
places 

y vh 

gy (v W—hje lh" 


But however carefully the quantities which occur in this for- 
mula are measured, this process is not susceptible of the same 
degree of precision, as that founded on experiments made with 
the pendulum. 

622. If now the open branch of the barometer be closed at 
c (fig. 44), and the branch that was closed at a be opened, the 
pressure of the atmosphere will be added to that of the mer- 
cury, the air contained in xc will be compressed, and conse- 
quently the level of the mercury will ascend in this branch and 
descend on the other. If an additional quantity of mercury be 
poured into this branch, so that the difference of level may 
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be still equal to h, as before, and if, in this state, the mercury 
ascends from pD to D’ and from E to g’, then when a horizontal, 
plane is drawn through the point 2’, cutting the other branch 
in ¥’, we will have p’r’= pr. At the point r’, the pressure 
of the mercury will be mgh; by adding to it II the pres- 
sure of the atmosphere at the level p’, we shall have the 
entire pressure equal to mgh + [lor 2mgh; consequently, the 
elastic force of the air contained in ce’, which acts on the 
level 2’, and which is in cquiltbrio with the total pressure, will 
be double of that which has place when the air occupies the 
space ce. Now, it appears from experiment that the space 
cx’ is half of the space ce; it likewise appears that if the 
pressure be tripled by a suitable addition of mercury, the 
space occupied by the air is reduced to a third, and, gene- 
rally, the volume of the fluid is found to vary inversely as the 
pressure which it experiences, or in other words, the density 
increases in the same ratio as the elastic force. 

This proportionality has been termed the law of’ Mariotte, 
from the name of the philosopher who first deduced it from 
observation. It implies that the fluid does not experience any 
change of temperature ; so that in order to observe it exactly, 
the air contained in ce should get time to lose the increase of 
temperature, which it acquires by compression, and thus re- 
vert to its primitive temperature. This law obtains for all 
gases, and also for vapours, provided that in this last case, the 
pressure is less than that by which they are reduced toa liquid 
state. Finally, it also has place when different elastic fluids 
are mixed together; and if, for example, two gases have the 
same temperature and volume v, and if p be the elastic force of 
one, and p’ that of the other, then when they are so intermixed 
as that their sam may occupy the same space v, the temperature 
of the mixture will be still the same, and the pressure or elas- 
tic force exerted on the unit of surface will become p + p’. 

623. It is easy, by means of the law of Mariotte, to caleu- 
late the quantity by which water ascends in a pump, when 


. 
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there is some air between this liquid and the piston: (it has 

een already stated (No. 598), that when the water is in con- 
tact with the piston, the space through which the water 
then rises, is 10",4.) For this purpose, let ancp (fig. 53) 
be the vertical cylindrical tube of a pump immersed as 
far as EF in water, and Gu the horizontal base of the 
piston. The atmospherical pressure which is exerted on 
the exterior level of the water, that coincides with the in- 
terior level EF, is equal to yi on each unit of surface, the den- 
sity of the water being supposed to be unity, and Z equal to 
10”,4 the height of the column of water which is in equilibrio 
with it; as the space contained between EF and cu is filled 
with air, whose elastic force is in equilibrio with the ex- 
terior pressure, gl is also the measure of this force. In this 
state, let a be the given height of cu above uF; if then the 
piston ascend to c/1’, and if ¢ denote the given height of ¢’n’ 
above Gu, the water will ascend in the interior of the pump to 
a height x’p’ above rr, which we shall denote by x, and it 
will fall outside to the level of £,F,, a section of the pump si- 
tuated at a distance y below er. If the horizontal section of 
the pump be denoted by 4, and that of the reservoir in which 
it is immersed by (3, we shall have at once, on account of the 
incompressibility of the liquid (y), 


bx 
y= BR? 


and the question will be reduced to the determination of the 
value of a. 

But the air which did occupy the space ErcH, will now 
occupy the space &’r’c’/n’, and as this last is to the other in 
the ratio of a+ ¢ — a toa, it follows, that the elastic force 
gl will be diminished in the inverse ratio, and will become 

gla 
ate—a 
the section er’; and if it be added to the pressure of water 


This will be the pressure on the unit of surface at 
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contained between z’r’ and £,r,, the value of which is g(a+y), 
we will obtain the entire pressure exerted on the interior 
level u,x,, which should constitute an equilibrium with the’ 
exterior pressure gl; this requires that when g, the common 
factor, is suppressed, and the preceding value is substituted for 


y, we should have 
la 


a+e—a 


This equation is, when reduced, of the second degree, and 
may be written as follows, 


v~—rUfpate) +cdf= 0, 


gtet Ges 


in which, we suppose for conciseness, that 


B 

B +6 

We obtain, by solving this equation, two real and positive 
values for x; but it is easy to perceive that one of them is 
always inadmissible. In fact, « + y, the elevation of the wa- 


=f. 


ter above the exterior level, cannot exceed 7; and as x + y= 2 


we must therefore have x 2 fl(h); moreover, it is evident 
that we must always have x Za+c¢. Now as the sum of 
the two roots of the preceding equation is f1 + a +c, if one of 
them is less than a + ¢, the other will be greater than fJ, or 
if one of them is less than fZ, the other will be greater than 
a+e3 consequently only one of the two roots will be admis- 
sible, and the other should be rejected as not belonging to the 
question(?). 
gla 

ate—x 
elastic force of the air contained between £’F’ and G’n’, is equal 
to gi—~g(x+y). There results from this a pressure on 
the lower base of the piston acting in a direction opposite to 
that of gravity, and equal to glh—g(a+y)b. The upper 
base of this body is urged in an opposite direction hy the at- 


In virtue of the equation of equilibrium, the 
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mospherical pressure, which is equal to gid; therefore the 
load which the piston sustains, or the excess of this second 
force over the first, is y (a+ y)b, which is the weight of 
the ‘water contained between £,r, and k’F’, and raised above 
the exterior level; this indeed may be considered as evident 
@ priort. 

624. It remains for us now to consider the law of the 
elastic force of the air, relatively to its temperature. 

It appears from observation that if the air and different 
gases are all of them subjected to the same constant pressure, 
and placed in an enclosed receiver, the temperature of which 
varies at each instant, they are equally dilated. If one of 
them, as the air, for example, be taken as a thermometer, 
that is to say, ifits total dilatation be divided into equal parts, 
which will indicate the degrees of the temperature, it results 
from this that the increments of volume of all these gases will 
be the same for equal increments of temperature, and pro- 
portional to these increments. It appears likewise from ob- 
servation, that for a very considerable range, the indications 
of this aerial thermometer differ very little from those of the 
mercurial thermometer ; so that, within this range, the dilata~ 
tion of any gas whatever is proportional to its increase of 
temperature, as indicated by the degrees of the common ther- 
mometer. Finally, M. Gay-Lussac has found, that from zero 
to 100°, that is to say, from the temperature of melting ice, te 
that of boiling water, the volume of air subjected to a constant 
pressure, and consequently that of any gas whatever, increases 
in the ratio of unity to 1,375, which gives a dilatation of 
0,00375 for each degree of the centrigrade thermometer (4). 

Hence if v be the volume of any gas whatever at a tem- 
perature equal to zero, TI its elastic force, and p its density, 
and if when the number of degrees of temperature becomes @, 
I] the pressure on the unit of surface remains the same, we 
shall have (2) 

v= v(1 +8), 
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v being what v becomes when the temperature is inereased @ 
degrees, a being supposed cqual to 0,00375 ; likewise if p’ be 
what p beeomes in the same case, we shall also have, as the 
density varies in the inverse ratio of the volume, 


is Dd 


Thal 


Now, if the pressure he supposed to vary while the tem- 
perature @ remains the same, and if p and p be what the pres- 
sure TI and the density p' become simultancously, we shall 
have 

+ ptr 
R= py? 


by the law of Mariotte ; and by making 


il 
D 


Fo 


there will result (m) : 
p=hp(l +ab), (2) 


for the expression of the elastic force of any gas whatever, in a 
function of its density and temperature. 

625. This formula is applicable to gases, vapours, and 
their mixtures. If the temperature be indicated by the mer- 
curial thermometer, it has place for negative values of 0 to 
about — 36°, or a little less than the temperature at which 
this fluid congeals. If has also been verified for temperatures 
which are considerably greater than 100°; and the difference 
between the laws of the dilatation of air and mereury does not 
commence to become at al] considerable until @ ascends to 
about 300°. This has been established in a memoir of MM. 
Petit and Dulong, inserted in the eighteenth Number of the 
Journal of the Polytechnic School. 

The coefficient £ is different for different fluids. Rela 
tively to the atmospheric air, MM. Biot and Arraga have 
found, at the Observatory of Paris, 
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™ — 10462, 
Dd 


tor the ratio of the density of mercury to that of the air, when 
the atmospherical pressure is 0",76, and the temperature zero 
(No. 61). Therefore, if we make at the same time(7), 
M=mch, h=0",76, 
the value of & will be 
k= (7951,12)a; 

and, in this value, @ should be taken equal to the gravity of 
the place at which the ratio io has been determined, that is 


to say, at the latitude of Paris, for which we have 
G = 9", 80896. 


The coefficient of « has been determined on the supposition 
that the air is perfectly dry ; if it was humid, its density would 
he less under the same pressure and temperature, and the 
value of k would vary in the inverse: ratio of this density. If, 
for example, 8 be the ratio of the density of the air at the 
maximum of humidity, that is, when it is saturated with mois- 
ture, to the density of the air, when perfectly dry, under a 
pressure of the barometer equal to 0",76, and at the tempe- 
rature zero, we shall have, as will be seen farther on, 


._. 0,76 — 0",00508 10 0",00508 
ea = . 
: 0", 76 16" 0", 76 





= 0,99749 ; 


consequently, if the preceding value of & be divided by this 
value of 6, the value of & which corresponds to the maximum 
of humidity will be obtained, namely, 


hk = (7971",09).6. 


626. We are now ina condition to form, without any diffi- 
culty, the diflerent equations of equilibrium of the atmos- 
pherical column. Let us suppose that this column is a ver- 
tical cylinder, which extends to the limits of the atmosphere, 
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and having its horizontal base a resting on the surface of the 
earth. Let this column be divided into an infinite number of 
slender horizontal strata, and let the extent of the surface a 
be supposed to be such that neither the density nor tem- 
perature can vary from one point to another of any stratum. 
Let p, p, 0 denote the clastic force, density, and temperature 
of the air, at the distance x from the surface of the earth ; 
likewise let g’ be the gravity at this same distance; Ag’pdz 
will be the weight of the stratum of which the thickness is dz, 
and whose two faces correspond to z and z— dz. The pres- 
sure which it experiences on its upper face will be ap, that 


. : Perey ant ri dp 
which acts against its inferior face will be a(p — “edz. But 
the pressure ought to increase by the weight ag’pdz, in passing 
from the first to the second face; therefore we should have 
1 
‘(p= - dz) = ap + ay'pdz, 
or simply (0) 
dp = — y'pdz (3) 
which coincides with the equation that might be deduced from 
formula (3) of No. 583, by making 
x=0, Y¥=0, z=—y’. 
Ifp be eliminated by means of equation (2), there results 
dp y/dz 
p k(i+aby 
Let y be the radius of the earth, and g the gravity at its sur 
face, we shall have 





y= g 


~+ey 
at the height =, and if the variation of the centrifugal force 
be neglected, and also the action of the mass of air comprised 
between the two concentrical spherical surfaces, whose radii 


are ¢ and ++ 2, (which action dees not enter in the value 
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of g, and should be added to that of g (No. 101)), we 
shall have ‘ 

dp _ grdz 

Pp kA + ab) +2)" 





In order to integrate this formula, the expression of @ in a 
function of z should be known; but as the law of the tem- 
peratures is unknown, @ should be considered as a constant 
quantity ; and its value in each case should be assumed to be 
the mean of the temperatures which belong to the extreme 
points of the column of air to which this equation is’ applied. 
Its integral is then 

“2 


log p = eames eee +bCS 
KCL + a) (7 + 2) 


c being an arbitrary constant. If {1 denote the atmospherical 
pressure which has place at the surface of the carth, we shall 
have at the same time 
yr 
z=20 ay oh =. ; 
oy Oe ace 
and there will result from it at z, any height whatever above 


this surface (p), 
ye 


teen 
tS Gms TUES YY (4) 


In virtue of this equation and of formula (2), we shall have 


=e U —yrz 
= Tle* O-f-ud} @4-2) =- — okra px 
2 > P= i+) ; 


tor the expressions of the elastic foree and density of the air, 
from the surface of the globe, to the height at which this fluid 
loses, by the effect of cold, all its elasticity. 

From what has been stated in No. 619, it follows that the 
weight of a column of the atmosphere, the base of which is the 
unit of surface, must be equivalent to H the pressure relative 
to the lowest point: and, in fact, this weicht is given by the 
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30 
integral ) 0 pg’dz, of which it is evideng that, if the expres- 


sions of p and gy’ be substituted for these quantities, the value - 
is (q). 

627. The motive force of a balloon which ascends verti- 
cally in the atmosphere, is the excess of the weight of the air 
which it displaces at each instant, over its own weight. 
Therefore, if its mass be denoted by » and its volume by v, 
this force will be vpg’ — yg’ at the height z above the earth; 
consequently, we shall have, 

Le ae ; 
op = Vou’ — Hy's 
for the differential equation of the vertical tmhotion of this 
hody at the end of ¢ any time whatever. If its mean density 
be denoted by ¢, in which case we have » = ev, and if their 
preceding values be substituted for p and g’, this equation will 
become 





=e 





eee Tigr* arias _ ey 
dé ~ k(t + ad) 7 +2)? (rz) 


By multiplying by 2dz, then integrating and denoting the 
constant arbitrary by c, it becomes(r) 


ure 


d2 way trois 4g 2egr 
Capt e 2Ne hae 


Ifthe balloon ascends from the surface of the carth without 
any initial velocity, we shall have at the same time x = 0, and 
“ = 0; consequently, we must have 

c= 2H 2cgr; 
and there will result for the square of the velocity at any height 


whatever such as z(s), 





dt 2 ea Tec T | _ yrs : 
dé c ros 
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By resolving this equation with respect to dé, the time which 
the balloon take$ to attain a given height may be determined 
hy the method of quadratures. 


y 





By making the value of oe equal to cipher, we can de- 


termine the height at which the moveable would remain in 
equilibrio, if it reached it without any acquired velocity; and 


in like manner, the equation as = 0, will make known the 


greatest height to which the balloon can ascend in, the at- 
mosphere, on the supposition that neither its mass or volume 
undergo any change. he first of these two heights will be 
expressed hy means ofa logarithm ; the second will depend on 
a transcendental equation, and ean only be caleulutes by ap- 
proximation (¢). 

628. Let us now apply equation (4) to the measurement 
of vertical heights. 

Let 4 and #’ be the heights of the mereury in the barometer 
at the inferior and superior station ; T and 1’ the corresponding 
temperatures of mercury, ¢ and ¢’ those of the air, which will 
be different from 7 and 1’, when the mercury in the barometer 
has not sufficient time, during the observations, to acquire the 
temperature of the surrounding air. If m be the density of 


) m will be its 





7 
0 
density at the superior station, because the density increases 
by s3's5 for each degree of diminution in the cee 





Spe ‘ T 
the mercury at the inferior station, (1 + 


Vor greater simplicity, let the factor 1 4a ™ be compre- 


5500 
hended in the height 4’, which will then be the observed 
height multiplied by this quantity, and we will afterwards sup- 
pose that m is the density of the mercury at the two stations. 
Tn this way we shall have 


mgr h! 


(rey 





Tha mgh, p=ing/h' = 
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by means of which, equation (4) will become(«) 


h Tz grz 
og ay + ses ael T era Tas (6) 
Agrecably to what is stated above, $(¢+¢) should be 
taken for @. The value of a is 0,00375 for dry air as well as 
for that which contains a constant quantity of aqueous vapour, 
and in any proportion. But it should be observed, that when 
the temperature rises, the quantity of vapour in the atmosphere, 
in general, increases; and, as under the ordinary pressures of 
the atmosphere, namely, 0”,76, the density of vapour is to 
that of air in the ratio of 10 to 16, it follows, that the density 
of the free air, the temperature of which increases, must di- 
minish in a greater ratio than that which corresponds to the 
coefficient, 0,00375. Therefore, in order to take into account, 
as far as possible, the quantity of vapour which exists in the 
atmosphere, the coefficient a should be increased, and for the 
convenience of the calculation we will make it equal to 0,004 ; 
so that we shall have(r) 
ad = 2 +8) 
~ 1000 * 


As the logarithms which occur in the first member of the 
preceding equation are Naperian, in order to convert them 
into vulgar logarithms, they should he multiplicd by om the 
modulus of these last, the value of which is 


M = 0,4342945 ; 


gy the expression for gravity, which its second member con- 
tains, is that which belongs to the inferior station, and to 
the latitude of the place of observation. If this angle be de- 
noted by ¥, we shall obtain by comparing the gravity g with 
that which occurs in the values of k of No. 625, and which 
corresponds to the latitude of Paris(x), 





_ __ Ci— 9,002588 cos 2) « 
4 = = 0,002588 cos2(48°50'14") 
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Moreover, 4s in the coeffieients of « in these two values of 
h, the one belongs to the state of extreme dryness of the air, 
the other, to the air when saturated with humidity, we can 
take the semi-sum of these two quantitics, or 7961”, 10 for 
the coefficient which corresponds to the ordinary state of the 
atmosphere. We shall then have(y) 


I 
= [1—0,002588 cos 2(48°50’ 14")] = (18337", 46) a5 


aud by means of this value combined with that of g, we shall 
obtain from equation (5) (z), 
] 
(6) 
| 


ie 2 (142) 
18337", 46[ 1 7h “Br I Pg A 
1—0,002588 cos 2g 
+2105 (1+5)) (14%): | 
in which formula the logarithms are actually those belonging 


to the system, the base of which is the number 10. 
In applying this equation, we in the first place neglect 


, the fraction contained in its second member ; this willmake 


known the first approximate value of z, and by substituting it 
in this second member, a second value of = will be obtained, 
more accurate than the first, beyond which the approxima- 
tion need not he continued, 

Tf an unknown coefficient @ be substituted for the number 
18337,46 in this equation, and if @ be then determined by 
means of a great number of heights z, measured trigonometri- 


cally, we find - 
a= 18336"; 


which differs very little from the coefficient 18337",46, that 
_was directly calculated. 
629. If it was proposed to employ formula (6) to deter- 
mine the elevation of a place on the earth above the level of 
the sea; 1’, 0, #4, should be supposed to refer to this place and 
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T, t, 4, to the shore of the nearest sea; and, for greater accu- 
racy, % should be taken equal 4g the mean latitude between 
those of these two points. Agreeably to what has been re- 
marked in No. 255, the action of the stratum of the earth, the 
height of which is z, should be also taken into account; on 
the supposition that its density is equal to half of the mean 
density of the earth, we have then 
gr 392, 


= Gap t ar 





and, as the fraction : is very small, when this value of the gravity 

g' is made use of, the quantity 1+, contained in formula (6), 
Bz 

should be replaced by 1 + z(@). 


In order to give an example of this formula thus modified, 
let us take that which has been cited in the yearly register of 
the Bureau of Longitudes, in which the height of Guanax- 
uato above the level of the sea has been determined. 

The data of this example are 


A= 0", 76315, vs oS 25°,3, 
Wh’ = 0",60095, =U = 2153, p= 2l° 


The height 4’, when corrected and multiplied by the factor 
rer 


1+ sar which should be employed in formula (6), be~ 


comes 
h/ = 0", 60138. 


If the fraction = be neglected in this formula, we find for 
the first approximate value of = 
z= 2077", 98 ; 
andif this value be substituted in the same formula, by putting” 
i +e in place of 1 + 2, as has been stated above, and ob- 


VOL, TL. 37 ie 


506 OF THE MEASUREMENT OF HEIGHTS 


serving that += 6366198", we obtain x = 2081", 96, for the 
required height, which is legs than that given in the register, 
by about 2 metres and one-half very nearly. 

630. When z the height is not very considerable, the 


fraction = may he neglected in formula (6), and the number 
mae 


18337", 46 should at the same time be replaced by a cocflicient 
somewhat greater. That which results from numerous ob- 
servations made by Raymond in the south of France, is 
18393 metres, and as the corresponding latitude is very nearly 
w = 45°, equation (6) is reduced to 


2e+t') 


2 =18393"[1 4 = log is 


which is the barometrical formula that is commonly made use of. 

In the same vessel, and under the same atmospherical 
pressure, the ebullition of distilled water commences always 
at the same temperature, and this temperature is less according 
as the external pressure diminishes. If, therefore, a table is 
formed, by experiment, ofthe temperatures at which water begins 
to boil under pressures that decrease by very small differences, 
and if a vessel containing the water be carried to different 
heights above the earth, the temperatures at which this water 
commenees to boil will make known, by means of the above- 
mentioned table, the corresponding barometrical heights, which 
should be employed in the preceding formula, It is in this man- 
ner that philosophers have proposed to determine the diffe- 
rences of height above the earth, by observing at what tem- 
perature water begins to boil, and without having recourse 
explicitly to measurements of the barometer. 

631. We shall conclude this chapter with some remarks 
on the weight and elastic foree of vapours, which force has also 
been termed the tension of these fluids. 

Ifa closed vessel contains any liquid in sufficient quantity 
to furnish all the vapour which can be generated in it, that 
which rises from this liquid attains, more or Jess quickly, a 


BY OBSERVATIONS OF THE BAROMETER. 507 


maximum which depends solely on the temperature, and which 
is the same when the vessel is void of air, and when it con- 
tains air or any gas whatever, in a condensed or dilated state. 
Likewise, whether this quantity of vapour has reached its 
maximum, or is still below this point, its tension is added to 
that of the elastic force of the dry gas, and the sum constitutes 
the elastic force of the mixture. At the same temperature, the 
maximum tension is different in different vapours; and the 
law which it follows for the same vapour, in a function of the 
temperature, is not yet known. he most extcusive ex- 
periments which have been hitherto made on the vapour of 
water, are those which are detailed in the tenth and eleventh 
volumes of the Academy of Sciences, and in Taylor’s Scientific 
Memoirs, Part 8. The maximum elastic force of the vapour 
of water formed in a vacuo at the temperature of 18°,75, for 
example, is measured by an elevation of mercury in the ba- 
rometer equal to 0",016. When it is produced in perfectly 
dry air, at this temperature and under the ordinary pressure 
of 0",76, its elastic force is added to this pressure, and it 
appears from experiment, that in fact the pressure of the 
mixture is 0,776, 

If it was possible, without liquefying unmixed vapour, to 
raise its tension from 0”,016 to 0,76, its density would, 
by the determination of M. Gay-Lussac, be to that of dry air, 
under the same pressure and at the same temperature, in the 
ratio of 10 to 16. 'Eherefore, in virtue of the law of Mariotte, 
the density of the vapour which has been taken for our example 
is 19.0915 ; that of air at the temperature of 18,75, and under 
the pressure of 0",76, being taken for unity(b’). Conse- 
quently, if r denote the weight of a litre of air, and rv’ that of 
a litre of vapour of water, we shall have 





v= u 


=a 
At the temperature zero, » would be equal to 1000 grammes 
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divided by 769,4 (No. 61); as the density of the air varies 
inversely as the volume, in order to obtain its value at the 
temperature of 18°,75, this quotient should be divided by 
1 + (18,75) (0,00375) ; hence it follows that 

p= 19,21433, 
and consequently(c’) 

p’ = 097,01597. 

The weight of a litre of vapour at the temperature of 18°,75, 
and at its maaimum of density, must also be that of the greatest 
quantity of vapour which a litre of air can contain at this tem- 
perature, whatever its density may be. Now, Saussure found, 
by direct experiment, that the weight of the greatest quantity 
of vapour which can be formed in a cubic foot of air, under 
the ordinary pressure of the atmosphere, and at the given 
temperature, is 10 grains; hence it follows, that it is 0,01346 
for the cube, one of whose sides is a deci-metre, which differs 
very little from the preceding result. Generally, if A de- 
notes the density of the dry air, A’ that of air charged with 
moisture, and a the tension of the vapour which it contains, 
we shall have (d’) 


a 
A= 5 (hat 38a); 


for any volume whatever of air charged with moisture such as 
a, will consist of an equal volume of dry air, the elastic force 


of which is reduced to h—a, and the density to : (h— a), 
added to an equal volume of vapour, the density of which will 
be equal to 12 743 consequently the sum of these two densities 


multiplied by a, will express the mass aa’ of the mixture; 
and by suppressing the common factor a, the preceding equa- 
tion will be obtained. This equation will enable us to deter- 
mine the weight of a given volume of air charged with mois- 
ture, when the weight of this volume of dry air at the same 
temperature, and the tension of the vapour contained in the air 
charged with moisture are given. The value of 8 of No. 625 
may be deduced from it by making 4 = 0”, 76, and assuming 
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that the temperature is zero, in which case, the maximum 
tension of the vapour of water is 0”, 00508. 

632. If the atmosphere which envelopes us did not exist, 
it would be replaced by knother atmosphere formed of the 
aqueous vapour which rises from the sea. The law of the 
densities of its strata, and its total height, would depend on 
the law of the temperature which would have place in this 
aqueous atmosphere, and which cannot by any possibility be 
known; but, whatever it may be, the entire weight of a verti- 
cal cylindrical column of this vapour, whose base is the unit of 
surface, will be always equal to the elastic force which belongs 
to its lowest point (No. 626); and when its density at this 
point attains its maximum, this force will only depend on the 
corresponding temperature(e'). Indeed, we are also ignorant 
what this temperature should he ; but there is reason to think 
that it would be much lower than that which has place now at 
the surface of the earth, since the fluid that would then be in 
contact with this surface should have a density considerably less 
than that of the ordinary air( 7”). For greater clearness, let the 
temperature in question be still 18°,75, then the weight of the 
aqueous vapour, the base of which is the square of the deci- 
metre, cannot exceed that of a prism of mercury which would 
have the same base, and 0,016 for height, that is to say, the 
weight of sixteen centiemes of a litre of mercury, or very 
nearly 2300 grammes. The weight of all the aqueous vapour 
which may be contained in a column of air of our atmosphere, 
depends on the law of the decrement of temperature in a ver- 
tical direction, and cannot be calculated ; but if the base of the 
column is the square of the decimetre, and the inferior tem- 
perature 18°,75, it is easy to be satisfied that this weight 
must exceed 2300 grammes, as is evident by considering that 
throughout all the part of this column, the temperature of 
which differs little from 18°,75, and untoa height where the 
pressure will not be reduced to 0,016, cach litre of air may 
contain about sixteen milligrammes of vapour. . 
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Thus the atmosphere which presses on the surface of the 
earth does not, as was formerly supposed, prevent liquids from 
being reduced into vapour, and thus dissipated into space; 
on the contrary, its presence permits vapours to exist above 
the earth, in greater abundance than if there was no atmos-, 
phere. 


CHAPTER VI. 


OF THE ELASTIC FORCE, AND HEAT OF GAS. 


633. Tux law of Mariotte obtains, as has been already 
stated (No. 622), on the supposition that the rarified or con- 
densed fluid has had time to revert to its primitive temperature. 
If this precaution is not taken, the temperatdre increases or 
diminishes with the density, and hence as the elastic force 
also varies in the combined ratio of the density and tempe- 
rature, it is easy to conceive that it must vary, for the same 
fluid, in a greater ratio than its density. When the fluid is 
contained in a vessel, whose sides are impermeable to heat, it 
retains all its caloric, while it is being condensed or dilated, 
and consequently, its temperature is accordingly increased or 
diminished. The same is the case whenever the variations of 
its density are so rapid, thut its proper heat has not time, in 
the case of condensation, to escape in a radiating form, or to 
communicate itself by contact to the surrounding bodies, and; 
in the case of dilatation, for these bodies to communicate to 
the fluid, by radiation or by contact, a sensible quantity of 
caloric. This is the supposition that is made for example, as 
will be explained in the sequel, relatively to the variations of 
density which have place in sonorous waves, the duration of 
which is only some thousandths of a second. 

In this question, and many others, it is important to know 
the expression of the elastic force of a gas in a function of the 
density and corresponding elevation or depression of the tem- 
peratures, when the quantity of heat of the fluid mass remains 
invariable. But in the present state of our knowledge, we have 
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blem; and in this chapter, it is proposed to geplaty wind 
up to the present time, we have been enabled to deduce from ~ 
the calculus and from experiment on this subject. . 
634, Let p be the density of a gas, 6 its temperature in + 
degrees of the centigrade thermometer, and p the pressure ~ 
which it exerts on each unit of the surface, or the measure of 


its clastic force, we shall have (No. 624) 
p=kp(1 + a6); Q) 

a and k being two coefficients independent of p and @, of which 
the first is the same for all gases, and equal to 0,00375, and 
the second must be given for each gas in particular. ° 

The absolute or entire quantity of heat contained ina given.’ 
weight of any body, as for example in a gramme, cannot be eal-. ., 
culated; it is considered as inexhaustible, and as extremely 
great relatively to the quantities by which it varies, when the’ 
density or temperature of this body is changed; anditis these 
variations, that is to say, the quantities which are added or sub- 
tracted#fhat are to be compared together, and submitted to cal- 
culation. Thus if g denotes the excess of the quantity of heat 
contained in the gramme of gas, which is considered, over that 
which this gramme contains, when the gas has any temperature 
and density whatever, as for example, the temperature zero, and 
the density corresponding to the ordinary pressure of 0,76, 
this quantity q will be a function of p, p, 9, or simply of p and 
p, since these three variables are connected together by the 
preceding equation. Therefore we shall have 


. q=S (Pp); : 
in which f denotes a function, the form of which it will. be 
our object to determine. The specific heat of this gramme 
of the fluid is the quantity of heat which should be com- 
municated to it in order to raise its temperature one de-, 
gree, or so to speak, the increment of q with respect to 0, 


the expression of which will therefore be a Now it may be 
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considered ‘under two different points of view, we may either 

“suppose the pressure p to be constant, and at the same time 
that the gas can dilate itself, or, we may assume that the volume 
is constant, and then suppose that the pressure p varies with 
thetemperature. In virtue of equation (1), we have 





- dp _ sap. 
. “ d9~ 1406’ 
when p is considered as constant, and(a) 
dp _ ap 
. . d?~ 1+a0 


when p is supposed to be invariable. If therefore the specific 
Keat of the gas under a constant pressure be denoted by c, and 
-its specific heat when the volume is constant by ec’, so that we 
may have 
dqdp, _ dq ap 
dp ae” ° = dpae’ 
there will result 


__ a »_ dq _ap ~ (2 
°= alta © = apie’? (2) 
and, consequently, 
aq dq _ . 
° ao + yp ap = 0, (3) 


in which y denotes the ratio of the two specific heats, that is to 
say(2), 


It is evident, a priori, that this ratio y must surpass unity, 
for more heat is required to increase the temperature of a gas, 
and at the same time to dilate its volume, than to increase its 
temperature by the same quantity, without increasing the dis- 
tance of the molecules from cach other(e). But the value of ¥ 
for different gases, and the manner in which it depends on the 
pressure and density, can only be determined by experiment. 
It will be shown immediately, that this value may be deduced 

VOL. il. 3u 
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from the increment of temperature, which takes place when a 
small condensation is made in the gas, without any loss of 
heat. 

635. Let the temperature of the gas be denoted as before 
by 0, and Iet 0+ be what it becomes when the density of 
the fluid has been increased, by a very sudden compression, in 
the ratio of | + 8 to unity; 8 being a very small fraction. If 
the loss of heat during the continuance of this compression had 
been insensible, w the increment of temperature corresponding 
to the very small condensation 8, would be the quantity which 
it is proposed to determine by the following experiment. 

For this purpose, let the gas be supposed to be the atmos- 
pherical air contained in a closed vessel, and let the pressure, 
the density, and temperature, be the same as without the ves- 
sel, where they are supposed to be represented by p, p, 8 
during the entire continuance of the observation, Let a 
small portion of the interior air be abstracted, and, when the 
remaining air has resumed its primitive temperature, let p/ 
and p’ denote its pressure and density ; if then the communi- 
cation with the exterior air be opened again, the pressure, 
density, and temperature will increase together ; so that after 
a very short portion of time, the interior pressure hecomes 
equal to that which has place outside; at this instant let the 
communication he again cut off, p” and 6 + w denoting the 
interior density and temperature ; finally, after the lapse of 
some time, thi§ increment of temperature w is dissipated, and 
thus the interior pressure diminishes and becomes p", without 
p" undergoing any variation. 

As the density of the interior air passes very rapidly from 
p’ to p", if 





and if the small quantity of heat which may be absorbed by 
the vessel, during the time of this passage, is not taken into 
account, the increment of temperature « will be that which 


OF THE ELASTIC FORCE AND HEAT O§ GAS. 515 
corresponds to the condensation 8, and is the quantity the 
value of which is required. The indication of a thermometer 
plunged in the interior air, would be too slow to make known 
this increase of temperature, as it only subsists for a very 
short time; but the value of w may be obtained from knowing 
the three pressures p, p’, p’, or from the three corresponding 
‘barometrical heights, which there is sufficient time to observe. 

In fact, there are two epochs in the experiment, which 
has been described, in which the same temperature @ corres- 
ponds to two different densities p’ and p”, and to two given 
pressures p’ and p’, Therefore, by the law of Mariotte, we 


have 
; i 
ep? 
and, consequently, 
gah. 
Sipe 


by means of which the condensation 8 can be determined. 
Moreover, there are also two epochs in which the same den- 
sity p” has place for the temperatures 0 + w and 6, under the 
pressures p and p". ‘Therefore by the law of clastic forces, 
when the densities are equal, we shall also have 


Pots 1 +a(0+) | 
pT? @) 





from which the value of w corresponding to the condensation 
6 can be obtained(d). 

In an experiment made by MM. Desormes and Clement, 
in which the change of the density from p’ to p" is effected in 
Jess than half a second, we have 

p= 0",7665,  p! = 0",7527,  p” = 0", 7629; 
which gives 
8 = 0,0133. 
We have also 6 = 12°, 5, and as a = 0,00375, we obtain 


from equation (4) 
w = 1°,3173; 
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from which it follows that for a condensation of 0,0133, with- 
out any loss of heat, the temperature of the air will increase 
by 1°,3173, or very nearly a degree for a condensation(e) 


0,01331 


2 1,3173 


= 0,0101. 
This increase of temperature may be also deduced from the 
velocity of sound; and in this way, the author found formerly 
that for a condensation of ;4,;, without any loss of heat, there 
was an increase of one degree; a result which does not dif- 
fer much from that which has been just cited. 

636. It now is easy to perceive that the expression of the 
ratio y of No. 634 is 


aw 
yal +aFs (5) 


In fact, if p and @, denoting as above the elastic force and 
temperature of any gas, the condensation 6 be supposed to be 
equivalent to that which the fluid experiences when its tem- 
perature is diminished by ever so small a quantity without 
changing the pressure, and if this small variation of tempera- 
ture be denoted by «, we shall have(/') 

aé 
$= Typo 

If the quantity of heat which should be communicated to a 
gramme of the gas that we are considering, in order to raise 
its temperature from 0—« to 9, without changing the pressure 
Pp, be denoted by I’, we shall also have, the specific heat at a 
constant pressure being c, 


T= ce 
After this communication of heat, if this fluid be suddenly 
compressed, so as to be reduced to its primitive volume, it 
will then experience the condensation 8; wand if it has not lost 
any portion of heat, its temperature being increased by w, 
will become 0-+-w. In this state, the pressure of the fluid 
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will be greater than p; but if, without changing the volume, 
the temperature is allowed to fall to @— ¢, this pressure 
will also be diminished, and become again equal top. During 
this depression, the gas will lose a quantity of heat propor- 
tional to the small diminution of temperature «++ w, and ex- 
pressed by e’(e-+ w), because c’ is its specific heat at a con- 
stant volume. Since the volume, the temperature. and the 
pressure are the same after this loss of heat as they were be- 
fore the quantity of heat I had been communicated to the 
fluid, the loss of heat c,(e +) must be equal tof; therefore 
we have 
cHe(e+u); 
from which we obtain 


fa o 
vege ltsi 


and it is evident, by substituting for 8 its preceding value, 
that this value of y coincides with that given in formula(5). 





tt 
637. If, in this formula,? P be substituted in place of 


8, and for w its value deduced from equation (4), we shall 
have ( iy 
—P')P 
val + Gay 

by means of which, the value of y, which results from the 
experiment described above, will be known, when the pres- 
sures p, p’, p”, or the corresponding barometrical heights, are 
given. 

By substituting the numerical values of p, p’, p”, cited 
above, we find 

y = 1,3482, 


for the value of the ratio of the two specific heats ¢ and c’, in 
the case of atmospherical air. 

MM. Gay-Lussac and Welter have obtained, by an analo- 

, gous process, a value for this ratio somewhat different, namely, 
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‘-y = 1,3748; 


and they have established, that this quantity is independent 
of the pressure and temperature of the air; so that in equa- 
tion (3) applied to this fluid, y may be regarded as a constant 
quantity. M. Dulong has found by a different process, for 
air perfectly dry, 
y = 1,421, 

anda value sensibly equal to this for both oxygen and hydrogen 
gas. But for other fluids, such as carbonic acid and the olefiant 
gas, this process, which will be pointed out in the sequel, 
furnishes very discordant values for y, and always less than 
the preceding, so that this ratio depends, in general, on the 
nature of the gas to which it refers. 

638. If y be considered as a constant quantity, the inte- 
gral of equation (3) of partial differences will be 


1=s(#); 


Jf denoting an arbitrary function, We shall have con- 
versely (g) 
P= p'$d 


and, on account of equation (1), 


_ 1 —l 1. 
O= =p" oy — 33 


¢ being the inverse function of /: 
If while the quantity g remains the same, p, p, 9 become 
vp’, p’, 0, we shall have in the same manner 
1 1 
a, | NC eEY Se yaa 
P= p'9G = Tp log — 35 
2 = 266,67, and in order that @ and @ may be degrees of the 


a 
centigrade thermometer, this factor of their expressions should 


be expressed in similar degrees. If ag be climinated be- 
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tween these last and the preceding equations, there will re- 


sult(h) ; 
va) 


Net (6) 
6’ = (266°, 67 +0) (e YT" —266°,67. | 

These equations (6) contain the laws of the elastic force 
and temperature of gases, which are cither compressed or di- 
lated without experiencing any variation in their quantity of 
heat; they depend on the sole hypothesis, that y the ratio of 
the two specifie heats does not vary, in the same fluid, with 
the pressure and temperature, which has been verified in the 
case of atmospherical air, by the experiments that have been 
cited in the preceding number. 

639. It is neecssary to make a second supposition in order 
to determine the arbitrary function / which oceurs in the 
value of g. The simplest is to assume, that under a con- 
stant pressure, a gas is dilated uniformly, for equal additions 
of the quantity of heat; which implies that the specific heat 
cis constant, when the increment of one degree of temper- 
ature, by which it is estimated (No. 634), is measured by an air 
thermometer. In this hypothesis, gy must be a linear function 
of 6; now, if in the function fthe value of p deduced from 
equation (1) be substituted, we obtain : 


l 
—#' 7 Et ‘ 
g=J | akp (t +0)]; 
consequently, we shall have 


er 
g=AtB (266°,67 + 0)p ; (7) 
aand B being quantities independent of p and @, and relative 
to the nature of the gas which is considered (2). 
By equations (2), we shall have 
wei may 
c=Bp , cal p 3 
Y 
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and, in order to know the spécifie heat under a constant pres- 
sure, or at a constant density under all pressures, it is sufficient 
if it be known under a determinate pressure. For example, ac- . 
cording to MM. Laroche and Berard, we have ¢ = 0,2669 for 
dry air under the pressure of 0",76, the specific heat of water 
being taken for unity, therefore, if the pressure corres- 
ponding to this barometrical height be denoted by IT, we shall 
have 


Vay 


. 0,2669 = BIT”; 
and likewise,. if A denotes the height of the barometer, ex- 
pressed in metres, which belongs to any pressure whatever 

h 


such as p, so that we may have Pe -——_., there will result 


Th 0", 78) 
from this (k) 
26\1-1 
= 0,269. (27), 
h 
and if this expression be divided by the constant y, the value 


of c' will be obtained. As this constant is greater than unity, 


the exponent 1 — 1 will be positive, consequently, the spe- 


cifie heat of a gramme of air will diminish, when its elastic 
force or the height h is increased. 

If the quantity of heat lost by a gramme of air when its 
temperature is depressed x degrees, without the elastic force 
undergoing any change, be denoted by m, we shall have (7) 


1 
int 
m = n(0,2669) (&*) Ee 


The weight of this volume of air, having the same pri- _ 
mitive temperature, but under a pressure measured by the 
barometrical height A’, will be increased in the ratio of h’ to h. 
Therefore, if m’ be the quantity of heat lost by this same 
volume under the pressure f’, when the depression of tempe- 
rature is the same as before, namely, # degrees, we shall have 
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his : 


7 y 


1h 
m= =" (0,269) ( 


from which there results, : 
’ 


m _ (HF 
m—\hi? 


‘for the ratio of the quantities of heat lost by the same volume 
of air, under different pressures. 

In a case in which 

i= 1",0058, hk = 0",7405, 

MM. Laroche and Berard have found, by taking the mean of 
two observations, 

m! 

>= 1, 2396 ; 
the formula gives for these values of h and h’, and by making 
ym 1,421, 

m= 1,2405, 
‘which does not differ sensibly from the result of experiment. 

640. In order to be able to apply formula (7) to the vapour 
of water, it is necessary to suppose 

Ist, That when a gramme of vapour is formed, which re- 
mains unchanged, so that as none of it is precipitated, neither 
is it inereased by additional vapour, the ratio denoted by ys 
of its specific heat at a constant pressure, to its specific heat 
under a constant volume, does not change with the temper- 
ature and density. 

2ndly. That the quantity of heat necessary to raise the 
temperature of this gramme of vapour, by any number what- 
ever of degrees, either under a constant pressure, or under an 
invariable volume, is proportional to this number, the tem- 
perature being marked by an air thermometer. 

This being established, if ¢ represents the quantity of heat 
necessary to convert into vapour, ander the barometrical pres- 
sure of 0”",76, and at a temperature of 100°, a gramme of 
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water, the primitive temperature of which was zero: and if g 
denotes the quantity of heat which is requisite to vaporize this 
same gramme of water, and to raise the vapour to the tempe- 
rature @, under any pressure whatever such as p; and finally, if 
c¢ denotes the specifie heat of the vapour of water under the 
constant pressure of 0",76, and if in equation (7), the pres- 
sure p be replaced by the barometrical height that measures 
it, and which we shall denote by ’, this formula must give 


q = c, when h = 0",76, and @ = 100°, and a = ¢, whey 
h = 0",76. Now if by means of these conditions, a and pn, 


the two arbitrary constants which it contains, be determined, 
this equation becomes(m) 
0", 76\5 acne ge 
game + ¢[(266°, 67 +4) (“78) — 366°, 67]. (8) 

It were much to be wished, that the degree of accuracy of 
which this formula is susceptible, was verified by experiment, 
and that the three constants c,¢, y, which it contains, were 
precisely determined. If the specific heat of a gramme of water 
at the temperature zero, be taken for the unit, we have 

c= 550; 
¢ being the mean of the values of this quantity, which have 
been obtained hy different philosophers. At the same time, 
there results from an experiment, which it must be admitted 
is far from being conclusive, and which ought therefore be 
repeated, 
ec = 0,847. 

With respect. to the value of y, as yet, it is altogether 
unknown. 

641. Whether p the density of the vapour of water cor- 
responding to the pressure p and the temperature 6, has at- 
tained its maximum, or is below this point, equation (1) 
which is applicable both to vapours and permanent gases, will 
always make known the value of p, when those of p and @ are 
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given. If p be the density at the temperature of 100°, and - 
under the ordinary presure, of 0”, 76, and if A, as before, be the 
barometrical height which is produced by p, we obtain from 
this equation (2) (7) 
— Dk 366°, 67 
O= 0", 76° 266,67 +0" 
As the weight of a litre of dry air, at the temperature 
zero, and under the pressure of 0,76, is 19", 21433 (No. 631), 
721433 

it will become ak Ah or 09",883, at the temperature of 

3998 
100°(0); and the weight of a litre of vapour of water at the 
same temperature and under the same pressure, will be 
+2.(0,883), or 09",55; consequently, we shall have(p) 


0 op ney. va 2019", 66 
7p 055) = On 76 266,67 4.0" 


for the weight of a volume v of vapour, at the temperature 0, 
and under any pressure whatever such as h. Therefore, if v 
denotes the quantity of heat necessary to produce this weight of 
vapour, the water being originally at the temperature zero, v 
will be the product of this number of grammes, and of ¢ the 
quantity given by formula (8); so that we shall have 


y = lg 2019", 66 
~ 0", 76" 266,67 + 0° 


The unit to which the quantity v should be referred, is the 
quantity of heat required to raise the temperature of a gramme 
of water one degree from zero ; and we know that this unit is 
equal to seventy-five times the quantity of heat which should 
be employed in order to melt a gramme of ice at the temper- 
ature zero, without raising this temperature. 

Different observations have induced several philosphers to 
think, that when the vapour of water has attained to the ma2é- 
mum of density corresponding to its temperature, the quantity 
of heat denoted by g varies no longer with this temperature. 


. a 
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This is the state in whisk this fluid is employed in steam 
engines ; the ratio of v the quantity of heat produced to its 
tension*h, will be therefore then, every thing else being 
the same, the reciprocal of 266°,67+ 0; consequently, the 
ratio of the consumption of heat to the effort made on the 
piston, the measure of which is A, will diminish when the 
temperature becomes greater, and this ratio will be less in : 
engines of high pressure. But the economy of fuel which 
should result in their favour from these considerations, is 
very far from corresponding to that which seems to be pointed 
out by experiment; and these engines are certainly indebted 
to other circumstances for the superiority which they pos- 
sess. 

642. Let the part of the vertical cylinder ancp (fig. 53) 
which is comprised between rr the surface of the water, and 
ex the base of the piston, be supposed to be filled with the 
vapour of water at its maximum of density, corresponding to 0, 
which is the temperature of this vapour, of the water that is 
beneath it, as also of the cylinder and of the piston. In this 
state, ifthe elastic force of the vapour is in equilibrio with the 
weight of the piston, so that denoting this force hy p, this 
weight by p (the external pressure which the piston sustains 
being comprised under r), and by A the area of its horizontal 
base, we shall have 

P= dp. 

If the weight p be increased until it becomes r +n, the 
piston will deseend, and the space occupied by the vapour 
will diminish ; but as it is supposed to have attained its mazi- 
mum of density, a part of it will be liquefied ; and if the tem- 
perature @ be invariable, the pressure p will be so likewise(¢). 
Indeed, in the first instant of the compression, the temperature 
6 will increase, so that the liquefaction cannot take place 
immediately, and thus p the pressure may increase. But if the 
motion of the piston is not very rapid, this increase of tempe- 
rature will disappear before the displacement of this moveable 
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is appreciable, so that @ and p may be considered as constant 
during the entire ofits motion. It should be also observed, that 
the condensation of the fluid, by which it is reduced 6 water, 
and which is produced immediately at cu the upper part in con- 
tact with the piston, is transmitted as far as Er, in an extremely 
short portion of time, during which the displacement of the pis- 
ton is insensible ; hence it follows that during the descent of the 
piston, the density of the fluid is sensibly the same through 
the entire height. This being the case, the motive force of 
this body will be constant and equal to the excess of p + 1 
over Ap or to 1; consequently, if the friction against the sides 
of the cylinder, is not taken into account, its motion will 
be uniformly accelerated ; in like manner, if the motion com- 
municated to the vapour be not taken into account, that is to 
say, if its mass relatively to that of the weight 0 be neglected, 
the accelerating force of this motion will be the weight dimi- 
nished in the ratio of n tov + 1, Therefore, if the height of 
Gu above EF be denoted by é, the value of the living force, 
produced by the entire descent of the piston, will be 2nd. 

If the piston being first stopped at ci, the temperature of 
the inferior water is then suddenly depressed, so as to become 
equal to 6’, which is less than @, the stratum of vapour in 
contact with er will be liquefied by the cold, and will be re- 
placed by another stratum, which will in like manner be 
liquefied; and if the quantity of water is so considerable, that 
these successive strata of vapour do not cause any sensible 
variation in its temperature, the liquefaction will continue 
until the entire mass of vapour attains the elastie force p’, 
which corresponds to the temperature 6’, and to its maximum 
of density, relative to this temperature. However, neither 
the temperature of the column of vapour nor the density will 
be the same throughout its entire height ; and it would be an 
interesting problem to determine the laws of its temperature 
and density, when the temperatures at its two extremities are 
constantly @ and 6’, the density of each stratum being consi- 
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dered to be such a function of its temperature, that the elastic 
force may be constant and equal to p’. This constancy of 
pressure throughout the entire height of the column of yapour 
is evidently the condition of the equilibrium of its successive 
strata; and when the equilibrium is established, it is equally 
evident that the value of the constant pressure cannot be greater 
than that which corresponds to the least of the two tempera- 
tures § and 6’, while it may be less than the elastic force which 
corresponds to the greater. In fine, it appears from experi- 
ment that the vapour attains, in an extremely short interval 
of time, to the state of equilibrium in question; so that if 
aqucous vapour, at its maatmum of density and pressure, is 
contained in a closed vessel, whose sides have attained to its 
temperature; and if the temperature of a portion of these 
sides is then unequally depressed, one part of the vapour will 
be liquefied, and the remaining portion will acquire, with very 
great rapidity, the maximum elastic force which corresponds 
to the least temperature. 

This being established, when the piston is no longer re- 
tained, it will descend, and it is evident, as in the preceding 
case, that its motion will be uniformly accelerated, its motive 
force being equal to rp —)p’ or A(p—p’), its accelerating 
foree will be equal to the weight multiplied by the ratio 
pop’ 





, and, finally, the living foree produced throu, hout the en- 


tire descent is 2A (p—p’)/. When the piston has arrived at er, 
if the temperature of the inferior liquid be raised, and if this li- 
quid be converted into vapour, the constant pressure of which on 
the base of the piston is greater than the weight of this body, 
it will ascend with a motion uniformly accelerated; and the 
living force that is produced when it has traversed a length 0’, 
is equal to twice / multiplied by the excess of this pressure 
over this weight, it being understood always that the friction 
is not taken into account. 

It is by considerations such as these that the living force 
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due to the descent or ascent of the piston in steam engines is 
calculated. This force is then distributed through the sys- 
tem to which the engine is “applied, and is partly destroyed 
by the frictions, and partly employed to produce an useful 
effect. The caleulation would be different, if the density of 
the vapour contained in the body of the pump had not reached 
its maximum, this is, in fact, what happens during what is 
termed the detente of the vapour, that is to say, during the 
time the communication of this fluid with the boiler is sus- 
pended, when the vapour is dilated, without any new addition 
being made to it; the motion of the piston is then that which 
has been considered in No. 358; and it appears from the fol- 
lowing number 359, that the living force produced, during the 


- 
time it traverses any given length, is equal to 2pv log, v 


denoting the primitive volume of the fluid, and p and p’ its 
elastic forces at the beginning and end of the motion. 

643. It only now remains for us to consider the elastic 
forces and quantities of heat of the mixtures of several gases, 
compared with those of these fluids. 

If two different gases, whose volumes are a and a’, have 
the same temperature 9, and, being subjected to the same pres- 
sure p, are then superimposed in a closed vessel, the capacity 
of which is a +- a’, it is evident that they may continue thus in 
equilibrio, since they have the same temperature, and exert, 
the one against the other, the same pressure; but it appears 
from experiment that this equilibrium is not stable, for these 
two fluids gradually penetrate one another's dimensions, until 
they are perfectly mixed together ; experiment also shows that, 
in this operation, there is neither any variation of temperature, 
nor any loss or absorption of heat; so that after a certain time, 
which is different for different fluids, we have a homogeneous 
mixture, in which the proportion of the two gases is every 
where the same throughout, and of which the temperature and 
elastic force are always 8 and p. From these facts, which are 
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established by observation, another result may be inferred, 
which is also verified by experiment. 

If two gases mixed together occupy a volume »v at the 
temperature 9, and if p and p’ denote the pressuregon the 
unit of surface, which these two gases separately sustain at the 
same temperature, and under this volume v, ihe elastic force of 
the mixture will be p +p’. In fact, if we suppose, first, that 
the two gases are separated, and that p’> p, then if the gas. 
subjected to the pressure p’ is dilated, without any change 
being made in its temperature, so that its elastic force may b® 
reduced to p, its volume will, by the law of Mariotte, be 


/ 
*P ; if then, the two gases be superimposed in a closed vessel, 


the capacity of which is v 4+ et or 2 (p +p’); these gases 
will, by what has been just stated, Pie without undergoing 
any change of temperature; and there will result a homo- 
gencous mixture at 2 tempesature 6, and under the pressure p. 
Now, as the law of Mariotte is applicable to mixtures as well 
as to simple gases, if this mixture be compressed, without 


changing the temperature, until its volume Z (p + p’) is re- 


duced to v; its elastic force p will become p +p’; which it 
was proposed to demonstrate(7). The same principle like- 
wise obtains for three or any greater number of gases, and for 
a mixture of gas and vapours; the pressure of the mixture is 
always the sum of the pressures which these fluids would se- 
parately sustain, at the same temperature and under the same 
volume as the mixture. 

644, Let 2 and w’ be the actual numbers of grammes of 
the two gases mixed together, and filling the volume v at the 
temperature 0, and under the pressure p; and let cand c’ de- 
note the specific heats of a gramme of these gases under a 
constant pressure cqual to p, and ec” the specific heat of a 
gramme of the mixture under the same pressure, we shall 


have 
(n+ ne! ne tne’. (9) 
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In fact, if the two gases, instead of being perfectly mixed 
together, were only superimposed, so that they might occupy 
a and a’ separate portions ef the volume v; by what has been 
just stated, the quantity of heat will be the same in the two 
grises when separate, and when mixed together ; also this equa- 
lity of heat will stilf subsist, if @, the common temperature of the 
two gases and of the mixture, be respectively inereased by one 
degree. Now, it is necessary, in order to effect thig increase, 
to communicate a quantity (x + 2’)c” of heat to the mixture, 
and the quantities xe and xc’ to the two gases, p the pressure 
heing supposed to remain the same. Therefore the. first quan- 
tity must be equal to the sum of the two others, this gives 
equation (9), which may be extended without difficulty to any 
number whatever of elastic fluids. By means of it, the specific 
heat of a mixture is known, when those of all the gases or 
vapours which compose it, and the proportions of these fluids, 
are given; conversely, it may be made use of to determine the 
specific heat of one of the components, when those of all the 
others and of the mixture are known ; and it may be observed, 
that they do not imply that the specific heats of the mixed 
gases are independent of their common tempcrature. 

We might, instead of considering the specific heats ¢, c’, e 
of the gases and of the mixture under a constant pressure, 
consider, in the same manner, their specific heats under a con- 

" stant volume; and if they are represented by ¢, ¢,/, ¢/’, an 
equation similar to the preceding will be obtained, namely, 


(n+ no", = ne, + a'e,. (10) 


Now, if we make 





there will result from equations (9) and (10) (s) 


ees ttpt 
a hye, be y'e' | aT) 
Y= ne pace)? 

‘ < 
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by means of which equation, y” the ratio relative to the mix- 
ture will be known, when the similar quantities y and 7’, and 
the values of c, and ¢/, are known, for the two mixed gases. — 
Whether the value of y relative to dry air, be taken equal to 
1,375, or 1,421 (No. 637), and whatever may be the un- 
known value of y’ which corresponds to the vapour of water, 
the value of y” in ordinary air, will differ little from y, be- 
cause the proportion of vapour which this air contains is incon- 
siderable. 

It appears from No, 639, that if the raties y and y’ are 
independent of the pressure p, but different for the two gases, 
the quantities ¢, and ¢/ will be expressed by unequal powers 
of p; hence it results, in virtue of equation (11), that y” the 
ratio of the mixture, cannot be also independent of the pres- 
sure, Consequently, the hypothesis of the invariability of 
the ratio of the specific heat of the same fluid under a constant 
pressure, to its specific heat under a constant volume, and the 
formule which have been deduced from them, cannot apply at 
the same time to simple gases, for which this ratio is not the 
same, and to their mixtures in any proportion whatever; and 
if, in the experiments made on air subjected to different pres- 
sures (No. 637), this ratio has appeared to be constant, the 
reason is, that it is sensibly the same for air and oxygen, and, 
consequently also, for the oxygen and azote, or nitrogen, of 
which the air is composed. 


BOOK THE SIXTH. 


WYDRODYNAMICS. 


CHAPTER I. 
GENERAL EQUATIONS OF THE MOTION OF FLUIDS. 


645. Tue cquations of the equilibrium of fluids which 
were established in No. 582, are founded on the characteristic 
property which is common to liquids and aeriform fluids, of 
transmitting equally in every direction the pressures applied 
to their surface, and of exercising about each point of their 
mass, in virtue of the molecular action, equal pressures in 
every direction. This property arises, as has been already 
stated (No. 576), from the circumstance that the molecules of 
a fluid that has been compressed or dilated reverts very 
promptly to an arrangement similar to that which they pre- 
viously had about any point whatever, so that after its com- 
pression or dilatation, a fluid is a system of material points 
“similar to what it was before, but constituted on a greater or 
less scale. The time which it takes to return to such a similar 
state has no influence on the laws of equilibrium, which does 
not take place until this time is lapsed; but, however short 
this interval may be, it is easy to conceive that it can influence 
the laws of their motion, especially in the case in which the 
vibrations of the fluid molecules are performed with great ra- 
pidity ; so that the principle of the equality of pressure in all 
directions, though applicable in the case of hydrostatics, or 
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the equilibrium of fluids, is not always so to hydrodynamics, 
that is to say, to the part of mechanies which treats of the 
motion of fluids. 

A corresponding difference between the state of equilibrium 
and the state of motion, relatively to the law of Mariotte, was 
long since remarked by Laplace. According to this law, it 
is necessary that the temperature of the fluid should become 
the same after the pressure, as it was before; and the principle 
of the equality of pressure in all directions supposes also, that 
the molecules of a fluid have had time to revert to a relative 
arrangement similar to their original one. ‘This law has not 
place, or it ought to be modified, in those extremely rapid vi- 
brations of gas, in which the primitive temperature has not had 
time to reestablish itself; and, in like manner, the principle of 
the equality of pressure in all directions is not rigorously and 
always applicable to the motions of liquids and aeriform fluids. 
The influence of this modification of the law of Mariotte, has 
been observed in the velocity of the propagation of sound; 
and there are, doubtless, also phenomena of the motion of 
fluids, which, in general, depend on the circumstance that the 
pressure in all directions, resulting from the cause that has been 
adverted to, is not perfectly equal. In consequence of this 
circumstance, terms are introduced into the general equations 
of the motion of fluids, which cannot be deduced from their 
equations of equilibrium, The author took these into account 
in the memoir already cited, (No. 576), and he intended in 
another treatise to revert to the consideration of this important 
question. But in the present work he assumes, agreeably to 
the method which is commonly pursued, that the property 
of pressing equally in every direction, is applicable to the 
state of equilibrium and also to the state of motion. On this 
hypothesis, the equations of hydrostatics which are founded 
on this property, may be extended at once to hydrodynamics, 
by means of the principle of D’Alembert, which is applicable 
to all possible systems of material points. 
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646, Let the fluid mass ancp (fig. 36), of which the equa- 
tions of equilibrium have been already determined, be again 
considered ; and let it now be supposed to be in motion, and 
that all the notations of No. 581 refer to the end of ¢ any time 
whatever, reckoned from the commencement of this motion, 
Thus let 2, y, z, be the coordinates of dm any element what- 
ever, ofa fluid mass, whether homogeneous or heterogeneous, 
liquid or acriform, at the end of the time ¢; let p denote the 
density of the fluid in this point and at this instant, and xd, 
ydm, zdm, the components of the motive force of dm, parallel 
to the axes of #, y, 2, at this same instant. The quantities 
X, ¥, % will be given functions of x, y, z, when they arise from 
attractions or repulsions, which emanate from fixed centres; 
these given functions will contain the time explicitly, when 
the centres of these forces are in motion. When these points 
are those of the fluid, x, y, z will be functions of 2, y, z, ¢, 
which depend on its figure at each instant, and on the law of 
the densities in its interior. 

‘The coordinates 2, y, z will vary with the time; they will 
also vary from one point to another of the fluid; and if their 
initial values, that is to say, the coordinates of the point of 
space which the element dm occupies at the commencement of 
the motion, be denoted by 2’, y’, 2’; then a, y, z, the coordi- 
nates of this same element at the end of the time ¢, will be un- 
known functions of 2’, y’, 2’, ¢; so that the complete solution 
of the problem will consist in determining these three functions 
of the four independent variables, 

If the components parallel to the axes ox, oy, oz, of the 
velocity with which the element diz is actuated at the end of 
the time #, be denoted by x, v, w, we shall have 


dz dy dz 
we Ue “=a QQ) 


c= 


wu, 0, « may be considered as unknown functions cither of 
6.0, yy 2. or of f, ayy’, 25 it is under this second point of view 
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that the author proposes to consider these three quantities at 
present(a); and then in order to obtain their increments in 
the interval dt, they should be differenced with respect to ¢ and 
the coordinates x, y, z. Now if g denotes any function what- 
ever of ¢, x, y, z, and q’d¢ its differential taken with respect to 
t, and the variables x, y, z, considered as functions of ¢, we 
shall have by the known rule for the differentiation of functions 
dq , dq dx , dy dy , dq dz 
q’=dt + de’ dt * dy dt dz dt 





or, by considering equations (1), 
| 


a whe dq 


dy dz 


Ji 
ath pustee (2) 


Therefore, if the increments of uw, v, «, be denoted by wdt, 
r'dt, w'dt, we shall have 


du vt du 

v= tat dy + ae 
7 . ly 

: at u art 
dw ye du 
we aE a tay tae 


and, in this manner, it appears that the components of the 
velocity of the same element diz, in the two positions which it 
successively occupies, will be u,v, w, and u + w'dt, v + v'dé, 
w 4 w'dt. 

If the fluid be homogeneous and incompressible, the den- 
sity p will bea given constant ; in the case of a heterogeneous 
Uquid, the density p corresponding to a determinate element 
dm, will be a given function of its three initial coordinates, 
w, y’, 2's and finally, if the fluid is compressible, this density 
p will be an unknown function of ¢, 2’, y’, 2’, the initial value 
of which will be solely given. With the exception of the case 
in which p is constant, this density relative to the position of 
din at the end of the time ¢, must be always considered as an 
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unknown function of #,y,2,¢. Hence, if its increment during 
the instant dé be denoted by p‘dt, we shall have by formula (2), 
_dp , dp. dp dp . 
p= dit ag tay te de 
and in the case of an incompressible fluid, whether homo- 
geneous or heterogeneous, this value of p’ must become zero. 
647. The components of the force lost by the element dm 
during the instant dt, will be 


(x—w)dm, (v—v)dm, (2 - w) din; 


therefore, if x — wv’, y — v’, z ~ w’, be substituted in place of 
x, y, 2, in equations (2) of No. 582, there will result the three 
following equations of its motion : 
Pao(x—w) Hapo—v), Pape, 

p being the pressure on the unit of surface, that has place at 
the end of the time é, at the point, whose coordinates are 
2,y, 2, which pressure is supposed to be the same in all di- 
rections, 

If this point appertains to a fixed side of the vessel, p will 
express the normal pressure that this surface must sustain, and 
which must be destroyed by its resistance. If this point exists 
on the free surface of a liquid, we should have p = 0, or 
more generally, dp = 0, so that the differential equation of 
the free surface of the liquid in motion, will be(d) 

(x—w) de + (x — v')dy4+(2—w')dz = 0. 

By what has been remarked in 585, the value of p when 
it is determined, should be constantly positive in the interior of 
this liquid, unless the parts of the fluid mass separate during 
the motion, in which case it will be negative in one point of 
the side of separation, this can only have place in the case 
of a liquid, and as then this surface is no longer pressed 
from without inwards, the parts of the liquid will be separated. 
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By means of the values of w’, v’, 2’, the preceding equations 


become 
lap _ < du yt du e du 
pdx dt dx dy dz? 
ldp ~ dv dv dv “i dv 
pdy dt dx dy dz’ 
ldp e dw dw du i dw 
pdz~ "dt dx dy dz" 

















; 
| 
(3) 
| 


As the quantity p which it contains is, as well as each of 
the velocities «u,v, w, an unknown function of 2, y,2,¢, a 
fourth equation is necessary, when the quantity p is a given 
constant, and, in the general case, in which this quantity is 
also an unknown function of 2, y, 2, ¢, do additional equa- 
tions are necessary. ‘hese equations can be obtained in the 
following manner. 

648. Each of the elements, such as dm, will change its 
form during the instant dé, and it will also change its volume, 
if the fluid is compressible; but as the mass must always re- 
main the same, it follows, that the product of its volume at 
the end of the time ¢ + df, and of its density p + p/dt, which 
corresponds to the same instant, must be the same as at the 
end of the time ¢, consequently, the variation of this product 
in the instant dé, will be equal to zero; this will furnish a new 
general equation of motion. 

In order to obtain it, let us consider the rectangular pa- 
rallellopiped, whose volume is dr.dy.dz, at the end of the 
time ¢, and what will be the form of this element of the fluid 
at the end of the time ¢-+ dé, Let m (fig. 54) be the summit 
of this parallellopiped, which corresponds to the coordinates 
x,y, 23 likewise let wa, arp, wc be the three sides adjacent to 
this summit, and respectively parallel to the axes oz, oy, oz, 
so that we may have 


MAzde, MB=a=dy, Mc= dv; 


now if D, E, F, & be the four other summits, and if, during the 
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instant dt, the eight points M, a, B, C, D, E, F, G are transferred 
tom’, a’, B’, c’,D’, BE’, ¥’, a’; then the polyhedron, of which these 
last points are the summits, will be an oblique angled paral- 
lellopiped ; this can be shown to be the case, by determining 
and comparing together the lengths of its twelve sides m’a’, 
MB’, &e. 

As x, y,2z, the coordinates of the point m become 

atudt, ytordt, z+ wdt, 

at the end of the instant dz, these quantities are the coordi- 
nates of the point m’; those of any other summit may be de- 
duced from them, by substituting the primitive coordinates of 
this summit for 2, y, 2; thus the coordinates of c’ will be ob- 
tained by retaining x and y, and substituting for z, z 4- dz, 
since a, y,x+dz are the coordinates of c. In this manner, 
the coordinates of ¢’ will be 


wv udt + aM edt, 
y+ vdt + asd, 
dw 
z+-dz+ wdt + 7 dzdt; 
and from a comparison of them with those of m’, we infer (c) 
nto! 4/ C “Ya de 4 @ Vasa 4 (ae + o azat) ; 
dz 

therefore, by extracting the square root, and neglecting infi- 


nitely small quantities of the third and higher orders, we 
obtain 





dw 
tol —_ 
m’c/= dz +z dzdt. 


The coordinates of p’ may be obtained from those of m’, 
and the coordinates of c’ from those of c’, by substituting 
w+ da and y + dy in place of x and y; consequently, the length 
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of the side p’c’ may be obtained in the same manner from that 
of the side m’c’; and it gives 


fo'adz+ & ae dt+ 7 ae “ide de dt-+ aE dydzdt ; 


therefore, if the two last terms which are of the third order, 
be neglected, the value of v’c/ will be the same as that of m’c’. 
In the same manner it may be proved, that the sides a’n’ and 
p’r’ are equal to the side m’c’, when quantities of the third 
order are neglected, so that we shall have 


M’c’ = A’s/ = B’F/ = D’G’. 
If ¢ be changed into y, and w into », in the value of m’c’, 
it will become that of ‘a’, namely, 


MB’ = dy ta ae Fae 


In like manner, by changing z into x and w into u, we 
shall have the value of m‘a’, which will be 


du 
M’A/= dx *ae <dedts 
and we shall also find 
M’B/= A/pD/= C’F/= B'G’, 


M/a/= B/D’ = c'E/= FG’. 


It appears, therefore, that the sides which are equal in the 
primitive parailellopiped, continue to be equal after its change 
of form ; and the parallelism of the sides is a consequence of 
their equality ; hence the element of volume, which has been 
considered, retains at the end of dé, the form of a parallello- 
piped, which, however, is not rectangular, as at the com- 
mencement of this instant. 

The volume of this paraltlellopiped will be obtained by 
multiplying one of its faces, for example, the face m‘a’p’s’ by 
c’p’, the perpendicular let fall from the point c’ on this face ; 
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the area of the parallellogram m‘a’p‘n’ is equal to the product. 
of its two sides m‘a’ and m’s’, multiplied into the sine of the 
angle a’m’s’; and the perpendicular c’r’ is equal to the side 
c’m’ multiplied by the sine of the angle c’m’p’; consequently, 
the value of the volume of the new parallellopiped will be 


M/a‘. M’B’, m/c’, sin a’M’B’. sin C’M’P’, 


But, as the angles a/n’b’, and c’m’p’, were right angles in 
the original parallellopiped, each of them will now differ from 
aright angle only by an infinitely small quantity, therefore, 
the sine of each of these angles will only differ from unity by 
an infinitely small quantity of the second order; consequently, 
if infinitely small quantities of the fifth order be neglected, we 
should make sin a/m’p’ = 1, and sin c’m’p’ = 1d), in the pre- 
ceding product ; by which means it is reduced to 

M/A’, M/B'.M’C’. 
Therefore, if for each of the factors, its preceding value be 
substituted, and then the multiplication be performed, this 


product will be, by neglecting infinitely small quantities of 
the fifth order(e), 


du dv dw 
(i + Fdtt Fate dt) dedy dz. 


This, therefore, is the value, at the end of the time 
t+dt, of the volume which was dxdydz at the end of the 
time é. The density p becomes, at the same time, pt pdt; 
therefore, ifafter this volume is multiplied by p+ p’dé, the pri- 
mitive mass pdx dydz be taken from the product, the remainder 
will be the variation of this mass during the instant dt, and 
as this variation should be cipher, there results the equation 


: (& dv =) ¥ 
PTAG + dy tae) =” 
infinitely small quantities of the fifth order being neglected as 
before, and the factor dédzdydz, which is common to all the 
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terms, being suppressed. Consequently, if for p’ its value 
givenin the preceding number be substituted, there will result 
by concinnating 
d.pu | d.pv , dpw 

da + dy + - =0, (4) 
which will be the fourth equation of the motion that it was 
proposed to form. 


dp 
ait 





649, This equation is common to liquids and to aeriform 
fluids ; but as the quantity p’ is cipher, in the case of incom- 
pressible liquids, this equation naturally divides itself into the 
two following : , 


dp , dp , dp, dp _ 
at iat ateat” : 
du, dv | dw_ ; (4) 


ae tytet S 

By means of these and of the three equations (3), we shall 
have a number of equations equal to that of the five unknown 
quantities p, p, u, v, w, which they ought to determine 
in functions of a, y, z, ¢. When the liquid is homogeneous, 
the density p is a given constant; this reduces the unknown ; 
quantities to four, and at the same time causes the first equa- 
tion (5) to disappear. 

In the case of elastic fluids also, there are only four equa~ 
tions, namely, equations (3) and (4) ; but as then the density is 
connected with the pressure, the two unknown quantities p 
and p are reduced to one. If the temperature be supposed to 
be the same throughout the entire mass ef the fluid in the 
state of rest, the dilatations or compressions ef the elements 
of this fluid, which take place during its motion, will cause 
this temperature to vary, so that the pressure p will be no 
longer proportional to the density p, in the state of motion, 
as it is in the state of equilibrium. It will be shewn in the 
sequel, how we should take this circumstance into account, 
when the motion is very rapid; at preseat we shall assume that 
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the motion is too stow to have any sensible influence, so that 
the expresssion of p in a function of p may be that which 
agrees to the state of equilibrium, namely (No. 624), 


p= itkp (14 af); (6) 
in which @ denotes the temperature common to all the points of 
the fluid, a the coefficient 0,00375, of the dilatation of gases, 
k a constant which depends on the nature of the fluid in 
question. 

When the values of p,p, u,v, w shall have been determined, 
either by means of the five equations (3) and {5), or by the five 
equations (3), (4), (6), we can deduce from them the values of 
x,y,z, in functions of ¢, and of their initial values 2’, 7’, 2’, 
by means of equations (1). The integrals of all these equa- 
tions of partial differences will contain arbitrary functions, 
which must*be determined by the initial state of the fluid, and 
by means of certain conditions relative to its surface, which 
will be considered farther on. 

650. When the temperature is not the same, at the origin 
of the motion, throughout the entire fluid mass, it varies then 
from one point to another, and, for the same point, from one 
instant to another, so that if the temperature, which cor- 
responds to the points of which 2, y, z, are the coordinates, 
at the end of the time ¢, be denoted by 0, this quantity 6 
is an unknown function of ¢, x, y, z, and in order to determine 
it, besides the preceding equations, an additional one is re- 
quired. This equation will be different in the two cases of a 
liquid, and of an aeriform fluid, which we now proceed to 
consider successively. 

Ist. Let ts suppose that the question is respecting a ho- 
mogeneous liquid, water for example ; then as the temperature 
6 varies from one point to another, the density ‘p will also 
vary, and will be a determinate function of @, which we shall 
denote by /@; the manner of determining the form of this 
function, is*given in the Traité de Physique de M.. Biot, 
tom. 1, chapter xi. The quantity p’ will be no Jonger cipher, 
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neither will equation (4) be decomposable ‘into. the two equa- 
tions (5). The specific heat of the liquid and the measure of 
its conductibility will be also determinate functions of 6; but 
if the communication of heat in the interior of the water be 
supposed to take place as in a solid body, by radiation to 
an insensible distance, the equation relative ¢o the motion 
of heat in a heterogeneous body, which the author de- 
termined in the Journal d@Ecole Polyteehnique, No. 19, 
page 87, will be applicable to the mass of water that is 
considered ; for it makes known the instantaneous increment 
of temperature, which has place in any point whatever*of a 
body, in which the specific heat and conductibility vary arbi- 
trarily from one point to another; and from the manner in 
which it has been formed, it appears that the heat depends 
neither on the motion of the material point in question, nor 
on the motion of the surrounding points. Thus, if the incre- 
ment of @ during the instant d¢ be denoted by 6’dt, we shall 


have(f’) 


ane ane. ane 
le dy BZ dz? (@) 


in which equation, we assume, as in formula (2), that 


v= out Tt wi, 

and in which g and / are functions of 0, that denote respectively 
the specific heat relative to the unit of mass,-and the measure 
of the conductibility. As each of these functions is supposed to 
be known, aftd also 0, the number of equations (3), (4), 
will be the same as that of the unknown quantities 0, p, u,v, , 
which they contain. In the case of a heterogeneous liquid, 
the three quantities, p, g, A, relative to the point of its mass, 
the coordinates of which are a, y, z, will depend on the tem- 
perature 0, and the matter of the fluid in this peint, and they 
will be consequently given functions of 0, and of'z’, y’, z’, the 
initial coordinates of this same point. 
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2ndly. Ifthe fluid in question is a mass of air, or any gas 
whatever, of which @ the temperature varies from one point to 
another, and if, in the state of motion, the temperature is « 
always suppoted to be ‘proportional to the density, as in the 
preceding number, equation (6) will always have place; but . 
equation (7) will no longer subsist, fr it is founded on the 
supposition, that the communication of heat in the interior of 
the body is effected by a radiation to an insensible distance ; 
while, on the contrary, radiating heat traverses aeriform fluids 
to very great depths, so that there is an interchange of heat 
between molecules very far removed from each other. ‘This 
equation should therefore be replaced by another, which, te- 
gether with equations (3), (4), (6), make up a number equal 
to that of the unknown quantities p,p, 0,u,v,w. For ex- 
ample, in the problem of the trade winds, which are produced 
by the differences of temperature of the atmospherical strata, 
a sixth equation is formed in the following manner, which it 
will be sufficient for us now merely to poirit out. 

The quantity of heat received during the instant dé, 
by dm any element whatever of the fluid mass, and which 
may be supposed to be proportional to dmdt, is made up 
of the solar heat absorbed by dm during*this instant dt, 
and of the radiating heat that this element receives in this 
same instant, from a part of the surface of the earth, and 
from the part of the atmosphere, the communication of which 
with dm is not interrupted by this surface, and also of the 
portion of heat which can be communicated to dm by the 
surrounding elements, as in solid bodies. If from this sum be 
taken the quantity of heat emitted by the element dm, during 
the instant dt, either by communication, or by radiation to a 
great distance, the instantaneous increase of the heat of dm, 
which we shal¥ represent by admdé, will be obtained; a 
being a_coefficient, of which we shall content ourselves merely 
to indicate the origin. On the other hand, this increase of 
heat is equal to g@’dtdm, g and 6'dt denoting always the spe- 
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cific heat for the unit of mass, and the instantaneous incremeht * 
of temperature; therefore we shall have, admdt = g@'dmdt or 
4 = 90 for the -required equation, which should be subati- 
tuted in equation (7). 
. 651. Before we proceed any further, an important remark 
‘ may be made relatively to equation (4). .. 
~ From themanner in which it has begn formed, it is evident 
‘that the mass of dm the differential element of. the fluid, does 
not vary during the instant dt; but it is solely for thesake of 
toncisenéss that the volume of. this part of the fluid has been 
considered as infinitely small; and if the entire volume be 
-dividéd into parts of a finite but insensible magnitude, each of 
which may, notwithstanding, contain a very great number of 
tnolecules, equation (4) expresses actually that £ach of these 
‘parts contains always thé same molecules, and, consequently, 
that its mass is invariable. It is on this account that it is de- 
nomiated the equation of the continuity of the fluid. Now 
there are motions in which this continuity is interrupted, and 
‘in whieh the equation that refers to it-cannot.be made use of. 
In the caseg-for example, of water contained in a vertical 
tylinder, which is open at its upper surface, if it be heated 
. from above, the temperature will increase, and the dehsity ; 
diminish from the bottom, to the surface; the length of the - 
fluid mass’ will i increase, the horizontal strata will successively 
replace each other, ‘and the équation of continuity will be ap- 
plicable tothis motion(g). But if the liquid is heated from 
below, the densify will increase, and temperature diminjsh 
from below upwards ; in strictness, the horizontal strata 1 may 
.still successively replace each other; but such @ motigh will 
not be stable; and it appears from observation, that the 
molecules of water rise from the bottom to the surface by tma- 
versing the superior strata. All the very small ‘parts of the 
liquid dg not then constantly consist of the same molecules ; 
consequently,. equation (4) does not obtain in this kind of 
motion ; and it iseven doubtful,-whether equations (3), which 
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are founded on_the principle of the equality of the pressure in 
all directions} can be applied to them;-so that in the actual 
state of the science we have. no means of determining the mo-~ 
“tion of a Nquid, whose strata mutually traverse each other, the 
one by ascending, the other by descending. The same remarks 
are applicable to the vertical motions which may exist in each . 
atmospherical column, the inferior strata‘of which, when heated 
by contact with the earth, and thus rendered lighter,-rise by 

_ traversing the superior etrata. The determination of these © 
motions, whieh are of a ‘different kind from those. that have 
been hitherto considered, and their influence on the diurnal 
variations of the barometer, are questions to which it is of 
great consequence to direct the attention of philosophers. _, 

652."In the motions of fluids which have been subjected to 

- calculation, it is customary to Suppose that the points which, 
at ,a determined epoch, exist on a fixed or moveable: side, 
or which appertain to the free surface of a jquid, will remain. 
on this side, or will appertain to this surface, during the 
entire continuance‘of the motion; so that those complicated 
motiong, in which the points of a fluid, after having appertained 
to its surface, penetrate again into the interfor of the mass, or 
conversely, are not taken into account; and in like manner, 
those ‘cases are excluded in which the points of a liquid pass _ 
alternately from the free surface to the surface in eontatt with 
a fixed or moveable side. Those pafticular’. conditions to 
which the motions that are considered are subjected, may be 
expressed by the following equations : : 

A Let z, y, z be always the variable coordinates of a point of 
the fluid, and ~ ae? 

. Sé% yz) = % 

the equation ‘of avfixed or moveable surface that passes 

through this point at the end of the time ¢, and which, for 

concisenéss, we shall denote by s. Likewise, let 2’, y’, 2’ be 

the initial coordinates of this same point, so that x, y, z may 

VOL. It. . 4a ' 


566 GENERAL EQUATIONS OF THE MOTION OF FLUIDS. 


be functions of ¢, x’, y’, 2’. If their values be substituted in 
the given equation, it*will be changed into 
FGé3,y,4= 0;- 
and all the points of the fluid, the initial .goordinates of which 
satisfy this equation will be those which, at the end of the time 
¢, appertain to the surface s ; consequently, in order that these 
points may be constantly the same, the function F should not 
contain the variable ¢. If therefure s_ is the equation of this . 
free surface, or that ofa fixed ofmoveable side, the func- 
tion /(¢, 2, y, 2) must be independent aft; x,y; 2 being con- 
sidered as functions of the preceding Meer. therefore its 
complete differential with respect to ¢ mus cipher ; and by 
‘formula (2) we shall have, to express the condition stated 
above, the equation(g) 
4 * p 
. Pou aod +0 = 0. @® 
In the case of a fixed side} the functiong® wilh not contain @ 
e time ¢ explicitly ; if it be denoted by 1,..g@ that. = 
may be the” given equation of the side, equation (8) will 
becdme 


ust 408 vata at_g + (9) 


If the resultant of the velocities u, v, ce denoted by Z, 
and the’angles which it makes with the directions of 2, y, 2, 
by ag3, y, and also if a, b,c be the igles which the normal 
to the side makes with the same directions, we shall have at 
the same tim and by ae 


(&)+G)+@y=™ 


u=cosa, v=CcosB, w=Z cosy, a~ 
du du du* . 
Tp = 0084; aoe Te = dooses 


oe 
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* 
and, by substituting these values in equation (9), and then 
suppressing the common factor ZA, it. will become 


cosa cosa’ cosf*cosh + cosy cose = 0. 


Therefore’ equation (9) indicates that the direction of the 

velocity of each point of the fluid adjacent to a fixed side, 
is normal to this.surface ; and, in fact, it is the condition which 
must be satisfied, and is sufficient to prevent this point from 
being detached from the side, so that it can only slide on its 
surface. : 
At the free surface of g liquid, the pressure p is in general 
a constant quantity ; but {tf may depend on, or be a function of 
t, and be only independent of.2, y, z, if the external pressure, 
which is common to all the points of this surface, varies with 
the time; therefore denoting this function by ‘r, the equation 
of the freé surface will beyp— tT, and by putting p =r in 
place of fj in ae we shall ‘have 


dpe « py = - dr 
dt, ay ud i, + » dy + OF dt’ (10) 





which will have place at the same time as p= v= 0, oF si- 
multaneously tute wodlaas equation.of the free surface, 
which has beert in Nor64%. . 

It may be remarked that equations (8), (9), (10) will like- 
wise still obtain without any sensible error, when the points of 
the fluid only deviate from its superficies by insensible quan- 
tities. Consequently, if asin the preceding number, a portion 
of the fluid is considered, the dimensions of which, though fi 
sensible, are still of a fihite magnitude, so that it mafs not- 
withstanding, contain an immense number of molecules, and if 
a part of its surface be supposed to appertain to that of the fluid 
at adeterminate epoch, these equations will express, in reality, 
that it will have place during the entire continuance of the mo- 
tion. The extent of this part, which belongs in common to the 
two surfaces, may besides vary in any ratio whatever ; and the 


‘ a . 
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small portion of the fluid in question may, when it is displaced, 
at the surface of the fluid, enlarge or'contract, without its volume 
undergoing any change in the case of a liquid, or its mass in 
the case of any fluid whatever(h). Thus, for example, when 
a heavy liquid oscillates in a vessel which is open at its upper 
surface, the extent of its free surface, and that of its surface of 
contact with the sides of the vessel, vary during the motion, so 
that the number of material points of the liquid, which are 
situated on one or other of these two surfaces, is not constantly 
the same; but equations (9) and (10) may have place not- 
withstanding, if it is considered that they do not belong solely 
to detached points, but rather: refer to small portions of the 
liquid which are of an insensible‘magnitude and variable form. 
+ By means of these particular equations, which were intro- 
duced by Lagrange in the theory of fluids, combined in each 
case with the initial state of the system, the arbitrary functions 
contained in the equations of the motion can be determined. 

653. There is a very extended case, in which the three 
equations (3) can be reduced to an equation @f partial diffe- 
renees of the first order, and the three unknown, 4, v, w, 
made to depend on one sole: quantity. This case has place 
when the formula udz + vdy + wdz is an exact differential of 
a function of x, y, z, regarded as independent variables, and 
the fluid in question is homogeneous and has every where the 
same temperature in the state of equilibrium. Let then 


ey 


; udz + vdy + wdz =d 3 
“g denoting an unknown function of the four variables ¢, x, y, 3, 
but in which, however, the differential dg is taken solely with _ 
respect to 2, y, z, So that we may have : 
dp dg di 
* ae Oy wot. (a) 


By the nature of the forces x, y, z, which always are sup- 
posed to arise from attractions or repulsions, whose centres are 
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fixed or moveable points, or points of the fluid itself, we have 
likewise ; 

xdx + ydy + zdz = dv, 
and, consequently, 

x= wey ae gs Laie 

de ~~ dy ~~ dz’ 
v being a function of ¢, x, y, z, which is differenced solely with 
respect to x,y, 2. In the case of an elastic fluid whose den- 
sity is constant in a state of repose, the integral {2 will be 
expressed by a logarithm, provided the law of Mariotte be 
supposed still to obtain in a state of motion also(¢); if the va- 
riations of temperature which are produced by those of the 
density during the motion be taken into account, this integral 
will be a different function of p; and in the case of a homo- 

1 : ie Ts 

geneous liquid, it will be reduced to ~p, without taking into 


account the arbitrary constant. In order to comprise all these 
cases under one, let 
y 
(Par, 
p 


there results from this(*) 
i dp _dp ldp_dp ldp_ dp 
pdx — dx’ p pay dy pdz~ dz : 
and by means of these and the preceding values, equations (3) 
will become 
dp _dv dp dptp dg Po dp dy 
dz dx dxdt” dxdxi dy dxdy dz dadz’ 


dp_dv_ @o dpado doPo do Py 


dy ~ dy dydt dy dydz dy dy? dz dydz? 
dp_ dv @p dg dye dp dp dodgy 








dz~ dz dzdt dzdzdx dy dzdy dz dz* 


If these equations be -multiplied by dx, dy, dz, respectively, 
and then added together, there res@lts(/) 


ry 
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dp = dv — do 4a. [(“ + (s*)'+ (#)'}: 


and as all thé terms of this equation are exact differentials of 
- the three variables x, y, z, we deduce immediately 


vrata (A+ G)+(H] 
¢€ 


The arbitrary constant which ought to be added to this in- 
tegral may be considered as contained in the unknown quan- 








tity g, and thus the integrals v and p may be regarded as 
quantities entirely determinate. 

This equation, which replaces the three equations (3), will 
make known the value of p, when that of @ shall have been 
determined ; likewise equations (a) will determine the three 
unknown qnantitics «, v, w; and with respect to the value of 
p, it can be deduced from equation (4), which becomes 


a gt yt 


dp 0 
dp Por vO dy Pa 0. ¢ 
dt + dx “dy ly + dz () 


In the case of an incompressible fluid, this equation will be 
reduced to 





Oe gt gah oat: 

da? ap aS 
in the case of an acriform fluid, we should substitute for p its 
value in a function of p, and for p its value deduced from 
equation (b). 

654. In order that the formula udz + edy 4+ wdz may be 
an exact differential during the entire continuance of the mo- 
tion, it should be so at the commencement, and the initial 
values of w, v, «w, which are givée: arbitrarily in functions of 
2, y, z, should satisfy the conditions of integrability. Con- 
versely, though it be admitted that it is sufficiet to prove this 
formula to be an cxact differential relative to a determinate 
value of ¢, in order to be satisfied that it is one also for 
all values of this quantitys still this proposition is net so 
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general as has been suppored. It may be demonstrated in 
the following manner : 


Let ¢, be a particular value of ¢, and! for this value, let 
udx + vdy + wdz = do; 
g being a function of «, y, z. If « denotes an infinitely small 
interval of time, then when the time ¢ becomes ¢, + «, the 
quantities «, v, w will likewise vary, and, on the supposition 
that their expressions in functions of ¢ are developable ac- 
cording to the powers of ¢, we shall have(m) 


d 
ua Pg my, 0S doy +a, wo oh + ew, 
de dy . 


and, consequently, 
udz + vdy + wdz = do, + e(udx + v,dy + w,dz), 


in which w,, v,;, w, denote functions of a, y, z. In order to 
du dv dw 
dt? dt? dt 
oceur in equations (3), these values of wu, v, w should be dif- 
ferenced with respect to 6; this gives 

du dv dw 


=—= Fe 2 oo SS is 
an at Odt 


obtain the values of the partial differences > which 


By substituting them with those of w, v, w, and of their partial 
differences relative to a, y, Z, in these equations, and then sup- 
pressing the terms multiplied by «, there results 











Ldp_ os dg, Poy dg, 24, _ dp, &o, 
pdx '"\~ Le da® ~ dy dady dz dedz’ 
ldp _ ce do, Poy _ oh Po, _ ah ap, 
pdy dx dydx dy dy? dz * dy.dz’ 
Lép gy Fh i Ph dg Pp, 
pds ‘de dzdx dy dzdy” dz dz®’ 


henee by the preceding notations we deduce() 
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udz + v,dy 4+ wdz 


x dv —dr— jd. (ze + (y+ (2)1: 


it follows from this that the quantity (adr + ody + wdz)e, 
by which the formula udz + vdy + wdz is increased during 
the time «, will be an exact differential. Consequently, this 
formula will be an exact differential at the end of the time 
t, + €, since it is supposed to be so at the end of the time ¢,; 
it will be so at the end of the time ¢, + 2¢, since it is so at the 
end of the time ¢,+-«, and so on. And as ¢ may be either 
positive or negative, it follows that this formula udx + vdy 
+ wdz is an exact differential for all values of ¢, if it is so for 
any value whatever of this variable. 

But this demonstration supposes that the values of w, v, w, 
which correspond to ¢ + «, may be developed according to the 
powers of c, or, what comes to the same thing, it supposes that 
the expressions of u,v, w, in functions of ¢, satisfy the equa- 
tions of the problem and all those which may be deduced from 
it by differentiations relative to t. Now, this is not always the 
case, with respect to expressions of u, v, w in series of expo- 
nentials and of sines and cosines, the exponents and ares of 
which are proportional to ¢; and as the demonstration then 
fails, the proposition may be likewise at fault, and it is in point 
of fact faulty in certain cases, examples of which have been 
met with by the author. In each problem, the expressions of 
u, v, w, in question, satisfy the equations relative to the mass 
and surface of the fluid in motion; and by determining in a 
suitable manner the coefficients of the exponentials and of the 
sines and cosines, they represent the given initial state of all 
the points of the fluid; and if the series which result from 
them, are moreover convergent, this is sufficient, in order that 
they may contain the solution of the question, although one 
of their particular characters may not satisfy always the equa- 
tions which may be deduced from those of the motion, by new 
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ne 

655. The condition of integrability of the formula udz + 
vdy + wdz has not place in the motion of a fluid which turns 
about a fixed axis without changing its form. In fact, the 
components of the velocity of any point whatever are then the 
same as in the case of a solid body ; therefore if the fixed axis 
be assumed to be that of z, and if the angular velocity of rota~ 
tion be denoted by w, we shall have (No. 387), 

u=—yw, v=rmw, wad; 
from which there results 
uda + vdy + wdz = w(ady ~ ydz); 
this quantity is not an exact differential, because the factor w 
is independent of the coordinates x and y. 

Hence in order to determine the pressure p in any point 
whatever, we must have recourse, in this example, to equations 
(3). Now, if the values of u, v, w be substituted in this ex- 
pression, there results, when w is considered to be a constant 
quantity with respect to ¢, as well as with respect to «, y, 2, 


ldp _ », ldp_ » ldp : 
pag Sh we pag EH pa 
hence we obtain (0) 


=p = xdz 4 ydy + zdz + w*(ade + ydy); 


an equation which coincides with that which has been ob- 
tained in No. 589, from the consideration of the equilibrium of 
the given forces that act on all the points of the fluid, and of 
their centrifugal forces resulting from its motion of rotation. 
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OF THE PROPAGATION OF SOUND, 


586. As it does not fall in with the plan of this treatise, tu 
detail the numerous results which have been obtained from 
the general equations of the motion of fluids that have been 
given in the preceding chapter, we shall merely point out 
those treatises in which they can be found. In the following 
chapter, the motion of a fluid which flows out of a vessel, is 
determined on a particular hypothesis, which, for the most 
part, gives results sufficiently accurate in practice 5 in the pre- 
sent one, we shall select for examples of the application of the 
general equations, the simplest cases of the theory of sound, 
Ast. In the second and third books of the Méchanique 
Céleste, the reader will find detailed all that is as yet known 
about the oscillations of the sea and of the atmosphere, pro- 
duced by the attractions of the sum and moon, 

2nd. In the second volume of the Mechanique Analytique 
there is given the determination, by means of convergent se- 
ries, of the motion of a heavy liquid, both in a very narrow 
canal, and also in a very deep vessel. 

3rd. Relatively to the oscillations of this liquid in a vessel 
of any depth whatever, the reader is referred to a memoir in- 
serted by the author on this subject, in the nineteenth volume 
of the Journal of M. Gergonne. 

4th. For the problem of the propagation of waves at ‘the 
surface and in the interior of stagnant water, the reader is also 
referred to a memoir of the author inserted in the first volume 
of the Academy of Sciences. 


5th. On the propagation of clastic fluids in vessels and 
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narrow tubes, the memoir of M. Navier, which is inserted in 
the ninth volume of this Academy, may be consulted. 

Finally, for every thing which concerns the theory of 
sound, and generally the propagation of the motion in an 
elastic medium or in several superimposed media, the student 
may consult the memoirs written by the author on this subject, 
which are contained in the fourteenth Number of the Journal 
of the Polytechnic School, and in the cleventh and tenth vo- 
lumes of the Academy of Sciences. 

637. To give an application of the general equations, let 
an clastic homogeneous Auid be considered, whose density and 
temperature may be throughout the same in its state of equili- 
Drium, and in which when it is made to deviate from this state 
ever so little, the velocities of its different points, and likewise 
the dilatations and condensations with which they are aceom- 
panied, in the motion which results, may he very small frac- 
tions, so that the squares and products of these quantities can’ 
consequently be negleeted; by which means the equations of 
the motion are reduced to a linear form, the integrals of which 
may be obtained in a finite form. Moreover, as the density of 
the fluid, in a state of equilibrium, is by hypothesis constant, 
the forees x, y, z should be made equal to cipher. 

Let this density be denoted by p; p being that which has 
place in the state of motion, at the end of the time ¢, and for 
the point whose coordinates are x, y, 2, we shall have 


p= v(l+s), 
in which equation, s isa very small fraction, either positive or 
negative. Likewise, let A and mgh denote the height and ba- 
rometrical pressure corresponding to the density p, g the 
gravity, and m the density of the mereury. In the state of 
motion, the pressure p which corresponds to the density p, will 
hy the law of Mariotte, be gmh(1 +s), if the temperature of 
the fluid be invariable ; butin consequence of the condensation 
or rarefaction denoted by s, the temperature increases or dimi- 
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nishes ; and if the motion be so rapid that the fluid has not 
time to revert to its original temperature, the pressure will 
vary in a greater ratio than the density(a). Therefore we 
shall suppose that in general 


p=gmh(l+s+a); 
in which o denotes a quantity having the same sign as s, and 
is a certain function of it. In consequence of the smallness of 


s, the quantity « may be supposed to be proportional to s, and 
such that 
a = Bs; 


B being a positive coefficient independent of s. 
By means of these values, we shall have 


dp = gmh(1 + B)ds; 
and by supposing that the integral vanishes with s, and making, 
for conciseness, 
gmh(1 + B) gt: 
there will result . 
{es a’. log(1 + 8). 


If this integral be taken for the value of the quantity rp com- 
prised in equation (b) of No. 653, we shall obtain by neglecting 
the square of s, 

p= a’s; 
in like manner if the squares of the velocities st, <t, , 
also neglected, this equation will become, by suppressing the 
term v which arises from the forces x, ¥, Z, 


— 14, 
s=— pat} Q) 
and by joining it with equations (a), namely, 


dp  _ do _ de. 
ade ar waz: (2) 


%= 
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these four equations will make known the condensation, the 
magnitude and direction of the velocity of the fluid, at the 
end of the time ¢, and for the point whose coordinates are 
2, y, 2, when the function @ shall have been determined in a 
function of x, y, z, t 

If the displacements of the molecules of the fluid are like- 
wise supposed to be very small, that is to say, if the molecules 
of the fluid make only very small oscillations, and have no 
common motion of translation or rotation, the variables a, y, z 
will differ very little from a’, y', x’, which are the initial co- 
ordinates of the points to which they belong, so that they may 
be regarded as equal to 2’, y’, 2’, when the values of udt, vit, 
wdt are integrated, in order to deduce from them at any instant 
whatever, the displacements of this point in the direction of 
the three axes of the coordinates ; and then, we shall have 


ema afudt, y-—y =Sedt, s—2'=Swdt; 


the integrals being taken so that they may vanish when 
t= 0(0). 

With respect to the quantity ¢, in order to obtain the 
equation on which it depends, let p (1 +s) be put in place 
of p in equation (c) of the number cited above, then by 


dp dp d 

neglecting the products of s and 3 ae zs it becomes 
ds dp ap , vp _ 
att det dp tae = 


or, what comes to the same thing by substituting for s its 
preceding value(e), 
a Pe |) @& 

too(Gs +i a (3) 
These equations (1), (2), (3) are those of the theory of sound 


in air whose temperature and density are constant. They 
ennnaee that the formula vdxy + ody 4+ wds is an exact diffe. 
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tential, and this is, in point of fact, the case in the two particular 
instances, to which we proceed to apply them.~ 

658. Let us, in the first place, suppose that the air is con- 
tained ina cylindrical tube, and that its pots move parallel to 
the axis which is assumed to be horizontal, in order that the 
gravity should not cause the density to vary. Lf the axis of 
‘2 coincides with this direction, v and w will be respectively 
equal to cipher, and the quantity @ will only be a funetion of 
x and ¢, so that equation (3) will be reduced to 


dy oth 

=a 
‘The same consequences may be deduced from this as were 
obtained from equation (1) of No. 494, with respect to the 
longitudinal vibrations of an clastic rod. When the tube ex- 
tends indefinitely, @ will be the velocity of the propagation of 
sound in the direction of its length; when it is of a finite 
length equal to Z, the number of vibrations of the fluid in the 
unit of time, corresponding to the gravest sound, will be in the 
inverse ratio of 4; when the tone is raised, this number will 
increase in the same ratio as that of the nodes of vibrations ; 
and if the distance between two consecutive nodes be denoted 
by A, and the corresponding number of vibrations by 2, we 


shall have 
a 


nea 

In those points, the velocity of the molecules of the air is 
cipher, but the condensation does not vanish; there are, on 
the contrary, other points, where this condensation is cipher, 
and where still the fluid is in motion. ‘The distances between 
these other points are the same as for the first, as is evident from 
the formule of No. 495. They possess a property which ap- 
pertains exclusively to them, by means of which they can be de- 
termined by experiment. If an opening is made in the side of 
the tube at one of these points where the condensation is 
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‘cipher, and if a communication is thus established with the 
external air, the motion of the interior fluid is not in any way 
affected, nor the tone which is produced. If) be the distance 
between two of these consecutive points, and the number 
corresponding to the observed tone, the preceding equation 
will make known the value of a, and, consequently, that of 3 
the quantity that occurs in the expression of this velocity. It 
is preferable, for this object, to make use of the elevated tone 
which corresponds to an aliquot part of J, rather than the 
Jundamental tone, which may be influenced by the mode of 
blowing into the tube, and by the cireumstances relative to the 
mouth-piece. It is in this manner that M. Dulong has deter- 
mined for air and different gases, the values of the quantity y 
of No. 637; which quantity is equal to 1 + B, as we shall see 
immediately. 

659. For a second example, let the mass of air be sup- 
posed to extend indefinitely on every side, and that it is 
agitated in like manner, in all directions, about a fixed 
point which is assumed for the origin of the coordinates. If 
r be the radius vector of the point, whose coordinates are 
2, y, 2, at the end of the time.¢, and Z its velocity, it will be 
directed along this radius, and its magnitude will be a fune- 
tion of ry and ¢, as well as the condensation s; for it is evi- 
dent that every thing should be symmetrical about the origin 
of the coordinates, during the entire continuance of the mo- 
tion. We shall have 


x Q z 
u=cr, vate, wales 
and because 
ep Pa7, adx + ydy +2dz = rdr; 
there will result, 


udx + vdy 4+ wdz = Zdr; 





5 ee ee ae 
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of rand ¢(d). As this function is the quantity ¢, which has- 
been determined by equation (3), we shall have 


z= do 


dr’ 


or the resultant of the velocities «, v, w. 
By differentiating it with respect to x, y, z, we shall also 
have 
dp _ dp 
dx ~ dr 


dpe _dpy ‘dp __dpz_ 
dy drr’? dz~ arr’ 





x 

> 

by differentiating a second time, we obtain 
dg op 3 x dp ye 
det = drt et ae a? 
ap Op : dp 224 x? 


dy ~ dr dor? 
dp ty 2 dy oy", 
aa rt a 
a&y dp 
dx? dy” 











and, by substituting these values of —4 
(3), it becomes (e) 
ay dy , 2dg 
dP a(Ta+ > sa 


or, what comes to the same thing (J), 


oe, in equation 


ar > &r 
im a oa 7 (4) 


The complete integral of this equation is (No. 484), 
ro =f (r fat) + Fr — at); 


in which f and F denote two arbitrary functions. _[f therefore, 
for any variable whatever such as z, we make 


fz drz _ 
dz 9 de = 








we can deduce trom this integral, 
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1 : < 
= 5 Pet at) + F’ (7 — at)] 


~4 (7 + at) + F(r — at)}, 


ma 2, 


seo Le (r— at) f(r + at)]; 


and by means of these formule, when the functions f and /’ 
are determined for all values of r + at, which is a positive 





variable, and the functions F and r’ for all the positive or ne- 
gative values of r — at, the velocity and condensation in any 
point and at any instant whatever will be known(g). 

_ 660r As by hypothesis, every thing is alike about the 
. origin of the coordinates, the centre of the agitation of the 
fluid must continue immoveable during the entire continuance 
of the motion ; the first formula (5) must, therefore, vanish at 
the same time as r; this implies, that when this radius is in- 
finitely small, we should have 


Sr +a) +4(r —at) srr, 
Trta)+e'r—athar; 
7 devoting an unknown function of 4. Therefore, if the ra- 


dius r be made altogether equal to cipher in the first of these 
equations, and in its differential with respect to aé, namely, 


La) areca ale 
S tat) — rv (r— at) = rare 
we shall obtain, by substituting z in place of at(h), 

Fi+r(—2)=0, fz-—r(—z)=0. (8) 
but solely for the positive values of z. These equations will 
make known the values of r(— z) and #’/(~z) by means of 
those of fz and f"z, so that it only remains to determine the 
values of fz, Px, Fz, F’x, for all positive values of =. 


F 1 ‘ 
For this purpose, let br and ae be the rnitial values of 
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% and s, so that Jr and ¥r may denote given functions from 
r= 0tor=», the first of which should be cipher for r = 0, 
and both the one and the other denote always certain velo- 
cities(?). By making ¢= 0 in equations (5), we shall have(k) 


afr der 
waa +a 


der afr, 
mere de 


hence we obtain, by making 
§yrdr= rr, §r¥rdr= yr; 


1 1 
—fr+ -Fr= prt, 
r r : () 


(ee 


Fr—fr=¥ir+e;3 


b and ¢ denoting two arbitrary constants introduced by the 
integration; as we may suppose that the two integrals yr, ¥71, 


vanish for any value we please of 7, we will presently assume 
this value to be 7 = 2. 


If we have solely regard to the constants 6 and c, the pre- - 
ceding equations will give 
Sr=hbr— te, fr=hb, 
rr=hbr+the, rr= hb; 
hence there results, 
S(r + at) = 4b (r fat) — fe, 
S (r+ at) = 3d; 
likewise for 7 > aé, we shall have 
F(r—at) = $b (r—at) + he, 
¥’/(r—at) = 38; 
for r Z at, we shall have 
S(at—7r) = 4b (at — r) — fe, 
S(at—r) = hb; 
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and in virtue of equations (6), there will result from this 
EF (r— at) = Jo(r—at)+}e, 
F’(r — at) =}; 
as in the case of r >at. Now, it will be found, that if these 
different values be substituted in formule (5), they will be 
reduced to cipher; so that the two arbitrary constants and 
e must disappear from the expressions of Z and s(Z). 
Therefore, if they are not taken iuto account, there results, 
by substituting z in place of 7 in equations (7) and in their 
differentials, 
Si = kahe — 4%, 
S2= ghz + hz (ez — 2), 
Fz = fepzthviz. 
F’z= dye + hz (hz + 2), 
for the values which it was required to find(m). 
As formule (5) will not contain any unknown quantity, 
they give the complete solution of the problem. It may he 
observed here with reference to f(— z), that there is nothing 
in the question to enable us to determine its value, but it is 


(8) 


evident, that a knowledge of this function is not required in 
formule (5). ? 

661. The following consequences relative to the theory of 
sound may be deduced from these formule. 

Let ¢ be the radius of the primitive agitation, so that the 
given values of yr and Yr may be of an arbitrary magnitude 
from r = 0 tor =c, and cipher from r=etor =x. The 
integrals y,7 and ¥,r will be constant quantities for all values 
of z which surpass «; and, as they are by supposition cipher 
for r=», they will be so likewise from r= to r=. 
This being established, if first a point of the fluid comprised 
within the extent of the primitive agitation be considered, we 
shall have ¢ Z 3 as long as ¢ will be less than —, the va- 


lues of f(r 4 at) and f’(r + at) will not be cipher, and they 
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may be deduced from equations (8); the same will be the case 
with respect to the values of F (r — af) and ¥’(r — at) as long 


astZ “3 when ¢ is greater than 5 these can be deduced from 
those of f (at — r) and f'(at — r) by means of equations (6) ; 
r+He 

, all the 


terms of formule (5) will be cipher, and all the points con- 
tained in the extent of the primitive agitation will have re- 
verted to a state of repose. Thus, for all points contained 
within the sphere, whose radius is e, the duration of the mo- 
tion will decrease from the centre to the surface, between the 


finally, when the time ¢ becomes greater than 





9 

WE Qe 

limits — and “=(1). 
a a 


Beyond the primitive agitation, we shall have r + at>«, 
this will cause f(r + at) and f’(7 4+ af) to disappear from 
formule (5), and reduce them to 


c= hr'(r—at) -5 F(r— at), 


1 : 
s=—r(r— 
ar Vasey: 


when x > at, or, what comes to the same thing in virtue of 
equations (6), to 


C= tP (at—r) + bslat =n), 
s= of (at—1), 


when af >7, ‘The values of the quantities comprised in these 
expressions of Z and s will be given by formulz (8), they will 
be cipher when +> aé+e, and will become so again when 
r Zat —e; hence it follows, that sound is propagated in the 
open air, with the same velocity as in the interior of a cylin- 
drical tube; that the motion of each molecule of air will 


. : : + Qe 
subsist. during an interval of time equal to Ge and that the 


breadth of the sonorous wave will be equal to 2¢ the diameter 
of the primitive agitation(o). 
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At a great distance from the centre of this agitation, the 
second terms of the values of Z, which are divided by r? may 


be neglected, relatively to the first, the divisor of which is r ; 
we shall then have 


s=-, 


a 


during the entire continuance of the motion, as in No. 497; 
where s represents the dilatation instead of the condensation. 
The velocity of each molecule of air will then decrease’ in the 
inverse ratio of r. The intensity of sound is supposed to be 
proportional to the square of this velocity ; so that at a great 
distance from the point of the primitive agitation, it will de- 
crease in the inverse ratio of the square of this distance ; 
which is conformable to experiment. These results likewise 
have place when the agitation is not the same in all directions. 
At a considerable distance with respect to its diameter, the 
velocity of sound is uniform and equal to the constant a, the 
form of the waves is nearly the spherical, and the intensity of 
sound in the direction of each radius varies in the inverse 
ratio of the square of the distance, whatever may be, in other 
respects, its variation in passing from one radius to another. 
This intensity also decreases with the density of the medium 
in which the sound is produced ; so that, for example, it di- 
minishes according as we approach to the summit of a high 
mountain. In considering the propagation of sound in air, 
composed of strata of different densities, it is found that at 
equal distances, its intensity depends solely on the density at 
the place of the primitive agitation ; it follows from this, that 
a@ person in a balloon ought to hear the noise made at the sur- 
face of the earth, just as if it was at this surface; and, on the 
other hand, the noise made at the balloon would be heard in 
precisely the same manner by an individual at the surface, as 
if the same stratum of the atmosphere, in which the aéronaut 
floated, extended from the balloon to the earth(p). 

Ifthe intensity ofsound depends on the magnitude of the ve- 
locities of the molecules of air which strike the organs of hearing, 
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ahd if. the elevation of the tone is regulated by the number of 
strokes'in the same time, that is to say, by the more or less 
frequent repetition of the vibrations of the air, it may be de- 
manded what it's that makes the difference between one syl- 
lable and another; when sung with the same force and on the 
game tone. According to Euler, this difference ought to be 
ascribed to the form of the function which expresses the law 
of the successive velocities of air during each vibration ; so 
that the organ of the voice has the faculty of giving’ the 
suitable form to this function, and the organ of hearing, the 
faculty of appreciating the different forms. 

662. ‘Ehe origin of the coordinates may be transferred to 
other points of the fluid, without the form of equation (4) 
undergoing any change. Hence, if *,,77,,57),,. &e.; denote the 
radii vectores of the same point, reckoned from these different. 
origins, and if p be supposed to be successively a function of 
t and of each of these radii, equation (4) may be satisfied by 
means of the value of ¢ of No. 659, and of the values which 
may be deduced from it, by substituting 7,, 7,57) &¢., in 
place of 7, and changing each time, the arbitrary functions. 
On account of the linear form of this equation, it may there- 
fore be likewise satistied, by taking for ¢, the sum of all these 
particular values, this gives 


« 


gat se tater —at)] 


, 


(9) 
1 
+ Th [Si@ut at) + 8, (ry — at) | 


; 
| 
; | 
+5 Li, + at) + Fr, — at)] 
7 
+ &e. 
Now, it follows from this formula, that if the air is simul- 
tancously agitated about cach of the origins of 7, 7,, 7,,, &e., 
1. : : 
ce the condensation at any point and instant whatever, which 


dt 
is always given by equation (1), will have for its value, the 
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sum of the condensations which would have place in virtue of 
each of these separate agitations. Moreover, it appears from 
equations (2), that the components of the velocity at the end 
of the time é, and ina point M, the coordinates of which are 
a, y, z, referred to the origin of 7, wilt have for expressions 

dp _ dy dr , dy dr, , dy dr, 
ae das | wage foe ae 
do es do dr , dp dr, . do ary + &e., 
dy drdy' dr, dy dr, dy 

dp _dpadr , dp dr, , dp ar, ? 
dz drdz* dr,dz + dr, dz a ee : 


“= 





+ 


v= 








v= 


+ 


in'which the partial differences 4, , es &c., are so taken, 
that 7,7,,%,,. are considered as independent variables. But if 
2 Yr» Zi» be the coordinates of m referred to the origin of 7,, 
and to axes parallel to thése of 2, y, z, these coordinates x,y, 2, 
will only differ from a, y, 2, by a constant quantity ; so that 
we shall have 


dr, dr, _ or, dr, dr, _y, ar, dr 


x, a, , an, 
de dz, 7, dy” dy, 1, dz” dz, 
4 Y, 7 





=, 
; 
? Y, 


2 


we shall have likewise 


ary en Ay ty Ny gu 

da 7,’ dy 7,’ dz" 7, 
Bis Vqr%» being the coordinates of the same point, the origin 
of which is the same as that of 7,, and so on. Therefore, 
the preceding formule will become 


_ dx do @, dp x 


“Sar ee dee ee 

doy , Io, , bY, 
Cee den haa 

Ap , dpz, dp 2, ‘ 
eT ee ode ee : 
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hence it follows, that the resultant of u, v,w, will be the same 

dg dp do 
dr? dr? dr,, 

-reetions of the radii vectores r,7,,7,,, &c., and, consequently, 

-in virtue of formyla (9), the same, in magnitude and direction, 
as if all the agitations about the centres of these radii ob- 
tained separately ; this agrees with the principle of the super- 
imposition of small motions(q). 

6637 ‘By means of this formula (9), the reflexion of sound 
on a fixed plane can be determined. 

For this purpose, let us suppose that the mass of air is 
terminated by a fixed plane an (fig.55), and that the primi- 
tive agitation has place about the point c, the origin of the 
radius vector 7, and that it does not extend to the plane az. 
From this point, let a perpendicular cp be let fall on this 
plane, and prolonged to c,, so that pc, may be equal to cp, 
let c, be the origin ofr,, and let the line cnc, be taken for the 
axis of the ordinates wand a. If the length of cp be denoted 
by A, we shall have a =’ and 2, = — h, for all the points of 
the plane aB ; therefore, it is necessary that for these values of 
wand a, the velocity « perpendicular to this plane, should be 
constantly cipher (No. 652). Now this condition, and the 
initial state of the fluid, can be both satisfied, by making @ 
equal to formula (9) reduced to its two first terms, namely, 


as that.of the velocities ; &e., which act in the di- 


OH 5 LMC at) + (ra) + ALA + at) bein al); 


and determining in a suitable manner, the arbitrary functions 
BE SAis Fie 

In fact, the two first may be determined, as before, by 
means of the initial state of the fluid about the point c; and as 
the points which correspond to r,Z A, do not appertain to the 
fluid, we can assign any value we please to each of the func~ 
tions fr, and ry,, without changing this initial state; there- 
fore, we can assume for the functions indicated by f and r,, 
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the same functions as were found for those of which the indices 
are fand F; the preceding formula will thep‘become _ 


¢= “LAr at) +¥(r—at)] +5 fr-bat) a (1 —at}}, (10) 7 


and will no longer contain any unknown quantity. More 
over, as for all the points of the plane an, we have rs 


do 


d 
we shall have, therefore, ea and sinee we have Hkewise 
, 


for these same points 2 = A, and #, = — h, there results from 
this w= 0; so that formula (10) will represent the initial state 
of the fluid, and satisfy the condition relative to the points 
adjacent te the plane 4B ; which it was proposed to obtain(r). 

Let be the point of the fluid whose radii vectores cm and ca 
ave r and 7,; in virtue of the two parts of whieh formula (10) con- 
sists, this point will be first agitated at the end of a portion of 


time equal to 7, and then at the end of a portion of time 
a 





Yr, . . . io 
equal to , inwhich ¢ denotes, as before, the radius of the 


a 
primitive agitation, ‘The first motion will produce the direct 


sound, and the second the reflected sound. ‘This last will be 
the same as if the plane ab had no existence, and a se- 
cond agitation, identical with that which has place about the 
point c, had place simultaneously about the point c, It will 
be propagated with the same velocity as the direct sound, 
namely a, and will have an intensity corresponding to the dis- 
tance cM, or to the line crm, the parts of which are cE and 
EM, & being supposed to be the point where the radius c,m 
cuts the plane an. Finally, as er is the normal to this plane, 
ce and mE the two parts of the sonorous ray whieh is reflected 
at the point &, will make cer the angle of incidence equal to 
mer the angle of reflexion. Thus it results from formula (10) 
that the laws of the reflexion of sound from a fixed plane, are 
precisely the same as those of light. 

664. Let us now compare a the velocity as given by 

VOL. HH. 4p 


. 
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theory, with that which has been determined by experiment ; 
and for this purpose let us first consider what the quantity p, 
which occurs in this expression, denotes. 


It appears from No. 657, that 


_ gmhp(i+s4 Bs) 
i p(i+s) 4 


or more simply, by neglecting the square of s,(s) 





p = ea + Be). (a) 


Let » be the inerease of temperature which corresponds to 
this condensation s; so that the temperature, which was @ in 
the state of equilibrium, becomes § + at the end of the time 
t, in the state of motion. At this instant, the pressure p, the 
density p, and the temperature @ + y will have place simul- 
taneously ; therefore we shall have by equation (1) of No. 
644, 

pakp[l+a04n)), 


in which & denotes a coefficient independent of the density 
and temperature, and a the coefficient 0,00375, that ex- 
presses the dilatation of gases. In the state of equilibrium, 


we have 
paymk, pop, y= 0; 


therefore the preceding equation when applied to this state, 
will be 
gmk = kv (1 4 a8); 


consequently, we shall have in the state of motion(¢), 
— gink 


w= sat) Cem ererr) 


and, by comparing this value of p with formula (a), there will 
result 

as an 
B= (1 + a8)s° 
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Now, if the oscillations of the air are supposed to be so 
rapid, that the condensation s has place without any loss of 
heat, s and » may be substituted in place of 8 and w in equa- 
tion (5) of No, 636; this gives 


1+p=y; 


y expressing the ratio of the specific beat of air under a con- 
stant pressure, to its specific heat under a constant volume, 


By this means, the value of a? of No. 657, will become 


gmhy 
dp” 


2 





Hf be the density of the air under the pressure gah and 
at the temperature zero, we shall have (No. 624) 


and, consequently, 
—_——— 
a= Yiu Ya +a). 


Since by hypothesis the quantity y is independent of the 
pressure and temperature (No. 637), it appears—Ist, that the 
velocity @ will increase with the temperature @, in the ratio of 
¥1+al to unity; Qndly, that it will not vary with the heights 
of the barometer, since hk and A increase simultaneously in 
the same ratio. ‘The French Acalemicians who were sent to 
Peru to measure the arch of the meridian, found, in fact, that 
the velocity of sound at Quito, where the pressure of the ba- 
rometer was only 0",55, was very nearly the same as at Paris, 
where this pressure amounted to 0,76. ‘The hygrometrical 
state of the air has some little influence on the value of a; for 
since the density diminishes, every thing else being the same, ac- 
cording as the air contains a greater quantity of vapour, a the 
velocity will increase with the degree of humidity ; but from 
the data of No, 631, it appears that the density of dry air at 
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the temperature of 18°, 75, for example, hardly exceeds by 7435 
that of air loaded with the greatest quantity of vapour that it 
can contain: and this only canses a variation of g}y in the velo- 
city of sound in these two extreme states of the hygrometer(z). 
It has been found in the latest experiments made hy per- 
sons, who were deputed by the Burean of Longitude, that 


a = 340",89, 
the second being taken for the unit of time, and the tempera- 


ture of the air being 15°,9 of the centigrade thermometer. 
Now, if in formula (b) we make 


i 
y = 9",80896, b= 0",76, “= 10,462, 


a = 0,00375, 0 = 15°,9, y = 1,3748, 
we obtain 
az 337", 075 
which differs very little from the result of observation, By 
assuming (No. 637) 
y = 1,421, 
and retaining all the other data, we find, 
a = 342",69, 
which differs from the value given by observation in an oppo- 
site way from the preceding, but the difference is, as before, 
very small, If the observed velocity is made use of to deter- 
mine the value of y by means of the formula 
_ awa 
Y= gmh (i + aby 
we obtain, by means of the preceding data, 
y = 1,4061. 
665. When this last value of y is compared with the pre- 
ceding, we should recollect, that in each of them the dilatation 
or condensation of the air is supposed to be so rapid, that the 


OF THE PROPAGATION OF SOUND. 593 


quantity of heat of the fluid has not had time to vary ina sen-— 
sible degree. Now in the propagation of sound in the open 
air, from which the value of y = 1,4061 has been obtained, it 
is possible that the heat may escape or return with greater fa- 
cility in a radiating form, than in the case of sound produced 
by air contained in a tube, the consideration of which has fur- 
nished the other value, namely y = 1,421, and in which the 
quantity of heat of each stratum of air can only vary by con- 
tact with the sides of the tube. ‘This remark enables us to 
account for the difference between the two results, and also 
induces us to think that the greatest value of y is the most 
exact. 


If this quantity is not taken into account, the velocity of 


sound reduced to f oh, is that given by Newton. It is 





too small by about a sixth. In order that it might agree with 
experiment, Lagrange remarked that the pressure must be 
supposed to vary in a greater ratio than the density, and to be 
very nearly proportional to the $ power; and in fact, if the 
square of s be neglected, the value of » which is made use of, 
is(v) 
p=ygmh(1 + s)i48 

for the density p(1 +s). But he did not assign any cause of 
this more rapid variation of the elastic force of the air; and it 
was Laplace who first attributed it to the variation of tempera~ 
ture with which the alternate condensations and dilatations of 
the air are accompanied in the phenomenon of sound. 

- It is to this same cause that the propagation of sound in 
vapour produced from water at its maximum of density is to be 
ascribed. Ifa sonorous body is made to vibrate in a closed 
vessel which contains this vapour, without any mixture of air, 
experiment shows that sound is produced in this vapour, and is 
heard outside it. Now, if the temperature of the stratum of 
vapour adjacent to this sonorous body, was not increased when 
it is condensed by the vibrations of this body, it would be re- 
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duced to water, and precipitated on this body, since it is 
supposed to be at its maximum of density relative to the tem- 
perature of the space in which it exists ; but asits temperature 
is increased by the compression, the stratum adjacent to the 
sonorous body may maintain itself in a state of vapour; it 
then condenses the following contiguous stratum, this con- 
denses the stratum which is next to it, and so on; so that the 
sound is propagated as in a medium of permanent gas to the 
inner side of the vessel. The dilatations of the strata of va- 
pour, which succeed their condensations, are accompanied with 
a diminution of temperature, by which, however, they are not 
reduced to water, since their density diminishes at the same 
time, and falls below the marimum relative to the temperature 
of the space in which the phenomenon takes place. 

666. If water be considered as a fluid a little compressible, 
and perfectly elastic, sound will be propagated in it according 
to the same laws as in a mass of air. When the sound has 
reached to the surface of the water, it will be partly trans- 
mitted into the external air, and partly reflected back into the 
water; in this distribution, the direction of the sonorous waves, 
both transmitted and reflected, will be determined according 
to the laws of the reflection and refraction of light. The ve- 





ame as that of the direct 





locity of reflected sound will be the 
sound, and the ratios of the intensities of transmitted and re- 
flected sound to cach other, and to the intensity of direct 
sound, will depend on the ratio of the velocities of the propa- 
gation of sound in the two superimposed media, that is to say, 
in air and water. These points are detailed at length in the 
memoirs cited at the commencement of this chapter; so that 
we shall here restrict ourselves to the determination of the nu- 
merical value of the velocity of sound in a mass of water. 

It appears from what has been observed in the case of an 
elastic uid, that this velocity will be the same as if the water 
was contained in a very narrow tube, the diameter of which 
was the same throughout; and in this case, this velocity is 
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also the same as that of the propagation of the motion, along 
the length of an elastic rod of the same material as water, 
Now let us suppose that a column of water contained in a 
vertical cylinder is pressed at its upper surface by the weight 
A, and let / be its natural length, and ¢— 8¢ what it becomes 
by the effect of this pressure, so that 8 may be a very small 
fraction which expresses the condensation of the liquid; like- 
wise let p be its weight, and g the gravity; if, as in No. 494, 
we make 


gy 


f= A, 


aah P 
a will be the required velocity, as has heen observed in No. 
497. 

Let } denote the horizontal section of the column of water ; 
then if the pressure A is supposed to be equal to the weight 
‘of a column of mereury whose base is J, and height is equal to 
A, we shall have 

A= gmhb, p= gplb, 
m denoting the density of the mercury, and p that of water; 
and there will result from this 
em gm ; 
pe 


so that in order to calculate the value of a, it is sufficient to 


¢ 


know the fraction § relative to a given height 2. 
The English philosopher Canton found 


6 = 0,000046, 


at the temperature of 10 degrees of the centigrade thermometer, 
and under a pressure equivalent to the ordinary pressure of 
the atmosphere. his result has been confirmed by experi- 
ments recently made, under more considerable pressures, as 
has been already observed in No. 575, and these show that the 
condensation is proportional to the pressure, and equal to the 
preceding value of &, for each atmospherical pressure. More- 
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over these experiments, however great the pressure may have 
been, do not indicate any sensible increase of temperature, so 
that there is no reason to think that the propagation of sound 
in water is accompanied, as in the air, with a variation of tem- 
perature which can influence its velocity. This being the 
case, if this value of 8 be substituted in the preceding formula, 
and if we make 


g=9",80896, h=0",76, > = 13,5975, 


we obtain from it 
a= 1484"; 


so that the velocity of sound in water is more than the qua- 
druple of its velocity in air(z). 


CHAPTER ILL 
OF THE MOTION OF FLUIDS IN A PARTICULAR HYPOTHESIS, 


667. Tire supposition which is made in this chapter is 
known under the denomination of the hypothesis of the paral- 
lelism of the slices. It consists in supposing that when a 
heavy fluid, water for example, flows out of a vessel, and 
issues through a horizontal orifice made in the bottom of the 
vessel, the infinitely slender horizontal slices continue pa- 
rallel, while they successively replace each other. This im- 
plies, that the differences of the vertical velocities of the points 
which belong to the same horizontal slice are neglected, so 
that each slice may be regarded as composed of the same 
points of the fluid during the entire continuance of the motion. 
Likewise, the horizontal velocities which are by hypothesis very 
small with respect to the vertical velocities, and which have 
but a slight influence on the vertical velocity common to all 
the points of the same slice, are neglected. ‘ghese suppo- 
sitions always agree better with observation, as the horizontal 
dimensions of the vessel vary less, and as their differences, 
from one slice to another, are smaller, with respect to the 
height of the liquid above the orifice. When these conditions 
are satisfied, it is observed, in fact, that particles of any light 
powder thrown into the liquid, and carried along in its motion, 
move, very nearly vertically, with a velocity which is almost 
the same for all the particles situated in the same horizontal 
slice. ‘They retain these directions as long as they do not 
come very near to the orifice; when they are at an inconsider- 
able distance from it, and the area of the orifice differs con- 
siderably from that of the lower sections of the vessel, they 
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wwwume vusyue directions, which shows that then the pa- 
rallelism of the slices ceases to be admi 





yle, for there is 
every reason to suppose that these Hght particles are attached 
to the liquid, and exactly assume the motion of the points to 
which they belong. 

Therefore in the hypothesis of the parallelism of the 
slices, such as it has been now explained, there are only two 
unknown quantities to be determined in functions of two 
variables; namely, the velocity of any slice whatever, and 





the pressure to which it is subjected, in functions of the dis- 
tance from a horizontal plane and of the time. The question 
will be thus reduced to its greatest possible simplicity, and 
will be susceptible, as we now procced to show, of a com- 
plete solution, in the case of a homogencous incompressible 
Anid. 

668. Let asco be the vessel (fig. 56), an the horizontal 
orifice, re the level of the liquid, ow a vertical axis, on which 
the distances of the horizontal sections from a fixed point 0, or 
from the horizontal plane drawn through this point, are 
reckoned. Likewise, let mnm/n’ he any slice whatever, 
comprised between MN and m’n’ two horizontal sections of the 
vessel, whose distance from the point o at the end of any 
time whatever, such as ¢, is x, and breadth dz. Let » denote 
its velocity at this same instant, and p the pressure relative to 
the unit of surface, which is made on the upper surface mn, and 
is transmitted by the fluid on the lower section m’n’, and on MM! 
and ww’ the sides of the vessel. Let y represent Mn the arca 
of the section Mn of the vessel, which, in each example, will be 
given in afunetion of x. Finally, let g be the gravity, and p 
the constant density of the fluid ; the question will consist, as 
has been stated, in determining the values of v and p in func- 
tions of é and 2. 

The mass of the slice which is considered will be the 
product of the density p and of its volume ydz, and therefore 
equal to pyde. Lf it was free, the increment of its velocity 
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would be gdt in the instant dé, it actually increases by de, 
consequently the velocity lost is gdt — dv; and we have 


(9-2) 


for the force that is lost, that is to say, for the part of the 
weight goydx which is destroyed by the pressure of the other 
slices. Therefore by the principle of D’Alembert, there 
should be an equilibrium in the fluid, if all its slices were 
solicited by simila¥ forces; in this state, the pressure py which 
acts on MN the upper surface of the slice pydx, will be 
transmitted on the inferior base mn’, and will consequently, 
as the pressures are in the proportion of the surfaces (No. 577), 
become py’, y denoting the area of m’‘y’; hence, if to this 
transmitted pressure, be added the preceding motive force, the 
entire pressure exerted on m’n’ will be obtained; and if this 
pressure on the unit of surface be denoted by p’, we shall have 
Py = py + (s = a ye. 

Now, as the quantities p’ and y/ are what p and y become, 
when x + dv is substituted for 2, there will result, by neglect- 
ing infinitely small quantities of the second order, 


qj dy 
p=pP +ae, y =y + Fide, 
and, consequently (a), 
py = WP yas 3 

this reduces the preceding equation to the following 

dp ( a) . 

de P\I~ 3 Q) 
this might also be obtained by substituting y — a in place of 


x in the first equation of equilibrium of No. 582. 


600 OF THE MOTION OF FLUIDS 


669. The second equation which is necessary to determine 
the two unknown quantities, will be furnished by the consi- 
deration of the incompressibility of the fluid. It follows from 
it, that the volume of the liquid which passes, during the 
instant dé, through each horizontal section of the vessel, must 
be the same for all sections; consequently, the velocities of 
the fluid, which correspond, at the same time, to two different 
sections of the vessel, must be reciprocally proportional to the 
areas of these sections. If therefore u denotes the velocity at 
the end of the time ¢, at the horizontal orffice AB, and a the 
area of this orifice, this velocity w will be to » the velocity at 
MN any section whatever, as y to a; hence we obtain 


au 

rah (2) 
In this value of v, w is a function of ¢, and y a function of 2; 
the differential may therefore be taken with respect to one or 
Other of these two variables: the differential relative to x, 
expresses the difference between the velocities of two consecu- 
tive slices which have place at the same instant; by diffe- 
rentiating with respect to ¢, the difference between the veloci« 
ties of two slices of the fluid, which successively correspond 
to the same section of the base, will be obtained; but, in 
order to obtain the difference between the successive velocities 
of the same slice, which is displaced in the instant dt, the 
value of » should be differentiated, at the same time, with 
respect to the variables x and ¢; this gives 


dv _adu — audydz 
di ydt yr dudt™ 
de ‘ : 
Moreover, we have am v; and by taking into account 
equation (2), there results from it 


de _adu — au’ dy 
dé~yd pf dx’ 
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It is this value of a that should be employed in equation 
(1), which becomes, in consequence, 


dp _ apdu , au’ dy 
de 9? = yate y de" 





If these two members be multiplied by dx, and then in- 


tegrated with respect to x, there results, by observing that 


du 7 
the quantities « and a must then be considered as constant(d), 


2 2 

Pp = «+ 9px — ap VS ae 
« being an arbitrary constant, which may be a function of ¢. 
In order to determine it, let II represent the atmospheric 
pressure, which we suppose to be that which has place at EF 
the upper surface of the liquid. Previously to the com- 
mencement of the motion, this surface is horizontal, and as 
each horizontal slice is assumed to he constantly composed 
of the same points of the fluid, it follows that the surface EF 
will remain horizontal during the entire continuance of the 
motion, At the end of the time ¢, let @ denote the distance 
of er from the point 0, and w the area of this variable section 
of the vessel, so that w may be the same function of 9, as y 
is of x; we shall have, at the same time, 


p=, «=6, yr: 


d. 
and if the integral ) 7 be supposed to commence when # = 0, 
the preceding equation will give 
2 at 
2 


cSt oy 


— 9p; 
in consequence of which, this equation will become 
‘ 


duCde plte a : 
PED gp ~0) ~ op GIVE ~E(E “): (3) 
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By means of equations (2) and (3), the values of the two 
unknown quantities v and p will be given, when the value of 
uw shall have been determined. . 

670. For this purpose it is. to be observed, that the pres- 
sure which has place at the orifice az will be given; for if the 
liquid flows into the open air, it will be the same as the atmos- 
pherical pressure, which presses at its level F ; and ifit flows 
into a vacuum it will be cipher ; for greater generality, we shall 
suppose that it flows into air whose clastic force is equal to 
the pressure II diminished by gpe, the pressure corresponding 
toc, a given height of the liquid; so that if 7 denotes the 
distance of the orifice ab from the point 0, we shall have con- 
stantly 

p=iIl—gpe, 
fora=l, Likewise, let h denote the height of EF, the level 
of the liquid, above this orifice, or the difference J — 0, and 


L : dx . 
X the value of the integral m7 extended to the entire volume 


of the liquid; so that \ is a line, the length of which is a 
function of h, depending on the figure of the vessel, and given 
in each example. ‘Therefore, at the orifice, we shall have at 
the same time, the preceding value of p, and 


Wie i 
=33 


y=a e=l= O+h, 


consequently, equation (3), applied to this section of the ves- 
sel, will become(c) 


d 
g(h+c)—$5— 3 But = 0, (4) 


in which we make, for conciseness, 


12 f= 


aa 


We may remark, that this numerical quantity j3? will be 
always positive and less than’ unity; for, in order that it 
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should become negative, the area of the least section of the 
vessel should surpass that of the orifice, and the liquid should 
be detached from the vessel at the place of this least section, 
which will then become the true orifice through which the 
fowing takes place. 

When the level of the liquid always remains at a constant 
height above the orifice, the three quantities A, 6,2, will be 
given constants, and equation (4) will suffice to determine the 
value of w ina function of ¢. When the level er is depressed, 
during the flowing of the liquid, & will be a variable, which 
must be also determined in a function of t. Now, at this 


level, y= wand p= dO and because the sum 6 + A is equal 
y dt y 


: d dh 
to La constant quantity, we have also e =U there- 


fore, in virtue of equation (2) we shall have 


dh | au 

“lt + oo 0; (5) 
and thus the values of wand h will depend on the two difte- 
rential equations (4) and (), which are of the first order. 
The two arbitrary constants which their integrals will con- 
tain, ean be determined, by means of the initial height of the 
liquid, and by observing that « = 0, at the commencement of 
the motion. 

Whether the level is depressed or docs not vary, if g de- 
notes the volume of the liquid which has issued from the 
vessel at the end of the time ¢, its differential will be equal to 
audt, the volume of the slice which traverses ab the orifice 
during the instant dé; therefore, we shall have 


dq = audit, ¢ = aSudt, 


the integral being taken so that it may vanish when ¢ = 0. 
We now proceed to apply these different formule succes- 
sively to the two cases of a constant and variable level. 
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G71. In the first case, equation (4) gives(d) 
2adu 
2Qg9(hk+e) — Bu =p? 
hence we deduce, by integrating and substituting h for 
h + e(e), 


Adt= 


Mo log y 2784: 08 ; 
BY 2gh V 2gh— Bu 
it is not necessary to add any arbitrary constant, for we must 
have w= 0 whent=0. We are at liberty, without changing 
this formula, to consider B and V2yh, as either positive 
or negative; we shall suppose them to be positive, There 
results from the preeeding expression, 
_ eV aeh 

V2yh—PBux(VBgh+ Bue "5 (6) 
e denoting, as usual, the base of the Naperian system of loga- 
rithms. According as ¢ increases, the second member of this 
equation will diminish ; so that after the lapse ofa certain time, 
it will be sensibly cipher; and, reckoning from this time, the 
velocity w will be very nearly constant and equal 


Bs 
C= py 20h. 


In each point of the vessel, the pressure p and the velocity 
v will vary with the velocity uw, and vee pene constant 


at the same time as uw. If in formula (3), = be made equal 


to cipher, there will result, by substituting i preceding value 


“(2 7(% = 
w 2 x > 


which will he the final value of p relative to M any point 


in place of «, 








p=il+gp(e— 


whatever, 
In the state of equilibrium, the pressure on this point 
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would be IT + gp (x — @), therefore, it will be increased or 
diminished by the motion of the liquid, according as the 
last term of this formula is positive or negative; that is to 
say, according as the horizontal section MN or y is greater or 
less than the section EF or w. 

quation (6) gives (7) 








BY zh _ BMY Zak 
V2ghfe ** —e ae 
“= B \ nih _ nage)? 
oe 38 +e 2a 


and as q = a§udé, and g = 0 when t = 0, we shall therefore 
have(y) 


2a 


ae) 
, 





for the volume of the liquid that has issued from the vessel 
during the time ¢. After the lapse of a certain time, the 
second exponential may be neglected relatively to the first, 
and we shall have 

_ ta V2gh 2a 


q= = N— — —— log 2. 
aie cia a 

idence ‘ : L i 

The first term is the volume corresponding to B V 2yh, the 
coustant velocity with which the liquid flows out; the total 
volume is less, since at the commencement, the variable value 
of w is less than this final velocity. 

672. In the case of a variable level, « should be eon- 
sidered as a funetion of 2, and by eliminating dé between 
equations (4) and (5); there results(#) 

udu 


ght Awdh 





~—iP7=0, 


the constant ¢ being always supposed to be comprised inf. 
TE denotes the height due to the velocity #, so that 
VoL, Te 4r 
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w= 292, udu = gdz, 


the preceding equation will be changed into the following li- 
near equation, 


0, (7) 





dz Bw Awh 

goers + = 
the integrat of which may be obtained, as is well known, under 
a finite form (i). 

When z and u are known in functions of h, equation (5) 
will give ¢ in a function of 2 by an immediate integration ; 
so that the time which has lapsed, when the Jevel of the liquid 
is at a certain height & above the orifice, will be known, and, 
conversely, h the height of the level er, at the end of ¢ any 
time whatever. The entire time which all the liquid takes 
to flow out will be obtained, by integrating the value of dé 
from the initial value of A toh = 0. With respect to y the 
volume of the fluid that has flown out, it will be equal, at 
each instant, to the portion of the vessel contained between 
the variable and initial level. 

673. Let us suppose, for example, that the vessel is a ver- 
tical cylinder terminated by a segment of surface, the sagitta 
of which is very small, and in which the horizontal orifice at 
is pierced. Let @ be the constant area of the horizontal see- 
tion of the cylinder, and 2 the ratio of @ toa, so that we may 


have(h) 





If the inferior segment of the vessel, which is by hypothesis 
very small, is not taken into account, we may assume 


1 oh 


in equation (7), which will then become(/) 


dz (¥-1) 


oF ts Uae 
ah Bohs: 
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Its complete integral is (am) 
wh 
=n 





ani ft 
z= ch® te 39 


in which c denotes the arbitrary constant. If the initial value 
of h be denoted by H, it is necessary that 2 should vanish for 
h =H; this requires that 

n? 


2—ne 
gn? 





c= 


hence there will result, at any instant whatever, 


2 


a (a ah), 





2= 


We shall have, at the same time, 


fT 
us aVIGiV/ a! (8) 


In 


and, in virtue of equation (5)(n), 


dh F— nH? 
ad = -—- = goa Soe 9 
Sa aR I (9) ; 





It is this formula which should be integrated in order to 
obtain ¢in a function of &. In the case of » = 1, we shall 


have 
dh 


x Vig Vinh’ 


i 
t= V2 Vark 


d= 


hence we obtain 


and, consequently, 

u—h=yt, 
as we know it ought to be, since the orifice being then equal 
to the base of the cylinder, the motion of the liquid ought to 
be the same as that of a heavy solid body that descends in a 
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vacuum. Formula (9) may also be integrated in a finite form, 
when n* = 3, and it can only be effected in this case and for 
a1. But its definite integral taken from h = # toh = 0, 
which expresses the time that the entire liquid takes to flow 
out, may be always reduced to the transcendentals, that M. 
Legendre has denominated definite Eulerian integrals of the 
second species, and of which he has given numerical tables, 
This reduction has been also effected by the author in the 
third volume of the correspondence of the Polytechnic school ; 
here however he restricts himself to apply formula (9) to the 


case of n? = 2, in which it occurs under the form a 


Its true value, as furnished by the common rule, is(#) 
lt dh (io et) + 
d= -—= ‘ 
V 2gh h ar) 


Ahone?", dh = —4ue-?" ade, 


Now if we make 


there will result from it 
dt = 2 VK dy, 


The limits relative to x, which correspond to A= 11, and 
h=0, willbex=O0ande=x. If therefore the time of the 
entire flowing out he denoted by 1, we shall have 


T= fet e-“de= a 


wD wD 
since the integral iv e-" da is half of \os e—“da, the va- 
lue of which is 7, as was observed in No. 512. It follows 
therefore that the time T is that in which the small oscillations 
: be adeagh ae ROL 
of a simple pendulum, the length of which is “> are per- 


formed. 
674. When as the orifice is very small relatively to the 
horizontal sections of the vessel, the term multiplied by a in 
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equation (4) may be neglected, unless the factor ae is not 


very great; this is, in fact, what has place at the commence- 
ment of the motion, when the velocity w varies with great 
rapidity. We may also substitute unity in place of 8; and 
then, whether the level falls, or remains stationary, equation 
(4) is reduced to 
gate) —}w=0; 
from which we obtain 
snap. 


It follows trom this theorem, that the velocity of a liquid 
which issues from a vessel through a very small orifice, is equal 
to that which a heavy body would acquire in falling in a va- 
cuum through a height equal to that of the level of the liquid 
above this orifice, (when the superior and inferior pressures 
are equal), or more generally, of the height of the level, in- 
creased by the constant c, when these two pressures are 
unequal. 

In the case of a constant level, this theorem results from 
the final value of w found in No. 671, by making in it 8 = 1. 
It results also from formula (8) applied to the case in which 2 
is a very great number, in order that the orifice a may be a 
very small part of a, the horizontal section of the cylinder. 
We can then substitute x? in place of n? — 2; this at once 
changes formula (8) into 


ee AY 
va Uy 


Now as h is evidently less than u, the x? power of s 
will be a very small fraction, and this value of « will be re 
duced very nearly to “= V2gh. 

As the orifice az is very small, if the section MN is not 


2 
. . » @ . . 
very near to this opening, the ratio —, which occurs in for- 
¥ 
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a . . . 

—; is so likewise ; the 
w 

last term of this formula may therefore be suppressed ; and if 
the term multiplied by a be also neglected, it will be reduced 
to 


mula (3), will be very small; the ratio 


p=Ut+ge(a — 9); 
hence it follows that in the case of a very small orifice, the 
pressure in all points of the vessel at a distance from this 
aperture, is sensibly the same during the motion as in the state 
of equilibrium. 

675. The hypothesis of the parallelism of the slices re- 
quires, in general, that the orifice should be horizontal; but 
when the orifice is very small, this may be also assumed even 
when the liquid flows through a lateral opening, the plane of 
which may have any inclination whatever, and may even be 
vertical. It appears from observation that the liquid situated 
a short distance below this small opening remains stagnant, 
and that the horizontal slices, situated at an equal distance 
above this same opening, descend parallel to themselves, so 
that, as in the case of a small horizontal orifice, the paral- 
lelism of the slices is not disturbed, except for the part of the 
liquid which is very near to the orifice. V2g.(h+c) may 
therefore be assumed to be the velocity with which the liquid 
flows through a very small opening, whatever the inclination 
of this orifice may be; / being the constant or variable height 
of the level of the liquid above the centre of the orifice, and ¢ 
the constant arising from the difference of the exterior pres- 
sures which correspond to this level and this opening. If the 
vessel is situated in a vacuum, in which case the two pressures 
and this constant are cipher, the molecules of the liquid will 
be actuated as they issue from the vessel, by the velocity 
VW 2gh which is due to the height 2, which is also the velocity 
with which a body should move, in order that when pro- 
jected in a vacuum upwards, it may ascend to this height 
(No. 130). Consequently, if a vertical direction is given to 
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the fluid by means of a pipe, it will reascend in the tube, to 
the height of its interior level; which is in fact conformable to 
experiment. In geiferal, the molecules of the fluid will de- 
scribe, ina vacuum, after a very short Interval of time, parabolas, 
the tangents to which at their point of issuing from the ori- 

. fice, will depend on the direction of the jet, and the parameter, 
on the height & or A + ¢, if the constant ¢ is not cipher. 

The pressure p will be sensibly the same as in a state of 
equilibrium, except at the orifice, where it will be equal to 
U—gpe instead of h+ gph. Now ifit was also equal to I+ gph 
on this part of the vessel, the horizontal pressures will destroy 
each other, and the vertical pressures will be reduced to the 
weight of the liquid increased by Tw, the pressure which has 
place on the surface of the level; hence it follows, that in the 
state of motion, the entire load which the pressure will have to 
sustain, will be made up of the vertical pressure which would 
have place in the state of equilibrium, and of a force normal to 
the plane of the orifice, acting from without the vessel inwards, 
and equal to the excess of the pressure ([1 + gph)a over the 
pressure (II —gpc)a, or to gp(h + ¢)a, in which a denotes, as 
before, the very small area of this orifice. 

676. In the case of a constant level and of a very small 
orifice, either horizontal or inclined, the consumption in the 
time ¢, that is to say, the volume of liquid which issues from 


the vessel with the velocity /2gh, will be 
gaat V 2h; 

this also results from the final value of y, which was found in 
No. 671, by neglecting the square of a. But it should be kept 
in mind that the hypothesis of the parallelism of the slices, 
on which this value of 7 is founded, is only an approximation, 
the accuracy of which cannot be estimated @ priori, and of 
which therefore the results should not be employed without 
restriction; for it is well known that this theoretical value of 
the consumption of the liquid does not always aceord with ex- 
periment. 


. & 
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If the side of the vessel is not very ‘slender, and if .ghe 
opening wrought in it widens internally; so that the fluid 
which flows out of the vessel may bea vertical cylinder, or a 
eurved cylinder, the vertical sections of which are constant, 
and equal to a, the area of the orifice, measured on the exterior 
surface of the vessel; in this case it may be admitted that the 
observed consumption agrees with the preceding value of q. 
But if the side be very thin, the observed consumption is 
always proportional to the area of the orifice and to the square 
root of the elevation of the level, as in the theoretical formula; 
but though it is in this proportion, it differs from this formula 
in its absolute value, by a factor which is nearly constant, and 
less than unity. It appears from the most accurate experi- 
ments, that this factor is 0,62; so that the value of g which is 
made use of in practice is 

= (0,62) at V 2gh, 
when the orifice is a very small one wrought in a thin side, 
and the height of the level considerable with respect to the 
dimensions of this opening, whether horizontal or inclined. 

This difference is ascribed to the inclined directions which 
the molecules of the liquid assume, as they approach the orifice, 
which for greater clearness we suppose to be horizontal, and 
which they retain, after having traversed the thin side of 
the vessel. It appears from this, that the exterior fluid vein 
contracts to a small distance from the vessel, where it attains 
its minim breadth, which it afterwards retains. This phe- 
nomenon is termed the contraction of the fiuid vein, The fluid 
flows out in precisely the same manner as if the area of the 
orifice was the same as that of the section of the vein at the 
place of its greatest contraction, so that if the area of this 
section be denoted by a’, and its constant distance from the 
level of the Hquid by #’, the quantity of the liquid which will 
have flowed out will be denoted by at V2gh’, or very nearly 
by at 2gh, because h and fh’ differ very little from each 
other, Now if is found, in fact, by direet measurements of 
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the section a’, compared, with the orifice a, that these two 
quantities are to each other in a ratio, which is very nearly in- 
dependent of 4, and that we have constantly a’ = (0,62)a. 

. It appears from experiment, that if to an orifice in a thin 
sige, @ cylindrical adjutage be fixed without the vessel, perpen- 
dicular to the plane of the orifice, the quantity which flows 
out through it will be increased, and may amount to four- 
fifths of the result of theory. On the contrary, if this adju- 
tage is fixed in the interior of the vessel, the quantity which 
flows out is diminished to one-half of the quantity which is 
given by theory, so that in the preceding value of g, the factor 
0,62 should be replaced by 0,80 in the first case, and by 0,50 
in the second. 

‘These results of observation have been here only briefly 
pointed out, as they have not as yet been reduced to any 
precise theory. 

677. The hypothesis of the parallelism of the slices is 
also assumed in the motion of ah elastic fluid which issues 
from a vessel through any orifice whatever; and, when the 
sections of the vessel parallel to the plane of the orifice, do not 
differ much from each other, and the length of the vessel is 
considerable with respect to their dimensions, this hypothesis 
is not far from the truth. 

In this case, the weight of the molecules of the fluid is not 
taken into account, so that the motion is solely due to the 
greater or less elastic force of the Anid, in the interior of the 
vessel than outsideit. Therefore, the term depending on gin 
equation (1), which is applicable both to liquids and elastie 
fluids, must be suppressed. Moreover, as the differential of » 
which it contains, must be taken with respect to ¢ and the 
variable x, considered as a function of &, we shall have 


and as we have also pa = », this equation will beeome(p) 
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dp dy dv 


ant aE + pea 0. (a) 


As the fluid is compressible, the same volume will no 
longer pass, at each instant, through all the sections of the ves- 
sel, and equation (2) will not have place. ‘Che mass of fluid 
which passes in the instant dé, through the section un, will 
he equal to pyedt, the same mass will pass the following in- 
stant through the section m’y’, its volume being changed; and, 
during the entire continuance of the motion, its maynitude 
will not vary. ‘Vherefore the differential of the product pyv, 
taken with respect to ¢, and the variable x considercil as a 
function of ¢, will be cipher; and, because y is solely a func- 


: ix 7 , 
tion of x, and that a = v, we obtain from it(g) 
a 


ply d.pv d. Lipo _ 


dy =0. 
de Te te (b) 


Finally, if the temperature remains constant during the 
motion, in the entire mass ef the fluid, we shall have 


p= pk 3 
kh being a given constant coefficient. 

This being established, itt be substituted in place of p 
in equations (a) and (b), we shall obtain two equations of par- 
tial differences of the first order, by means of which » and p, 
the two unknown quantities of the problem, ean be deter- 
mined in functions of and 2, As they are not integrable in 
a finite form, the values of p and v can only be obtained by 
approximation. ‘These values will contain two arbitrary fune- 
tions, which ean be determined by two particular conditions ; 
for this purpose, we shall suppose that the clastic fluid issues 
into the open air, so that if T denotes the atmospheric pressure, 
on the unit ofsurface, we may have constantly p= 1, at the ori- 
fiee az, We shall also suppose that the vessel conmnunicates 


with a gasometer of yreaé capacity (7), by means of which 


IN A PARYICULAR HYPOTHESIS. 615 


uF a section of the fluid parallel to an, and fixed in position, 
sustains a constant given pressure, so that if this pressure on 
the unit of surface be denoted by TI’, we shall also have p = 1’ 
_in this part of the vessel, during the entire continuance of the 
motion. If therefore the distance « be reckoned from the 
plane EF, and if 7 denotes the distance comprised between az 
and £F, we shall have, whatever ¢ may be, p =I’ for « =0, and 
p= It fore = 2; this will enable us to determine the two 
arbitrary functions, and thus completely solve the problem. 
But this solution is so complicated that it cannot be reduced 
to any useful result ; and in practice it is sufficient to know the 
constant velocity with which the fluid flows through the ori- 
fice aB, when the pressure p and the velocity v become con- 
stant in each point of the vessel; this, in general, takes place 
after a very short interval of time. 


678. If therefore we make os 0, and e = 0, in equa- 


tions (a) and (b), they will be reduced to two differential equa- 
tions, namely, 
hdp de _ dy 


d.pv 
Se de pouty P? = 0, (c) 


dz 





because p = kp. 
The integral of the second of these equations is(s) 

ype me; 
« being an arbitrary constant. If the orifice ab be always 
denoted by a, and the velocity of the fluid at this orifice by x, 
so that we may have at the same time, y= a, v=u, p= H, 
and, consequently, c = allu, there will result from this, at 
any point whatever of the vessel, 

_ alla 


v= - (d) 


By substituting this value of v in the first equation (c), it 
becomes 
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dt. 
bap als Py = 0; 
pdx py de 
hence, by integrating, and denoting the arbitrary constant by 


c', we obtain(¢) 
- 2942 


Il 
hlogp + any =e. 


Therefore, if the area of the section Er be denoted by a, so 
that we may have at the same time y=a and p= II’, we 
shall obtain 
ere, 


Rog + sags = 0 


and, by subtracting this equation from the preceding, 


hlog E + pee. aia) =0. (e) 

By means of equations (d) and (e), the velocity and pres- 
sure in any point whatever of the vessel will be known, when 
u the velocity relative to the orifice is known. Now by 
making p = II, and y = a, in equation (e), we obtain 

, 

(i _ aa) a Qhlog Hs (f) 
from which the value of « can be deduced. In this formula 
we suppose 

k=grh, 
g denoting the gravity, and r the ratio of the density of the 
mercury to that of the interior fluid under a barometrical pres- 
sure, the height of which is h, hence the value of the volume of 
the fluid which issues from the vessel in the time ¢, will be 
aut. 

It may be remarked, as in No. 675, that when the orifice 
is very small, it is no longer necessary that it should be parallel 
to the section EF, that is to say, it may be made in the lateral 
part of the vessel, and have any inclination whatever on the 
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plane of this section. We may then neglect the term depend- 
2 

ing on a in the firstmember of equation (f), which will be- 
a 


come 


IV 
? = 2orh.log —; 
u gr log a 


consequently, the velocity with which a fluid issues through a 
very small orifice, will be that which is due to a height rh, 
‘ 
multiplied by the Naperian logarithm of the ratio i The 
supposition that the temperature is invariable during the en- 
tire continuance of the motion, implies that the velocity x 
should not be very considerable, otherwise the temperature 
would vary, as in the propagation of sound. 


ADDITION. 


RELATIVE TO THE APPLICATION OF THE PRINCIPLE OF LIVING 
FORCES IN THE CALCULATION OF MACHINES IN MOTION, 


679. Tue conditions of the equilibrium of forces applied 
to machines, are furnished immediately by the principle of 
virtual velocities; the theory of their motion is given by that 
of living forces, which enables us to calculate, in the most di- 
rect manner, the effects of the forces that are applied to them. 
‘This application of the principle of living forces constitutes, 
so to speak, the point at which rational and practical mechanics 
coincide. It is on this account that the author thought it 
necessary to give, in this addition, a brief sketch of the most 
general principles relative to this matter. 

680. Machines may be defined to be instruments or sys- 
tems of solid bodies, which are made use of to transfer the 
action of forces from one part to another of these bodies. 

Therefore when a machine is in motion, certain points 
of it are subjected to the action of given forces, and other 
parts press on exterior bodies, or are reciprocally pressed by 
those bodies which it is proposed, by means of the machine, 
either to displace or to separate. The first description of 
forees are termed moving forces, and their points of application 
move along their directions, or, more generally, the directions 
of the motions of these points make acute angles with those 
of these forces(a). On the contrary, the pressures exerted by 
extraneous bodies are denominated resisting forces, and the 
directions of the motions of their points of application are op- 
posite to those of these forces; or at least, they make with them 
obtuse angles. 
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The connexion of the parts of a machine is such, that it 
can, in general, only assume two motions, directly opposite 
the one to the other; it follows therefore, that, when the di- 
rection of the motion which it actually assumes is known, one 
equation is sufficient to determine this motion in a complete 
manner. This equation is that which is obtained by inte~ 
grating the two members of equation (a) of No. 564, namely, 

$d. Imv? = Im(xdx + vdy + 2dz). (a) 

After the lapse of ¢, any time whatever, reckoned from the 
commencement of the motion, v denotes the velocity of the 
point, and x, y, 2 its three coordinates referred to fixed rect- 
angular axcs; m is the mass of this point; dz, dy, dz are the 
projections, on these axes, of the space which it describes 
during the instant dé; mx, my, mz denote the components of 
its entire force parallel to these same axes, and the sums & 
are supposed to extend to all points, such as m, of the system. 

681. Before we proceed farther, it will be useful to distin- 
guish, in the sccond member of equation (a), between the 
terms which arise from the moving forees and those which 
result from the resisting forces, and to assign another form ” 
to them, 

For this purpose, let p be one of the moving forces, and 
a, 3, y the angles which its direction makes with lines parallel 
to the axes of x, y, =; we shall have, relatively to this force, 

MS = PCOSAa, MY = Pcosf3, mz = PCOS. 

Likewise, if ds be the space deseribed by its point of ap- 
plication during the instant dé, and A, pw, v the angles which 
the direction of ds makes with its projections dx, dy, dz, we 
shall also have 

dx =dscosr, dy =dseosp, dz = ds cosy. 

Finally, if dp denotes the projection of ¢s on the direetion 
of the force p, and o the angle contained between dp and ds; 
we shall have 
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dp = ds cose, cosa = cosa cosy + cos cosp + cosy cosy; 
and, from these different equations, we deduce(}) 
m(xdx + vdy + zdz) = pdp, 
for that term of the second member of equation (a), which 
corresponds to the force p. 

If one of the resisting forces be denoted by @, and the pro- 
jection of the space described during the instant dé, by its point 
of application on the production of its direction, by dy, it 
may be shown, in the same manner, that — gd is the term of 
this second member, which arises from the force q. In this 
manner, equation (a) will assume the form 

$d.=mv* = Dedp — Dadq; (b) 
in which one of the sums = contained in its second member is 
supposed to extend to all the moving forces of the machine, 
and the other to all the resisting forces. According to the 
hypotheses that have been made respecting the directions of 
these two descriptions of forces, relatively to the motions of 
the points where they act, the quantities ¢p and dq, and also 
p and Q are positive, consequently the sums & consist only 
of positive terms. 

682, If & denotes the initial velocity of m any point what- 
ever, or the value of » corresponding to f= 0, then we shall 
obtain, by integrating the two members of equation (b), 


4 Smv? — $ Emi? = §Sedp —§ Badg; (c) 


in which the integrals are taken in such a manner that they 
may vanish at the commencement of the motion. “It is under 
this form that the equation of living forces should be employed 
in order to calculate the effects of machines in motion; it 
coincides with equation (b) of No. 564, when the integrations 
indicated in its second member can be effected. 

The products rdp and dg, the sums of which are sub- 
jected to these integrations, have received different denomiiia~ 
tions; they have been termed the quantities of action, the 
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moments of activity, the dynamical effects of the forces P and 
a. It would be useful if they were always designated by 
the same term; the denomination of quantities of elementary 
work, which was proposed to be given to them by a French 
author of the name of Coriolis, is the one that will be here 
adopted. Consequently, the sums Srdp and Zady will be 
the quantities of elementary work performed during the same 
instant by all the moving forces and all the resisting forces ; 
and their integrals § 2pdp and §Xady will express the entire 
motive work and the entire resisting work of the machine, 

.from the commencement of the motion to the instant in 
question. 

Hence, equation (c) indicates that, in any machine in mo- 
tion, the increment, during any time whatever, of the semi- 
sum of the living forces of all its parts, is always equal to the 
excess of the motive work over the resisting work, during the 
same interval. 

683. If the moving force py, or the resisting force Q, is a 
weight II, which descends in the first case, through a vertical 
height 4, or which ascends, in the second case, to the same 
height, the product I1/ will be then the value of the motive or 
resisting work, whatever be the route traversed by this weight, 
h being always the vertical projection of the right line or 
curve described by its centre of gravity. If there are points 
of contrary flexure in this line, or if it returns into itself, the 
motive work and the resisting work will alternately sueceed 
one another; and, as A is the difference of level of the points of 
departure and arrival, 1h will be the excess of the first work 
over the second. In the ease in which there are no such suc- 
cessions, the quantity of work corresponding to a weight I 
raised to a height 4, is equivalent to the quantity of work 
which belongs to another weight H’, when elevated toa height 
h’, which is such that A’ = a 

Whatever may be the force v or a, the integral §rdp or 
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Sady is always equivalent to the product of a weight P anda 
height A; and, in order to compare together, and express in 
numbers, works of different descriptions, we may in this man- 
ner assimilate them to weights raised to given heights. In 
this case there is assumed for the unit of work, which is usually 
termed the dynamical unit, the work corresponding to a 
weight of 1000 kilogrammes, which is supposed either to be 
raised to the height of a metre, or to descend vertically through 
a space equal to a metre. This being agreed on, if the nu- 
merical values of the integrals §pdp and §adq be computed, 
1000 kilogrammes being assumed as the unit of force, and the 
metre being the linear unit, the numbers obtained in this man- 
ner will express, in dynamical units, the quantities of work 
represented by these integrals. Any sum whatever of living 
forces, such as } Zmv’, for example, may be also expressed in 
dynamical units; for if J be the height due to the velocity v, 
g the gravity, and p the weight of m, we shall have 


vs Qgl, poym, pSmv’ = Zpl; 


and this sum is of the same nature as the integrals {rdp and 
Sadg, or as the product ITA. 
684. When the machine scts out from a state of rest, 
equation (¢) is reduced to 
4 Ymv? =f Epdp — §Zadg. (a) 
As its first member is always positive, it is necessary that, in 
the first instants, the motive work should exceed the resisting 
work, But as the velocities of the points of the machine 
cannot increase indefinitely, this first member attains its maxt- 
mum after the lapse of a certain time, which is for the most 
part inconsiderable. By a means which will be peinted out 
farther on, the semi-sum 4 Zmv? of the living forces is made to 
remain constant from the instant the maximum is attained, or 
at least it then only experiences very small variations, so that 
the machine is said to have attained to its permanent state. 
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In this constant state, we obtain, by differentiating the pre- 
ceding equation, 
xpdp = Yadg; 

so that the effect of the machine is then to change, at each 
instant, the elementary motive work into an equal quantity of 
resisting work. But it is important to observe, that {Sadg 
the quantity of resisting work into which the motive force 
§Spdp is changed, during any time whatever, does not ex- 
press solely the work proposed to be done by means of this 
instrument, for the integral § Ze@dy also contains the resisting 
work that arises from the friction of the parts of the machine, 
either against one another, or against extraneous bodies, and 
also that which is produced by the friction of the medium in 
which the machine moves (d). 

For example, in order to take into account the frictions, it 
is necessary, agreeably to what has been observed in No. 568, 
to add to § Sady, the integral arising from the resisting work 
properly so called, another integral {3 /Nds, in which f is the 
coefficient of the friction, N the mutual pressure of the parts 
which rub against each other, and ds the element of the curve 
described by their point of contact. In consequence of this 
addition, equation (d) will be changed into 


4 Sm? = § Spdp — §Zadq — SB fnds. (e) 


Hence it follows, that when a machine has attained to a 
permanent state, {Zrdp the quantity of work performed 
during a given time by the moving forces, is not altogether 
represented by § Zadg the effective part of the resisting work, 
for this part is always less than the motive work §Zprdp, by 
the entire quantity of work that corresponds to the frictions 
and the other resistances, A machine is more perfect the more 
the effective work §Zedq approaches to an equality with the 
motive work {Zrdp; but, the first integral can never, how- 
ever the parts of the machine are combined, be equal to the 
second, much Jess surpass it. As an example of imperfect 
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machinery, in which the effective work is only a very small 
fraction of the motive work, or rather in which the greatest 
part of this is absorbed by the frictions, we may cite the old 
machine set up in Marly; in this the motive work consisted in 
the fall of a considerable body of the water of the Seine, and 
the effective part was the elevation of a quantity of water to a 
height, which was far from being an equivalent for the small- 
ness of its quantity. 

685. The essential parts of a machine are, the part to 
which the moving force is applied, that which is in contact 
with the body which it is proposed either to move or separate, 
and the intermediate part which transmits the action of the 
moving forces. It is of consequence, in order to save ex~ 
pense in the construction of machines, and also to diminish 
the frictions, that the solid mass should be as small as possible, 
consistently with the solidity ofits parts; but there is another 
circumstance to be considered, in consequence of which it is 
necessary to increase this mass, and to add to the three essen- 
tial parts of which it consists, a piece called a fly, and which 
in general consists of a solid body revolving about a fixed 
horizontal axis. 

‘As the motions of the three first parts of a machine are 
cither such as are alternately those of the motive and resist- 
ing kind, or such as produce a revolution, 42m’, the semi-sum 
of living forces relative to them, becomes a periodic quantity, 
after itattains its maximum ; consequently, this will be the case 
with respect to the second. member of equation (e); so that if 
the machine was reduced to its three essential parts, the motive 
work and the resisting work, in which last the effects of fric- 
tions are supposed to be included, would alternately predomi- 
nate, the one over the other; and if the alternate variations of 
the motive work §Zrdp and of the part §Sfnds of the resist- 
ing work, were not exactly regulated according to the periods 
of the machine, §Sadq the quantity of effective work would 
continually vary. Now, in order to secure the good perform- 
ance of the working of the machine, it is indispensably neces- 
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sary that, for the most part, the effective work should ap- 
proach as near as possible to uniformity ; and the chief use of 
the fly-wheel is to accomplish this object. In fact, if dm is 
an element of the mass of the fly, 7 its distance from the axis 
of rotation, w the angular velocity about this axis, common to 
all the elements dm, and which may vary from one instant to 
another; rw will be the absolute velocity of dm; consequently, 
§r?w?dm will be the value of the sum of the living forces of the 
entire mass of the fly, or, what comes to the same thing, the 
product jw”, in which 4 denotes the moment of inertia of the 
fly with respect to its axis, that is to say, the integral §r’dm 
extended to the entire mass. If therefore }yw? be added ta 
the first member of equation (e), and if the semi-sum } Smv* 
be supposed to refer to the three other parts of the machine, 
we shall have 


2 nw? + 4 Lm? = § Sedp — § Badg — SU/Nds; 
from which we obtain 
§ Sedq = R — 40’, 


in which we make, for conciseness, 
R = Q2rdp —§Sfxds— 4 Snv* 

Now, we may conceive that the variations of w can be 
so regulated by those of this quantity r, that the entire 
variation of R — yw? may be reduced to very small ampli- 
tudes, and that consequently, the resisting work may be 
very nearly invariable in the permanent state of the machine; 
we may likewise conceive that, every thing else being the 
same, the variations of w the velocity of the fly, will be so 
much less, as 4 its moment of inertia is greater. 

686. The quantity of motive force necessary to put the 
machine in motion, and to increase the total living force, 
until it reaches its maximum, is found to be augmented by the 
addition of the fly; but after the machine has attained to its 
permanent state, the masses of its different parts no longer 
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influence its work, provided we do not take into account the 
effect of their weights on the frictions. 

If, during the motion of the machine, its parts experience 
a shock either between themselves or against extraneous bodies, 
and if after the shock the points of contact are actuated by a 
common velocity in a direction perpendicular to the surfaces, 
there will be a diminution of living force in the system; if the 
parts which experience the shock, are afterwards separated in 
virtue of their elasticity, there will be also a loss of living force 
when these parts are not perfectly elastic ; and when they are 
perfectly elastic, there will be a loss of living force in the first 
part of the shock, and then an increase exactly equal to this 
loss in the second part (No. 572). Consequently, in order ta 
reduce the machine to its permanent state, without any dimi- 
nution being sustained in the quantity of resisting work, there 
must be a fresh consumption of motive work made by the 
moviag force, similar to that which has place at the commence- 
ment of the motion, and equal to half of the living force that 
is lost during the shock(e). ‘This is the reason why, inde- 
pendently of the damage which these shocks produce in ma- 
chines, it is also necessary to avoid them, in order to economize 
the moving forces. 

687. In general, the resisting work which arises from 
frictions and the action of the medium in which the machine 
moves, is a continually increasing quantity; so that in order 
there may be some effectual work, or, at least, that the motion 
of the machine may be kept up, it is necessary that the quan- 

‘tity of motive work should also increase with the time, and in 
a ratio at least equal to that of the increment of the resisting 
work. If this is not the case, the resisting work will even- 
tually become equal to the motive work, at this instant, the 
semi-sum of the living forces of all the points of the system will 
be cipher; the velocities of all these points will be zero, and 
the machine will stop, and be reduced to a state of rest. 

There should be also added to the frictions and resistances 
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which produce this gradual exhaustion of living force, the 
communication of a part of the motion of the machine to its 
supports, which part is then transmitted and lost in the ground 
where the machine is placed. This communication does not 
arise solely from the defect of solidity in the supports; it is 
also produced by their elasticity, in consequence of which the 
motion is propagated in the same manner as sound; and there 
may result from this propagation a diminution of the velocity 
of the parts similar to that which is produced by the resistance 
of a medium. An example of this remarkable effect is furnished 
in the motion of a pendulum suspended at the extremity of an 
elastic horizontal rod of an indefinite length. The details of 
this discussion are given in the additions a la Connaissance 
des temps pour Cannee 1833, page 26. * 

When the action of the moving forces is suppressed, and 
the effective work of the machine has likewise ceased, the 
equation of living forces becomes s- 


bmv? = $ Ink? —§ Sfxds 5 


mk being the sum of the living forces of all the points 
of the system at this instant, Sv? this sum at a subsequent 
epoch, and | 2/Nds is supposed to comprise both what arises 
from frictions, the resistance of the medium, and also the 
loss of motion by the supports. Now this last term very sagn 
becomes equal to }Zmk?; so that the living force of the ma- 
chine will be completely exhausted, and it will cease to move,+ 
as has been already stated in No, 568. 

688. When a man carries his own weight, or himself,~ 
which we shall denote by uv, to a place the vertical height of 
which above the point from whence he set out is h, the quan- 
tity of work performed is, by the rule of No. 683, expressed by 
ch; but this quantity will give us a very imperfect notion of 
the muscular efforts that have been made by him, and of the 
entire muscular foree which he has developed. Indeed it 
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would be difficult to obtain an exact measure of it; we can 
only show that it exceeds, for the most part considerably, the 
preceding quantity, which would be cipher, if the height & 
was zero, although there can be no doubt, but that a man 
walking on a horizontal plane, exerts a quantity of mechanical 
work. 

If as he walks the man has first the left foot before the 
right, his centre of gravity is then depressed below its natural 
position by a quantity which we shall denote by «. Then by. 
leaning on his left foot, the man, by means of the pressure of 
this foot against the ground, brings up his right foot to p level 
with the left, afterwards the right foot is advanced before the 
left, and placed on the ground ; in this operation he makes an* - 
entire step, which is thus made up of two parts. Now, in, the 
first part, the man raises his centre of gravity by the height e, 
and thus performs a quantity of work equal to pe; he im- 
presges at this same instant on this point a horizontal velocity, 

_ which we shall denote by a, at the end of the first half-step ; 
this corresponds to another quantity of work equivalent to the 


(2 
semi-living force mm in which g denotes the gravity. There 


2 
should be also added to aa the part of the semi-sum of the 


living forces arising from the relative velocities of all the other 
poitits of the body (No. 569); but it is not necessary to take 
these into account in this estimation, which can be only a 
mere rough sketch, We shall likewise assume that the se- 
. gond half-step has place in virtue of the velocity acquired at 
the end of the first, and of the weight of the body which falls 
back on the ground, so that during the second half-step, the man 
exerts no effort whatever, and thus the vertical and horizontal 
velocities with which his centre of gravity are still actuated at 
the end of the entire step must be destroyed by the impact and 
friction of his foot against the ground. In this hypothesis, 
the quantity of work exerted by the man during the entire’ 
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2 + 
step, will be the sum ve Bey tall or U(e +a), in which a de- 


notes the height due to the velocity a, so that a? = 29a. 

It follows from this, that in a number such as n of equal 
and similar steps, the value of the quantity of work performed 
by a man or animal carrying a load, and advancing on a hori- 
zontal route, will be uK(« + a), in which x denotes his weight 
v increased by that of the burden. If the entire weight was 
raised vertically to a height A about the point of departure, 
kh should be added to the quantity nK(e + a); and if the 
load ig drawn along a route on which it experiences a resist- 
ance denoted by ®, which is a certain fraction of its weight, 
there will result another addition of work to be done equal to 
Fl, in which J denotes the length of the route(f). 

689. In calculating the effects of machines in motion, it 
is frequently useful to distinguish the velocities which are 
common to all its points, and also those that are relative to 
their different points. For this purpose, let 2, y, z be always 


the coordinates at the end of the time ¢, of any point whatever 
dx dy dz 


dt "dt? dt 
absolute velocity at this instant, and the coordinates of this 
same point will become a -+ dx, y + dy, x + dzyatthe end of 
the time ¢ + dt. Now, the motion of the system during. the 
instant dt, may be decomposed into a motion of translation 
and rotation common to all its points, in which their distances: - 
are invariable, and into particular motions, in which these dise 
tances undergo suitable variations. Let dx, , a’z denote 
the increments of x, y, z, which arise from the common mo- 
tion, and dz, dy, d,z, those which result from the relative 
motion of m, then we must have 


whose mass is m; will be the components of its 


de=da+dx, dy=dy+dy, dz=d2/4 dz. 


Likewise, relatively to this same point m, let u’, v’, w’ be the 
three components of the common velocity, they will be given 
functions of ¢, 2, y, z, and will be respectively 
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pet yndy ae Oe 
~ dt? ~ dt’ ~ dt’ 


those of its relative velocity will be likewise 


daz dy az 


SA ——, 
di’ ‘dt’? dt’ 
so that the components of its absolute velocity will be 


dy dz_., dz. 
Uta gate tae! 


dx, , dw dy 
an tae at 





and by differentiating, there will result 


Pe dw | dav 
da + ae’ ] 
Py dv | ddy | (f) 


ae at ae’ 
Pz du’ | ddz 
a = ae * dE? 


which will be the accelerating forces of this point m in the di- 
rection of the axes of the coordinates; the differentials relative 
to ¢ being taken with respect to this variable and to the co- 
ordinates «, y, 2, considered as functions of ¢. 

If this point m is constrained to move en a surface, which 
may be either fixed or moveable, but whose form is invariable, 
it should remain constantly on this surface, in virtue of the 
motion common to all the points of the system. If 5 = 0 be 
the equation of this surface, i will be a given function of the 
coordinates of m referred to the moveable axes, which partici- 
pate in the common motion, and this quantity may be changed 
into a function of the time and of the coordinates of m referred 
to fixed axes, that is to say, into a function of ¢, x, y, z. 
Equation 1 = 0 ought to subsist when these four variables 
are replaced, either by ¢ + dé, x + dz, y + dy, z + dz, in the 
absolute motion of m, or by i+ dt,r+d2z, y+ dy, 2+ dz, 
in the common motion of the system. Therefore, if infinitely 
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small quantities of the second order are neglected, we shall 
have simultaneously(7) 





i di 
Get a tet da) +E ty +dy)+ Ede +dz)= 0, 
du, du dle by 
Et Ee e+ Tdy +7 ete = 9, 
and, consequently, 
wea 
de dy +5 dz = 0. (g) 


This being established, we now proceed to investigate the 
sum of the living forces due to the relative velocities of all the 
points of the system, and to compare it with the sum of living 
forces which result from their absolute velocities. 

690. For this purpose, let us resume the general formula of 
No. 531, from which equation (a) of No. 680 has been de- 
duced, and let us successively arrange the terms of this for- 
mula with respect to the different descriptions of forces which 
may act on the system that is considered. In the first place, 
let p be one of the given exterior forces; as 8p is the projec- 
tion of the displacement of its point of application, on its 
direction, which projection is considered to be positive or ne- 
gative, according as it falls on the direction itself of m or on 
its production, we shall have, as in No. 681, 

m(xodz 4+ védy + zdz) = Pop, 
for the part of the above cited formula, that results from this 
force vr. 

Likewise, let n be the mutual action of two points of the 
system, whose masses are m and m’, 7 the distance mm’, of 
which R is a certain function; then as z, y, z, 2’, y’, 2’ are the 
coordinates of m and m’, we shall have 


= (ev + y—y)? + 2's 


and if ér be the variation of r which results from their incre- 
ments éx, dy, dz, dx’, dy’, dz’, we shall have likewise 
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ror = (x — 2’) (8x — dz’) 
+ y—y') @y— by’) + (2 — 2) (62 —82'). 


The components of the force x applied to the point 7, will 


be 
mx = é Je, 
r 


‘ 

myst (e Ys, 
z— 2! 

mza ( re yn, 


and those of the same force applied to the point m’, 


, 
ao — ae 
mx’ = ( \r, 
¥ 


mys (t=) Ry 


, 
a z—2 
n'a! = ( > yas 

















hence there results 
m(xdx + yey + zz) 
+m! (x'da’ + y¥’dy’ + 2/é2’/) = © nér, 

for the part of the general formula, which arises from the force 
R; in this the superior or inferior sign has place, according as 
this force is repulsive or attractive. ~ 

If the point m is constrained to remain on the surface, 
whose equation was denoted by u = 0 in the preceding num- 
ber, and if w be the element of this surface corresponding to 
the point m at the end of the time ¢, and wu the resistance 
which it experiences, this force will be normal to the actual 


position of w; therefore its components will be 
: ’ 


L du du 
MEE WV, MYSwWUV--, MZ = wiv—-, 
dz dy dz 


in which we make, for conciseness, 
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aT 


and if we also assume 


v (Sax 24 au +3 a ae) = ay, 


there will result wuédu, for Pa term of the genergl formula that 
arises from the resistance ww. ‘The factor vu will express this 
resistance on the unit of surface; and 8u will be the projeetion 
of the displacement of m on the normal to the element w; the 
sign will be doubtful in consequence of the radical v, and 8 
is to be regarded as positive or negative according as the pro- 
jection of the displacement of m falls on the direction itself of 
the resistance wv, or on its production. 

Besides the normal resistance of the surface on which the 
point m is constrained to move, it likewise experiences a tan- 
gential resistance, that arises from the friction against this 
surface ; if this force be denoted by wr, and the projection of 
the displacement of the material point m on its trajectory by 
8s, wrés will be the corresponding term of the formula of 
No. 531. 

In consequence of this, the formula may be written as 
follows : 


am(e te +3 ay + gabe 2) 
= Spdp + Srdr + Twvdu — Lords; 


(h) 


in which the sum & of the first member belongs to all the 
points of the system, and the sums & of the second member 
extend, the first to the points which are subjected to the action 
of the extraneous motive forces, the second to the mutual ac- 
tions of all the points of the system taken two by two, the third 
and fourth to all the elements of the surfaces that in moving 
resist, and produce friction. This being established, if the 
sole condition that restrains the motions of the entire system, 
be, that a part of the points of the system are constrained to 
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exist on these surfaces, all these points may now be regarded 
as entirely free, and dx, 8y, 82, the variations of the cvordi- 
nates ofany point whatevex, may be subjected to any condition 
we please. : . 
691. In the first place we will suppose that 

éxadz, S8y=dy, 82= dz; 
in-which case the displacement of m any point Whatever is 
that‘which has actually place durmg the instant dé. We shall 
have ut the same time dr = dr, and 8p, Su, Ss will be replaced 
by dp, du, ds, which denote the projections of the real dis- 
placement of the point m on the directions of the forces P, 
wt, wr. If the velocity of any point whatever such as m be 
denoted by v, then since 

Cx Py ie 


—_ r meee. ‘i Ed i 32 
pe + my + ae ds = td’, 


equation (h) will become ; 

$d. 3mv® = Sedp + Erdr + Ywoudu — Ywrds. 
Hence we shall obtain, by integrating, 
$Emv?—~ 3 Suk? = SSvdp + VErdr +f Zwvdu —§Lwrds; (i) 
in which the integrals are supposed to be reckoned from the 
commencement of the motion, 4 being the initial value of v. 

The term §Zpdp comprises the part of the motive work 
that belongs to the weight of the system; and if this weight 
be denoted by 1, and the vertical height through which the 
centre of gravity falls in the time ¢ by Z, this part will be 
equal to 11g. 

When the distances of the points of the system that is con- 
sidered continue invariable during the motion, dr will be = 0, 
and the term § Zrdr will disappear from equation (i). In the 
case of a fluid, this term comprises the mutual attractions and 
repulsions of its points, which extend to considerable dis- 
tances; it also comprises those mutual actions that are pro- 
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perly denominated molecular forces (No, 588), which extend 
ouly to insensible distances, and which produce those interior 
pressures of which no account was taken in forming equation 
(i). The value of this integral § Erdr depends on the change 
of form and on the condensations or dilatations of the fluid - 
during its motion; and for the very small variations of density 
which have place in the liquid, it may vary very considerably, 
on acceunt of the molecular forces or interior pressures that 
result from it (No. 576). > . 

The sums Swudu and Zwrds that occur in the two last in- 
tegrals, are themsdves double integrals, which extend to all 
elements such as w, of the resisting and rubbing surfaces. If 
the part of the system which produces friction by moving 
against one of these surfaces isa solid body, the force wr 
will be independent of the velocity of this body, and prepor- 
tional, for each element such as w, to the corresponding 
pressure, which is equal and contrary to the resistance wu. 
If this part of the system which produces friction is a fluid, 
the force wr will depend on its relative velocity, and will 
be independent of the pressure (No. 456). When the surface 
of which L = 0 is the equation, is immoveable, the projection 
of the displacement of m, on the normal to this surface, will 
be cipher, since the point m is constrained to exist on this 
surface ; therefore we shall have du = 0; in consequence of 
which the integral {Zwtdu will disappear; and if besides, we 
do not take into account the friction, equation (i) will be re- 
duced to the ordinary equation of living forces. 

692. Let us now assume 

dSe=dx, dyady, d=dz; 
in which case the displacements of the points of the system 
implied in equation (h), are their relative displacements. Let 
dp, du, d,s be the projections of the relative displacements of 
the points to which the forces p, v, ¥ are applied on their di- 
rections; dp, du, d,s, will be the values of &p, 8, 8s, which 
correspond to those of dx, dy, dz that are employed. More- 
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. over, as. the other parts dz, dy, @z.of the total differentials 
dx, dy, dz, are supposed ‘not tg influence the mutual distances 
of the points of the system, 8 will be changed into the diffe- 
rential dr; as ia the preceding number. Consequently, equa- 
, tion (A) will become ~ 


(dfn ay 2) 
eam (Gra at’ ayady $i 


i srap é Srdr Bepdu — Swrd,s. 


“(k) 


vH the relative-velocity of he pene m; thie components of 
da» dy ay. dz * 
dt? dt? at” 


da\? (Gy (42° 
y2 me (Sek Bs i 

; =(#) tha) t+ \a@e)}> 
and, by differentiating, 


dda ddy diz 
“de ae dt dy + “de” 


‘which are —” s be deantel by v,, we shall have 


tda.v2 = —S 





Hence we shall have in virtue of equations (f) 


Px ay Pz 
oe datas dy + a dz 





: dv! du! 
aja te 5 = z. 
$d.v? 4 P73 dt + at dy+ a d, 2 
Moreover, if we substitute dz, dy, dz in the expression 
for 8u of No. 690, in order to obtain that of dz, we shall have 
¥ a 
, fdt du dis ) : 
du=v = dat. Sdy + ae 3 
which will be’ cipher in virtue of equation (g). Equation (k) 
will assume, by means of these values, the form 


du , 
$d.=mvye + 3m(Se a dy + waz ) 


= =pdp + Srdr— Lwrds; 


da+ 


and by integrating, there will result 


e 


ns te “ 
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Emv}—} Imh? = [ed pi S3nde— Sutras = 
: T 
~ Sadat GG az) - 0 


in which the integrals are reckoned from the origin of the mo- 
tion, hy beittgthe initia vatue okv,. : “ 
693. ‘This: equation (1) will make known lie, aes 
during’ the time.t, of the sémi-sum of living foregs due tothe 
relative velocities of all the points of theeystem.° 
If inthe general: fortnula of Np, 58%, we make the hypo: 


thesis which has conductedus te equation. (e), that is to say, ifs | « 


we substitute dv, dy, d,z, instead of 8x, 8y, dz, we shall have 


& ay 
=m (Gade+ Sid, ly + ora, ‘)= im (xd,x2 + vdy + 20,2), 


or, in consequence of what precedes(&), 
dul | ( dw’ 
2. _-— _— _-— . 
$d.mv?= Sm L(x on ae + (x 7 dyt+ za i \az] : 


in which 5, the sum that occurs in the second member, is sup- 
posed to extend to all the forces that act on the’ points of the 


system, with the exception of those forces, that arise from the * 


normal resistances of the fixed or moveable surfaces, and which — 
are made-to disappear, by means of the values assumed for 
dx, dy, 8s." Now if 1 denotes ad aro whose tlitee eompo- 


nents are 
n(x), m(e-27, m(o—) 


and d,h the projection of the relative displacement of its point ¥ 


of. application on its direction, we shall have 


m(x— det (my — 4 -— Ody +m (2— az =snd J, 


the upper or lower sign has place, according as this projection 
dh falls on the direction itself of the force H, or on its produc- 
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tion. Therefore, if in the first case a and dA be retained, and 
if u and dd be employed in the second, we shall obtain 


4 ~ $3mv?7—4 Sanh, 2 = =$xud, h—S§31d1; 


in which the sum Sud/ is supposed 4o extend to all the 
moving forces of the system, and the sum Sud to all the re- 
sisting forces. 

This last equation is in fact equation (1), presented under 
a different form.” It appears from .a comparison of it with 
equation (4), that the principle of living forees likewise ob- 
tains With respect to the relative velocities of the points of the 
system, such as they have been defined in No. 689, provided 
that the given forces p and Q are replaced by other forces, # 
and L, which depend on the first and on the motion common 
to all the points of the system. We are indebted to M. Co- 
riolis for this theorem. It may be usefully employed in many 
questions which do not fall under the head of rational mechanics, 
and for which the reader is referred to a memoir of his in the 
twenty-first number of the Journal of the Polytechnic Sehool, 
on the principle of living forces in the relative motions of 
machines. 

694. §Zndr the term that results from the action of mole 
cular forces, is the same in the two equations (i) and (1); for 
the most part the term that arises from the friction is. also the 
same in the absolute and relative motion of the system, and, 
consequently, it does not undergo any change when we pass 
from one equation to the other; in this case, then, if the se- 
cond of these equations be taken from the first, we shall have 
$m (0?—07) — Em (8h?) = § Er(dp— dp) 
+35 3m(Mde 4 eg dy+ ae'az) + $2uvdu. (m) 


If the forces p are reducible to the weights of the different 
parts of the system ; and if II denotes the entire weight, and 
2 the vertical height described by its centre of gravity during 
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the time ¢, in the motion common to all its points, it is easy 
to perceive that we shall likewise have(?) 
§ =P (dp — dp) = MZ’. 

Moreover, if there is“only one regigting surface, and if it 
be, for example, a plane that moves parallel to itself, the 
given motion of this plane may be assumed for that of the 
common motion of the system, for it satisfies the two condi- 
tions of No. 689; it will not produce any change in the mu- 
tual distances of the points of the system; nor will it prevent 
the points that are in contact with this moveable plane, from 
remaining on its surface. Besides, it is evident that as this 
motion is perpendicular to the moveable plane, it will not have 
any influence whatever on the relative velocities of the points 
which slide on this plane, nor on the trajectories that they 
describe ; hence it follows, that the resisting work arising from 
the friction against this plane, will be the same in the absolute 
and relative motion, as is implied in equation (m). In order 
to simplify still more this equation, the motion of the resisting 
plane is supposed to be uniform; so that all its points describe 
perpendiculars to its initial position with a éommon velocity, 
which should be rendered invariable and independent of the 
action of the system on this plane. Its components w’, v’,.w’ 
will be constant, and we shall have 


Sam (= d or ye dz 2)=0 


If this velocity be denoted by a, and the angle that its direction 
makes with that of gravity by a, we shall have also(z)’ . 


Z’ = at cosa. 


Ae ds 
Moreover, let @ denote the pressure, at the end of the time t 
on the entire surface of the given plane,_and, acting in the di- 
rection of ‘the velocity a. Then, the _Tesisting. work. corres; 
ponding to this force, taken i ina direction the opposite to that 


640 ON THE PRINCIPLE OF LIVING FORCES 


in which it acts, that is to say, to the resistance of the plane; 
will be — (aadt, during the continuance of the time ¢, the in- 
tegral being supposed to vanish with this variable. Therefore 
if the factor a be taken from under the sign §, we shall have 


§Zwudu = — afedt, 


for the value of the last term of equation (m),’.which will 
become . toa 


43m(F- hay $I? — ve Mat cosa = a§adt. (n) 
The velocity v, is the resultant of v and of the velocity a 
estimated i in a direction contrary to that in which it acts; if 


therefore, ¢ denotes the angle that the direction of the velocity 
v makes with that of a, we shall have 


v? = v* — 2av cose + 2”, 

and if § denotes the initial value of «, we shall have also 
k2 =H — 2akcosd4 a3 

hence there results 


Fume? — h,?) = a&mk cosd — $a* Sm, 


£im(v? — v7) = aXmvcose — 4a Im; 
this changes equation (n) into the following, namely, 
Zmk cos8 — Umveose + Mé cosa = fade, (0) 


‘when a the factor common to all its terms is suppressed. 

The sums Zmkcos§ and Smvcose express, at the com- 
mencement and end of the time ¢, the quantities of motion of 
all the points of the system, estimated in a direction perpen- 
dicular to the given plane; the product [¢cosa is the quan~ 
tity of motion produced in the same direction by II the weight 
of the system, during the continuance of the time ¢; and the 
integral Sadt is the quantity of motion destroyed during this 
‘time by the resistance of the given plane; now it is evident 
that this last quantity ought to be equal to the excess of the 
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first sum over the second, increased by the quantity [écos a; 
so that the preceding equation, which expresses this equality, 
may be regarded as a verification of our analysis. 

695. When & the velocity of each point of the system is 
suddenly changed into the velocity v, the action of the system 
on the given plane will become a percussion; during an ex- 
tremely short time, Iitcosa the effect of the gravity may 
be neglected; so that the quantity of motion destroyed by the 
plane will be the excess of Smk cosd over Smv cose. 

If the system is a solid body situated above the plane, and 
which continues in juxta-position with its surface after the 
shock, vcose the component of the velocity v will be the same 
at this instant, for all the points of the body, and equal to the 
constant a; therefore, if equation (0) be differenced with re- 
spect to 4, we shall have 


TI cosa = Q3 


and, in fact, as the velocity of the plane is, by hypothesis, in- 
variable, the accelerations produced by gravity, which would 
have place in a direction perpendicular to its surface, must be 
continually destroyed by its resistance ; ‘consequently, this 
force must be equal and contrary to the component of the 
weight II in this same direction, to which component the 
pressure Q should be equal. 

We may remark that when the angle a is obtuse, the sign 
of the preceding value of q is minus. But, it was supposed 
above, that the direction of the pressure exerted on this plane 
was the same as that of the velocity a; and, if the contrary 
was the case, the sign of 9 should be changed in all the pre- 
ceding equations. Now, as the pressure, in fact, takes place 
in a direction contrary to that of the velocity a, it follows, 
that when the angle a is obtuse, the value of @ must be 
— Il cosa; or, in other words, this. value must be always 
equal to ITcosa, abstracting frpm the consideration of the 
sign. 
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696. Equation (0), which is evident in itself, will enable 
us to determine the pressure on a plane as (fig. 57), of a fluid 
vein which is actuated by a velocity equal to a, in a direction 
perpendicular to this plane, and which direction makes an angle 
equal to a with that of gravity. 

For greater clearness, we shall suppose that the liquid 
issues from a vessel through a horizontal orifice, and that ‘it 
forms below the contraction of the vein (No. 676), .a vertical 
cylinder, all whose points are actuated by a common vertical 
velocity, which we shall denote by y. We shall also suppose 
that the level of the liquid as kept at a constant height in the 
vessel; by which means the velocity y becomes independent 
of the time. . 

The vein retains its cylindrical form and the velocity y 
as far as cp, a horizontal section that is made at a short 
distance above the plane ab; it will then spread on this 
plane, and will eventually flow over it. After the lapse of a 
certain time, the fluid will attain to a permanent state, in 
which the velocity of each molecule will only depend on the 
place that it oceupies, and where the pressure in any point 
whatever of the plane as, will be also independent of the 
time. It is in this state that it is proposed to determine a, 
the total pressure that is exerted on the entire surfuce of the 
plane. 

The part of this pressure that is due to the weight of the 
liquid, will be the component of this weight estimated in a di- 
rection perpendicular to the plane an, with the exception of 
the part of this same weight that is sustained by the sides of 
the vessel from which the liquid flows. As it will be always 
easy, in each particular case, to take it into account, we shall 
here abstract from the consideration of it, and consequently 
make [] = 0 in equation (0). It is evident that in the sume 
mk coss and Xmv cose, we may also omit the consideration 
of the molecules of the liquid that aye situated above cp, since 
they always retain the tame velocity, which causes the dif 
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ference of these two sums to disappear. Finally, if the dia- 
meter of the fluid vein is very small, the thickness of the 
liquid stratum will be also very small, to an inconsiderable 
distance about the axis of the vein. At this distance, the 
relative velocities of the points of the stratum will be sensibly 
parallel to the plane an, throughout the entire thickness of 
the stratum, or what comes to the same thing, their compo- 
nents perpendicular to this plane will be equal to a. More- 
over, this part of the fluid that is comprised between az and 
cp will be much more considerable than the part adjoining to 
the axis of the vein, if the surface of the plane ab is very 
great relatively to the section cp; we may therefore, without 
sensible error, assume a to be equal to the veose, the compo- 
nent of v, the velocity of each point of the fluid contained 
between ap and cp. 

This being established, let c’p’ be another section of the 
fluid vein, made above cp, and such that the volume com- 
prised between cp and c’p’ may be equivalent to the volume 
of the fluid contained between as and cp; and let the time 
that the first volume of the liquid takes to traverse the section 
cp, and to occupy the place of the second volume, be denoted 
by 6, then if the sams mk cos8 and Smv cose, of equation (0), 
extended to all the points of the second volume, be supposed 
to refer to the beginning and end of the time 6, since at the 
commencement, all these points were situated above cp, and 
consequently, are actuated by a velocity, which makes an 
angle a with the velocity a, we have for any point whatever, 
such as m, 


h=y, 8=a, keosd=ycosa. 


At the end of the time ¢, we have, as has been already 


stated, 
vCOSe = a, 


for any point whatever such as m, of the liquid contained be- 
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tween aB and cp. If therefore the mass of this liquid be de- 
noted by y, there will result 


Zmk cosd — Bmv cose = w(ycosa — a). 


Moreover, as the pressure Q is constant, the integral fad¢ 
is equal to the product Q@, for the duration of the time 0; 
therefore by equation (0) we shall have 


p(y cosa — a) = 98. 


If x be the number of times that the time @ is contained in 
t any time whatever; then mz will be the mass of the liquid 
which traverses the section cp during the time ¢; but as this 
mass is also equal to pcyé, in which p denotes the density of 
the liquid, ¢ the area of the section cp, and y the constant ve- 
locity with which the liquid flows through this section, we 
shall consequently have 


mp peyt. 
If the preceding equation be multiplied by », and if we substi- 


tute in it this value of zz, and then suppress the factor é, which 
is common to all its terms, we have finally 


Q= ply (ycosa — a) 
for the value of this pressure that it is proposed to determine. 
Tt should be observed that this formula implies that the angle 


a is acute; when it is obtuse, the sign of @ should be 
changed, as has been stated above ; so that then we shall have 


a= pey (ycosa + a). 

These two expressions for Q likewise suppose that the 
plane ax is entirely covered with the fluid spread over its 
surface; in order to this it is necessary that a should not be a 
right angle, and in gencral, that it should differ sensibly from 
90°. When the direction of the motion of the plane is vertical 
we have a = 0, or a = 180°, and, consequently, 

¥ 


R= My(y ta); 
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the upper sign has place when the plane moves ih the di- 
rection of gravity, and the lower sign in the contravy case. 
Ifa = 0, and y be the velocity due to the height 2, and g 
the gravity, we shall have 

Q = 2gpch; 


so that in this case the pressure q will be equal to the weight 
of a portion of the éylindrical vein, the length of which is 


VoL. 4a 


NOTES. 


CHAPTER I. 
(4) From equation (1) we obtain 


G - a “\ ghdt = mdv— m/dv’, 


which becomes, by reducing the first terms of the first member to a 
common denominator, and putting de for — de’ in the second, 


(al —an'l) 
ar 


ae ml’— mit 


a = y . oe 
ghdt= (m+ m’) do, +. = (pm 


‘eh dy 
‘ue, 


. r dy 
wo substitute this value of a there results 
a 


now if in the equation 


rom 


gh (= — mm'l 
a a@rayn)e 
which is equal to 


p= C se mini! — oll + mm “Ye i mn (+0) hs 








(me mn! LU mal 
/t 
and when m/c = a’, this expression becomes, as Va, 
m 
fj 
L. ( + m “\. tuihlgh seem fms ym wm? = meh 
wi 


(6) ‘Tho quantities of motion lost are gn. (a — ¢) = mw’ (a’+0), 
from which we obtain 
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ma — ma’ 
m+ m! 





ma —ma' = (m+m’ jo, e= 3 


if this value of ¢ be substituted in 2 .(a@ — e), it becomes 





(= ee) neat mn a—nitatmma’ _ mm! (a+a’y 
ma— = = 





an in! 5 m + am’ m+ mi’ 
fs ¢ . : xe d?x: 5 
(e) Since in this equation dv = qi’ dy’ = — and a’ =A— a, 


we obtain by substituting these values for dv, du’, a’, 
oh ar. a (gh ay 
(Fa T= C MF a+), 


from which there results, by reducing, 








« 


de (op 
tae (4 


Pe C4 F 
and by substituting a? for + g , becomes the equation 
Al 


in the text, the integral of which can be obtained by the common rules. 


argh 


rhe — iad 


8 


gh 





Now when the entire chain exists on the same inclined plane, that is, 


dx 
when w — 





mA, we have dv = dat, v= 





= v’, consequently, 


dt 


the preceding equation becomes 


gh Br ‘ah Px 
e( ra 7) @ 29 (5 Ghee) 








ahs . . PB rere 
which, as é iu this case is equal to / is reduced to — =%, which is 


d 





the equation in uniformly accelerated motion. 

(d) Since a line parallel to the base of a triangle divides the sides 
which it meets into segments ++/ to the sides, it is evident that as 
2, 2’, the parts of the chain in equilibrio on / and /’, are proportional 
to these lines, the line connecting the two extremities of the chain 
must be parallel to the base, and consequently horizontal. 

(e) By adding these two equations together, we obtain mdy + 
md’ = 0, and if the first members of these equations be multiplied 
hy 24, and 2e’ respectively, and then added together, there results 

Qinvdv 4. 2Qm'i'de! 4- IR (vdt — v'dt) = 0, 


now 


vedi — vdl adx— de’ = ~ dy, 
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consequently, 
2 modo + 2 m’v'do' = Qrdv, + met m/e = 2h Rdr +c’. 
(f) By the law of Mariotte we have 


kwa 
Rikwiarywro ae 





(q) As in general f(r, «) = § ndr + c’, in this case we shall have 
J (a= — [hue F ee += —hwlogr+eo, 
Now when 7 = a, f (7, 2) =0, «.* ~hws log a 4+ c’=0, and e’ = ku: 
Jog a consequently, 
SQ, a= kw log =. 

(A) See the discussion of this point of the question in the 21st 
Number of the Journal of the Polytechnique School, page 191. 

(4) From the equation mv + m'v’'=0 we obtain v= — = and 


at the mouth of the piece where yy, o =v’, and r= 1, we have 


miy2 nev? (m+m’) L 
VAS ye mv em! ve mmyep EE) ve 2hwa log —, 
am? + of al m a 


(4) The differential of v2 relatively to @ is evidently equal to 
2Qm'kw U 
. ~~ { og-— 1 \ da. 
m(m -- m/) (oe; ) : 
which, since in the ease of a maximum it is equal to cipher, gives 


i L 


log- = 1, ++ == e, and ase = 2,71828, it follows that a is some- 
a a 


U 
what greater than Py 


me 
m+ m!’ 


dered as infinite relatively to m this expression is cipher. 





(2) When mis at rest, u is equal » and if m’ be consi- 


(4) Tn the first case the actual motion impressed on m/ is equal to 
mm’y , ri * 
m +m? which becomes, when / is so small that it may be ne- 
m Wy 
glected relatively to m, equal to mx; in the second case the actual 
2Qmm'v F : 
-—, which becoines, in the same sup- 
. 


m+m 





motion impressed on m/ is 


position, equal to Qin’e, 
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(m) The integral of cos*@ sin dé = — 4 cos‘ 4, which taken be- 


tween the limits 5 and 0, is equal to }, hence the value of nh is that 


given in the text. 

(x) See Newton’s Principia, Book I. Prop. 10, and Scholium to 
Prop. 34, 3rd edit.; Lacroix’s Differen. Calculus, Tom. 2, article 8675 
Woodhouse’s Isoperimetrical Problems, page 115. 
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(4) The expression for c is equal to 





e= pl 


edyds + pSSpPdydedz, 





and when these are integrated between the limits stated in the text, 
there results 


whe , abe abe | gs 40), 
c=, ‘cs + s) Sey @+h); 


if the axis passed through the centre of gravity of this homogeneous 
parallellopiped, then the moment of inertia would be are (a + 3); 


it is evident from the expressions for the moments of inertia res- 
pecting the three sides, that the greatest moment of inertia belongs 
to the least side; and it appears from what is stated in the Jast pa- 
ragraph of No. 370, that the rectangular axes passing through the 
centre of gravity of the parallellopiped parallel to its three sides are 
principal axes. 








and this takeu between the limits 7,— 7, gives iy a 
zi 





= 


a. 2Qare sin 1 as, and the integral of —2 
i 





vite dare sin = 23, which when 2 is substituted for z, and 
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then taken between the limits 7, — *, is reduced to 4r*, and con- 
sequently, 





Q ocx", Pade 
7s OVE Fady = EP : de. 


; vie : P 
which is by substituting for 2° its value b* — —2%, and re- 
a 


‘ hea be fare — a 
ducing £7 < fee (ata — 2*)dx, the integral of which is me -_ 3) 
and ates, this is taken between the limits ¢= a, «= — a, there 
results 








=e 5) _ Aprbe.a? 


@ \B7 5 1d 


©) Sta 4 day = sin “Saeed 
series being neglected as aiaah small, 

(d) (redress Qrdr + drt u(r +drjde — xrdu = 
2ardrdx + wdi*de; this last term is of the third order, and may be 
neglected. 


(¢) See No. 84. 
(f) In this case we have 








, the other terms of the 


p= F § (ax — 2°) dx = 3 §(date?— dax'+ a) de 
=f (seu — ant + 3) +c, 


which when taken between the limits 20, x= 4a, and reduced, be- 
conies the expression in the text, and when « = 2a, it is equal to 


we (4.8 32a 8rza* 
Oe ae Gas = . 
2 ( 7 1Ga> +4 A )= 15 





(g) By multiplying and dividing the value of # by 6 —a@, we 
obtain 





w= Hoa (8— a) (Go) = graph (Ba). 
(G+ 26 + 0884 w'8 + a!) = (asad = 0 68 =), 


the expression in the text. 

(h) pe =v? — (peoss matty $2 (e cosa + ycos 6 +2 
cosy)’ = a?(1 — cosa*) + ¥°(1—cos?B) + 2%(1— cos*y) — 2aycosa 
cosB—2axzcosa cosy — 2 yzcosB cosy, whjch is equal to the expres- 
sion in the text. 
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(2) For in consequence of equations (2), if the members of equa- 
tions (£) be multiplied by a, b, e, respectively, and then added, the 
result will be equations (3). F 

(k) By No. 877 we have x, = ax + ay + az, equal by substi- 
tuting for a, a’, a”, their respective values given in equation (5), 
(cosé, sin sing 4 cosh cos >) + (cosé cosy sind — sin cosd)y — 

sin§sind.z, : 

which is evidently the same thing as 
(x cosdsiny +4. ycosé cos — zsing) sing + (wcosl — ysiny) cosd 
= by substituting x and y for their values 

Ysind + xcosd, 
the expressions for y, and z, may be obtained in a similar manner; 
hence we evidently obtain 

§axy,dm = 0 = sing cos p.§(x? —x*)dan + (cos? —sintp)§ xy din, 


sin2 


in which if we substitute 3 $ for sing cos, and cos2h for cos’ — 





sin’, we obtain equation (b). 
® ¥ = cosOsiny + ycosb cosy — zsinj, 
2,= xsinosiny + ysiné cosy + zcos9, 
‘ ¥a, c= wsindcosdsin’p + vysin§. cosdsiny cosy — zx sin®dsiny 
+ wysind cos sind cos + ysind cos cosy — zy sin’) cosy 
+ 2a cos*6 sin + zycos’é cosy — 2*sinécos§ 
== 7*,sind cosf sin’) 4- 2.xy sind cos) sin} cosd 4 z2 siny(cos’#—sin’d) 
+ y’sin§ cosé cos*) + zy cos(cos*é—sin*#) — 2*sin§ cosé ; 
consequently if we substitute /for §2°dm, g for §y’dm, &c., and reduce 
all the terms into two expressions, one of which has the factor siné. 
cos6, and the other the factor cos"6—sin’, the value of Syz,dm given 
in the text, will be obtained. 
(m) Dividing both sides of this last equation by cos 6, we obtain 


(H (cos® p —sin® Y) + (f—g) sin p cos p) tang 9 =f’ sin P—g’ cos f 5 
in which if we substitute for cos ¥, sin, their values, there results 
{h’. (l—u®) +.(f—g).u-Jtang.6  fiu—g’ 3 
ate? ~ Vip 


from which it is easy to obtain the expression for tang @, given in 
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text; and if in the first equation, their values be substituted for 
sin W, cos, it becomes 


: (Eamets - i) sin 6 cos 6 ++ i (cos? §—sin? 4) = 0, 
a 








l4u 
and if all these terms be divided by cos? 6, there results 
ss eat 24) getf kf) oe 
—=— —h) tang 4 tang? 
( I+ui pees * ae Vide ene 








UPD ahhh] Lt hf) = (elu )tang 
and by substituting for te there results, 
1+ 
{(f—h) wt 2h’u it 2h’u + g — hj (fu — 2g’) 
W (wy w+ Gog)u pe Teetsf 


= Surf). (fu ote) 
WU Wy FH aeF 
multiplying both sides by the denominator of the first term of the 
first member, and we obtain 


[SW 2h (9) Pup) H(t fw) 4(f-g)] 
= (GU tf) (fu-g A+) 
VW-w)+(f—gu ”’ 

now it is evident from inspection of this equation, that its first mem- 


ber can be resolved into two factors, one of which is 1 +’, from 
which it is easy to obtain equation (d). 





(n) Tu this case we have by equations (1). 
Syd = aa’§ a2 dm + bY Sy2dm + ce! Sz7dm 
= (as §a?dm = Sy? dm), (aa’+ bb’) Sx 2dm + ce’ §z*dm, 
now, by equations (4), we have aa’ bb’ = —ce’, consequently, Stydm 
becomes equal to ce’ (Sz2dm — Sadi). 
(0) 4= 3 (2? 4c’) No. 370, -.: when bc, as in the present 
case, we have 


A= 2 Mb", and a= 





A—c uO”) _e-@& 

£. M bm 7 5 

" (p) The distances of the sides of the patallellopiped from the 
VOU. II, 4u 
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centre of pravity, are VE+TB, Verte, VPC, and the moments 
of inertia with respect to the sides, are 4M.(a°-+2), 4u(a'+c), 
4m(B-+c); so that when m (a°-+ 5*) is taken from the first, the 
remainder == {M (at + 82); and therefore in the present case we have, 


= 2 2 gt 
gee Ase ery gla =) 4/88. 


See second edition of Mr. Whewell’s Dynamics, Part H. page 971. 








CHAPTER HUI. 


(a) As the velocity of dm is equal to rw, when resolved parallel 

to these axes, it becomes — yw, rw. 
(6) By substituting Sy%dm for my, y/, and Garda for Mae” and 
uof 


Me 






for w in the equation 


s 





amy yy! FF wee — uif= 0, 





there results 
ren (Sytdin 4 Satdm) — yaf= pof— pof= 0, 

(c) Tn the ease of equations 2, the value of the force parallel to 
the axis of 2, is — w\ydm, while in the case of equations (3) the 
value of the force parallel to the same axis of 2, ts w*§.cdm, for the 
centrifugal foree acts in the direction of the radius 7, while the force 





in the former case was at right angles to 7, consequently the ex- 
pressions for <’, 2”, the distance from the plane of the axes of # and 
¥, must be the inverse, the one of the other. 

With respect to the statement in page 73, namely, “that the 
value of the integrals, which the equation (cos* @ — sin? 0) Saydm +- 
sin @ cos § (Sa°dm — §y*dm) = 0, contains, may change with the po- 


sition of the point 0,” 


it appears to be incorrect ; in fact, the direction 
of the principal axes which with oz belong to the point o, must be 
parallel to the corresponding principal axes passing through the centre 
of gravity, for if a point such as P be assumed in the principal axis cy 
passing through the centre of gravity, at a distance from G equal to a, 
then the coordinates of any clement, such as dm, passing through the 


z,y — a, and we have §x.(y— a) dm = 






? 


Sxydm —afadm = 0, *- 


centre of gravity, are 
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sin§cos@ —  §aydm 
Toe oan § 8 ang 


consequently, the two other principal axes are respectively parallel to 
those passing through the centre of gravity. 


Saydm = 0, *.*. = 0, ¢=0, 


o a and y being considered as functions of the variable t, 


di dx dy 
dx == = dt, ay = =A hae and as ano = = tw, edy=aetudt, 


yd = — yudt, er pase ady—ydx = (2+ y") wdt = rade. 


du 
(@) v= \e- a) dm, and as oe = -IGA ru, 


dus wut BY —~ YX 
ae §( ae )am 
there results, by substituting for 2 7 ~ and observing, that in the in- 


tegral relative to dm, = must be taken from without the sign of in- 


tegration, 
#Y— YX 





$x $+ wi Sardm + \a em Sydm, 


hence, as §adm = mw, and Sydm = y,M, we have evidently the 


expression in the text. 7 
dx dj. d df 
(f) a TOOT, he, —yw=¥ ar w= — Fe 





(g) From the vatue of J it appears, that when the axis of rota- 
tion passes through the centre of gravity, 7 must be infinite, and con- 
sequently the time of vibration, in fact, the oscillatory motion is then 
changed into one of revolution. 

(h) See Philosophical Transactions, year 1818, and Whewell’s 
Dynamies, page 240. 

(®) By dividing both numerator and denominator by a, the value 


A 
Maa Mate oat OMS 
of i= » becomes 3 ¢e ==> ——., which in case of a 
Ma M da M 


om , ere apes 
minimum = 0, from which there results a? = a this value is evi- 








déntly that of the minimum. It is easy to show, without having re. 
course to the calculus, that J is the minimuth.in this case, for as it is 
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A F Se : 
equal to Ma + Pees M, it must be least when the numerator is least, 


since the denominator is constant, and as the product of the two parts” = 
of which the numerator consists is constant, their sum is least when 
. 


these parts are equal, that is, when a? = <. 
(®) By multiplying each member of this equation by dé, then in- 


: é tL 
tegrating, we obtain (a du = ‘Gat,) the value of w. 


di 
2. 
(k) Versed sine of 8 = As *.* cos 8 = rad — versed sine = ¢ — 
2 2 
_ when the radius is unity = 1 — a and by substituting this 


value in the preceding equation, there results by putting 2 for 
M vane 

—, the value of v* given in the text. 

& 


(4) The quantity of motion impressed on the compound pendu- 
lum, is known from knowing that of the recoil, which may be easily 
ascertained, and then as this is equal to zw, when ys. is given, v can 
be immediately obtained. 

(m) See Hutton’s Course of Mathematics, Vol. IIL page 269, 
and Whewell’s Dynamics, No. 214, page 199. 


CHAPTER IV. 


é 
(4) a, b,c, &c. are the same, at each instant, for all points of the 


body; for wherever dmis situated the axis of z is fixed, and a yp» 2, 
are parallel. 





gy 2 pig 2h 2b 72 
(8) 97 = oo » a= Po ab yPbz7e= (ets 


a = p &e. 
Vit yes VP eee 
(c) In No. 411 it is proved that when p, 9, 7 are constant, the 
differentials of these numerators are cipher, from which it follows that 
they are independent of the time. 


(@) pid? = (bde +U'd'e' + b' dep, Pd = (ade + a'de’ + ade’ 


UP AP) db = (@ 4 BY de? + (a? + b) de? 4 (a? 4 b) de + 
Bf 2 RS he DE ee 4 BIST Be as oe ead de. a RIA Rad 


COS 108, = 
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now asa? + B= t—c', (2? +b") = 1— 8, a? 4 bP = 1~— , 

2(aa’ 4- bb’) = — ec’, 2 (aa’ + bb”) = — Qe, Qala’ +- Wb") = 

* we 2e’e, the expression given above becomes 

(pr > 9) dt = de — det + de® — ede + dom — ede? — 
2Qceldede! — Qcc"dede"’ — Qec'e’ de'de!! = de® 4 de! 4 de’? — 


(ede 4. e/de! + c’de’’)*. 
"(e) By making this substitution there results 
a as, ane aks ATs qt ant 
wpraaG te Cae 


consequently by adding them together we obtain 


dx git gta (ad da a tal “t) db 
aGte ate aa at? ite tu \eg t+ 


git! db!” de i de! yd! 
ag oe wT) ote 1G ateate )} 


now the first term of the second member of this equation is cipher, 
the second term of the second member is equal to — ay, and the 
third term of the second member is equal to gz,, consequently we 
shall have 3 me 
at By ht = ; 
agtegt + ok ee 
the two other values may be obtained in the same manner. 
Cf) TE g2,— Yn P2,— P%p PY, Feo and their values, be re- 
spectively multiplied by a, 6, c, there will result 
dx dy dz 
a an pa’ 2,0 
er + aa’ at + aa 77 a(qz,—"y,) 


Sew SY bo E = W(r2,—pe,) 


da 


i ae 
ate Y + oct =e (PYG) 5 


consequently, by adding these equations fdgether, we obtain 
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(+B ot) E+ (aa! + BY + cot) B+ (aa + BY + eoty 
= a(gz,—1ry,) + b(rx,—pz,) + e(py,—ge,); 
which as a? + 0° 4 ¢? =1, and (aa’+ bb’+-cc’), (aa! +-bb’ ce!) are 


F dx : ‘ : 
= 0, gives for a the value in the text; and when the differential 


dx , ‘ 
of this value of a taken, 2, y,, 2, must be considered as constant, 


because they do not vary with the time. 


* 
(g) If = = pia and their respective values, be multiplied by 


a, b, c, we obtain 
My 
ae = a(z,dq — yr) + abladr — zp) + ac(ygp—ag) + ada 
(92,—1y) + adb(re,—pz,) + ade(py,—9x,), 
WG = aredg — yflr) + aV(adle — Alp) + we ydp—2'dq) + 
alda!(qz, — ry,) + Wdb(va, — pz,) + alde!(py, — gx), 
wT x a"(elg—ydle) + aU" dr —znlp) + ale"(yslp— andy + @ 
aldal!(qz,—Vy,) + wdb" vx, —pz,) + de" (gy, 92) 5 
and by adding them ee, we obtain 
Bt, ay 
ae ate + ate = (0 + al 4.0!) (2alq—yde) + (ab + a! 
+ es ae — a4lp) + (ac + we! + ae”) (ydp — 2g) + (ada + 
ada! + ada!) (gz, —7y,) + (adb + a’dl + aldb”) (rx,—pz,) + 
(ade + alde! + ade”) py, —gx,) 3 
hence as a a+ a = 1, ab+a/b' + a/b" = 0, ac+a'c +, 
ale! = 0, ada + alda’ + altda!’ = 0, adb + aldb! + adh” =—rdt, 
ade + alde! + ade” = qdt, the value of pdt is evidently that given 
in the text. 

(h) If the value of @ given in No. 378 be differenced with respect 
to >, the resulting quantity will be equal to the value of & given in 
the same number, and the same obtains for the values of a 
which are respectively equal to ’ and b”. 

(i) Since by No. 378 we have 
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de = dé cosdsiny +, ap sind cosy, b = cosésiny cos — cos sing 
— hde = — db.(cos%s siney cosh — cosé sin) cosy sing) — dY(sin§ cosd 
simp cosy cosh — sing cos*p sing), de’ = dé cost cosy — dy sind. sin, 
b' = cosé cosh cos et+sing sing, — bide’ = — dd.(cos*e cos cosh 
+ cos9 sin) cosy sing) + dy (sin cosd sin) cos cosd + sind sin’) sin 
$), de” = — dd.sing, bY = — sing cosh °° — W/de” = — db.sin?d. 
cos g. 
“Hence we obtain by adding these quantities together, and ob- 
literating those that destroy each other, 
pdt = — bde — bide! — de" = — dd. cosp + dy.sing. sing ; 
the values of git and rdt may be obtained in the same manner. 
(k) For example, if these three equations be multiplied by a, , 
respectively, we obtain 
a'de 4. aalde! 4. aa/de’ = agdt 
bide + bb/de! + bb! de” = — bpdt 
ede + ecdd + cede” = 0 
“(@ ba? + a!" )de + (aa’- bb! + ce!)de! 4- (aa! +b” + ce!) — 
de = (aq — bp) dt. 
(2) If in equations (8), da, db, de, and their values, be respectively 
"multiplied by p, 9, 7, and then added together, the result is evidently 
equal to cipher; and it is evident from the equation pda + gdb + 
rdt = 0, that when P:% are constant quantities, the numerators 
of equations (4) are constant, for their differentials are cipher, 


(m) The first of these equations is evidently equal to _ 
SCY —y.%,)dm + Sy.—9,) dm = 0, 
substituting for p, and q, their values given in No. 408, we obtain 
Ypat =z ysly ~ dilv + (py? — qeiy,gdt + (pyz, — vay, )rdt 
taat x) dr — 2,0dp + (gu2,— ray rdt + (gx? — pe y, pdt 
*" aS ®» Y,, #, are supposed to be principal axes, the value of 
c dr 
Sr eg dm= — Suh bY), + SG — apg, 
(2) x, = ge’, y, = gh: §(vyv,—¥,x,)dm R=g[b'Sa2dm — 
ay dm] = g(b’/a ~— a8) m. 
(0) Ifa = 8, then the value of dt is 


op acdr 


a= R— har eer? 
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ihe integral of which is obtained below; if a=, then the value of 
dt is 

& v BeAtdy 
(2— Bh + (B—a).ar'yi ah — 
and a corresponding expression results when B = c. When A?= ah, 
then the value of dé is of the form 


a= 





_ VW ane.dr . 
(A= C)o [A= B)h (B—0).cr*]” 
it is easy to show, that in all these cases, the integral of the value of dt 
may be obtained ina finite form; for in the first case, that is when a=8, 
it is evident that the two factors in the denominator of the general 
value of dt are equal, but affected with contrary signs, consequently 





1 at 





= acdr ac 
hie. y & me oe awl = 
the value of dt= Poah + (a= ojo © if we take oer y 





and &*—ah==n*(a—c).c, it becomes 


a the integral of which 


~ m Y 
is —are tang = ~. 
n n 


When a =, by putting WB.a3-+ Yah kX VA(B—A) =m 





he 
and Pas =n?(ah—k*), the value of dt becomes equal to a A 
A(B— A) Y¥rtr 


and ifm and x are real, the integral of this differential is equal to =m. 
log.(r + Vn? + 7) ; if the coefficient of 2° is negative, then the ex- 


dy 
pression for dt may be reduced to dt= ieee 





» the integral of 
nr 


which is m.are sin = ates itmay happen that 2 or mare negative, 
in which case the integrals are also easily computed. In the last 
case, i. e. when A*= 4h or Bh, then the terms independent of 2* in 


one of the factors of the denominator of equation (g) vanishes, so 
that the term 2? comes from under the radical, and the value of 
a= = V ap.cdy : 
ry (A—c).[(a—B) & + (e—c)er] 
which is evidently either of the form 
a 2mndr or d= 2mndr ; 


rV precy PAL nema 
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the integral in the first case is 








Vupr =", or ¢= log? Vat 
VY RpP+n nt Yn 
(p) In consequence of the three first equations (8), we have 
de = (aq—bp) dt, db = (cp—ar)dt, &e., > es de for (ag —- 
bp)dt, &e., we obtain 
(car Le hae ech Ged odin 4tadet pace: * 
(g) By taking the squares of equations (h), and then adding them 
together, we obtain 
ofr (2 fo? + o/4) + nig? (0? 4 bb) Earp. (at + a + a”) 
+ 2cring.(cb + e/b! 4 0b”) + 2er.ap.(ca + clal+ ca’) 
+ 2Bg.ap.(ba 4. b/a’ + ha!) = Web 07 + 0, 
which as c? +c? oc! =1, B4 U4 b= 1, atfa?+a? =1, 
cbf cf! 4c’ =0, cat cla’ 4 cla" = 0, ba + bial + bu” = 0, 
becomes the expression in text. 


(7) If the first equation (7) be multiplied by sing.sing, and the 
esccond by siné.cosg, there results 


t= mlog. 








sing. sing pdt + sin§.cos ¢gdt=sin’.dy, 


ice. by substituting for sing sing, sinQ.cosg, their values given 


above, 
- (Et* +R Sats" or ay 





(s) By neglecting the products (a,y,dm, §z,a,dm, Sy,zadm, this 
sun is evidently equal to 

S(P22 4 ry dn + SC 2 + pie td + Spy? + gap dm, 
that is, 


P.S(47 + 2?) + 1° S (x? + yA)dn + PNY? + 2 dm = 
GB rc 4 pra. 
() By No. 407 we have 
wcosioz = ap + bq 4c", = in this case #, and by substituting 


4p By cr 


for a’, b”, e’, their respective values —. eR obtain 


§= SPSTEG au ae CF he 
k k 
VOL. IL. ° 4Nn 
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(«) By taking the value of A 
fc = (a—c)n = Av aS (aA —C)(B—C) 
B Bn! (B—c)n * AB 


B®: Bz: (a—c)a: (B—C)C. 


in each of these equations we obtain 





and 


(v) Since py,—ga, = 0, No. 404, tang? = u =!, 
a 


P 


(x) When the instantaneous axis coincides with the axis oz, we 
have sintoz, = 0, and therefore p = 0, and 7 = 0, consequently we 
must have also B, 8’, respectively equal to cipher, and +> a = 0. 

(y) This is evident from the known formula 
Vleet V1 Vite =1 

BV aI » C032 = ") 3 
in which if v is of the form a/(/ —1, it is evident that each of these 
values of sin, cos2, when expressed in a series, are composed of 
possible quantities. 

(#) It appears from equations (i) that 





sine = 





sin@ sin ¢.k sin écos 9.k cosh. 
= og — Or ora ; 
A B c 


hence by substituting for p and g their values given in equations (2), 
we shall obtain, by observing that & = murf, equations (3). 
(a’) The secoud members of the two first equations (3) become, 


ANC (Bp —c) siny, —a& BV Ae(A— 6) 
mf mot 

by means of which a and y can be determined when ¢ and ¢ are 

known at the commencement of the motion, and as @ is very small at 


the commencement, it must, by what has been established above, 


when ¢=>0, — @, cos y- 


continue very sinall. 
a . 
(b') Cosé = 1 — PES &c., now as sin @ and *.° @ is a very 


small angle, we may neglect 6, :.; we have in the third equation (3) 

cn 

l= imap 

(c’) If B be supposed gqual to ain cach of the two first equations 
(3), there results, by adding their squares together, 


cand ca = mf: 





NOTES, 663 


@.a(A—c) 


ie ee ee cea A 
sin’ resin = ap 5 


Now, w= Vpreye = (by substituting for p, g, 7, their values 
given by equation (2)), Waa(a—c) 42, — (as wa(a—c) = 
wv? f? sin? e 
rv) 
@) It is evident from the value of 3 given in No. 420, that when 


n uf” 
= fr when these values are sub. 
cos é€ 


\, the expression given in the text. 





A=B, 13s and as 





stituted in the expression for YW, we shall obtain the value given in 
the text. 
(¢) By multiplying the two first equations (7) by sing. cos¢, 
singsing, respectively, we obtain 
pdt.sin§.cosp = sing.cosg sin*sdy — sing.cos’gd$ 
gdt.sing.sing = sing.cosg sin*édy 4 sind.sin?g.dé; 
now it is evident that if we divide these equations by dé, and then 
take the second from the first, we shall have the yalue of psin$.cosp 
—qsind.sing given in the text. In like manner if the two first 
equations be multiplied by sind sing, sin9.cos¢g respectively, we shall 
obtain 
padtsingsing = sin’g.sin™dy — sing cosg.singdd, 
gatsiné.cosg = cos’y sin*ddy 4 sing.cosg singdé 5 
if these equations be divided by dt, and then added together, we 
shall obtain the value of psin§ sing + gsin$cosg given in the text. 
Also, as 
pdt = sin’g sind)? — 2sing.cos g sind.dydé + cos*edg? 
Gal = costosinsdd? + 2sing. cosg.singdydé + sin? gdé? 
there results by adding these equations together, and dividing by de, 
fia ei OY a 
P+ref= sin’ ae + TE’ 
(J’) In the general expression of E of No. 281, ea, = & + 
90, «” = 90, consequently, the value of & or Z in this case is 
¢= cncosa + pw cos(a + 90) + m cos90 = Cn.cosa— sing. 


(y’) As ¢is the independent variable, if this multiplication be per- 
formed, we shal! have 
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y' sintedy) 
2 
now as 'y sind is the horizontal projection of the radius vector Go, 
ysinéd) is equal to the are described by this projection in dt, 
_ ysintddy 
7 2 
(i) From the first equation (6), we obtain 


int due fen ‘(aes is 
de =) sin6 ), 


therefore, by substituting this value in the second equation (6), there 


=tyksinelt; 


is the area described in this time. 


results 
+ ey Qugy . cn\? m 
sin’? = A, sin®6.(cosd— cosa) — (=) +(cosé—cosz)’, 


f ee | M Agp* on? 
which, by substituting > for =, and tee for > and then con- 
cinnating, becomes the expression in the text. 

(*) By substituting for sin 6, cos 9, cosa, their values expressed 
in series, and restricting the series, as is indicated in the text, equa- 
tion (7) becomes 


oma -f oie MIC-$48) 
= (eae oi (F-§). 


which, by concinnating, becomes the expression in the text; and 
it is evident from an inspection of this expression, that if 6 was 
de 
dt? 
Ba f dg? . 

-——, the corresponding value of 4 — would be cipher or ne- 
V1 +6 dé 
gative. In order to resolve the first equation (9) for dt, we should 
multiply both sides by dé*, by this means the first member becomes 
#6, and the second member is the factor by which dé is multiplied. 


(A’) By substituting for dé and @ in the value of dé, we obtain 


f/é at asin u cos udu 
= 


V [at sin? u + 68a? sin?u — B%a*] (@ — asin? w 


greater than a, @— would be negative, if @ was equal or less than 











asin ucogudu sin udu 


s v (2 sin? — B?a*. cos? u] a? cos* % ~ / sna — Be. cost u 
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” sinudy (by making cose =— “ 
Vizier cea 7a = 


ive., by making 2 = 














l dy 
-, of which the 
Tae Vite Vi-¥ 


1 2 ° 
Vi rc are sin — y + ¢3 ine. Vine 
VT-+ Bos u+e. Tt is to be remarked, that when dé is ex- 
pressed in a function of 9, that the signs with which the numerator 
is affected are the opposite of those by which it is affected when dé 
is expressed in a function of x, because the d cos. = — sin udu, 





integral is are sin = 








V’) From the preceding equation we obtain 
i ig eq > 


sin. (1 V2. VIFe —iz) = veee Va—e, 


Vth EE yarn, 


hence we obtain the value of 62; now when 6= a, £0, and when 


_ Ba 


ine t =T, therefore we have 
~ Yip pe 
Bae, ga+ 6) 
eee erg pan VES, 


sin t of ZEEE = tandr (20 B) =e, 


." T= the expression given in the text. 





(m’) It is evident that the value of §* may be made to assume 
the form 


a BY + at, ¢ — sin 0g o/h) mH) 
14+ 6 
a? B? + a. costt Vie 


+e 


i 








in like manner we have 
dei yet tee Vf ite + 


therefore, if these values of # and a? — # he substituted in the second 


equation (9), we obtain, by multiplying it by df, 
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2 Bb a? ig of EAD 
ere — x aW=Tey a sine // EB), 6 g fat 
consequently, 
(epeoey/ EF) ay = (1 con /ELFB)) V far, 
ape BV Edt cost t VEEE g Eat 


2 A eA AY) 2 ga BY 
B cost / ELL B+ cos? t yer 


which is evidently reducible to the expression in the text. 
(n’) In order to perform this integration, let us make 


8 W420 $apam, and eC an 


then we shall have 


1, — elt — VAs . 
ay = Bit costin 8 re , 


now if we assume tang én = v, then 








du mae 1 

di )=—., ——_ 2 —__. 

nidt Tp ge and dh wiper To +adby B+ ie 
_m du 

hn “T+ Be+ T+ P+ Ba” 
the integral of this last quantity is equal to 
m Ba Mm 
apy lee tang = Vi 7 = levine’ tang 

B tangin 
~ Yi¢e? 


and if there be substituted for m and 2 their values, it is evident that 
we shall obtain for ) the expression in text. Now if in this ex- 
pression of w, the value of é at the end of the first, second, third, &c., 
intervals of time, which are (as appears from what is already estab- 
as) eee 

gd +e) "" gl+Ry 


tuted, we shall obtain the expressions given in the texts and it is by 





lished) equal to $x &c., be substi- 


subducting the value of from the preceding one, and this again from 
the first, that the ares travrsed by the node N during the successive 


NOTES. 667 


intervals T are obtained, and it appears that they are all equal, and that 
1 2 
Vite) » which by multiplying 
V1IF6 


both numerator and denominator by 8 + W1-F 8 becomes the ex- 
pression in the text. 





their common value =e ( 





we 
(0) Since in this case cos w= 1 — ru sin 4 = u, we have 

: 2 “ 
sin § = sina cos“ — cosasinu = sing ( - 5) — COS HU 


sin’§ = sin’ a (1L—w)—2sina cosa. u + cos’a.u® 5 = sin’a + (costa 

— sin?) w?—2Qsin a cos a.u = sin? @ + cos 2 a.u’—sin2z2.u3 cos § = 
ae 

COs % COS & + SiN w Sin u = Cosa ( - 5) + sin a.u, ** cosd — cos a 


2 
. we 
= Um = COS a 
SIN Qu 5} 
. da. F : 
(p’) Now if these values of Fpasin #, cosé, be substituted in equa- 


tion (7), there results 


sina — usin 2a + u* cos 2a) =% sinte —u sin2a+-u'cos 2a), 
We 


(usin a — = cos 2a)—28* (usina— $ cos 2a)?], 


and as powers of wu higher than the second are neglected, the second 
member of this equation may be reduced to the form 


2g (= cosa 


27. : : 
< using (sint'a —usin2a) — 





i 3 9:2 sin? 
- 5 sin? a + 2B? a? sin a); 


consequently, we shall have 


. . dic’ ‘ ‘ . 
A (sinta — usin 2a + ut cos 2a)Te = 2usin a.(sin?'a — usin 2a) — 
. 
usin? a (cosa -+ 43°); 
now if both members of this equation be divided by sin? a—w sin 2e 
Soot ak : A dut 

+ ucos 2a, it is evident that the first member will be aa » and 

gd 
we must divide the first term of the second member by sin? a — 
usin 2a, and we must divide the second term by sin’, in order 
that no powers higher than the second@may occur; when these 
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di 
in the text; if the square root be taken of each side of this equation, 
and if, then it be multiplied by dé, we shall obtain the value of dé, 


: : ad’. 
operations are performed, we shallhave the expression of ag een 


given in the text. 
(7) This expression may be made to assume the form 
du 
f# a= ——_- -— % 
a yousa + 43? Vv uv 
and if wo make : 

















cos. 


sina 2sina sina og 


4 Cosat Be’ ale cosa p4pe "+ (esa p 4py 








the value of fs dt will become 
A 


VA d= de ene 
x Sees 
























sin?a 
Vcosa + 4 (cosa + 48)* =e ) 
% —_ sina : 
and if we make 2 = cosa-p age we shall have 
7 dy £ : 
dt. § (cosa + 43) = — = 7 A/T gat ainene 
a YI —¥ a 
2 2 
=y=aresin= poet Py = arc sin (=3h** 4-1), 
sina sna 


and when we integrate for the cosine, we must take the opposite 
signs. 


(7) When cos a is neglected, the value becomes 


u =e) —cos2ar¥/), and as cos 26t V £21 — Asin? Bt v2, 


we have « = the expression in the text. 


(#) By making the substitutions indicated in the text, we obtain 
a : dy gs 
(sin? a — usin 2 a) an 28 ve usina, 


2 at . : . d 
and by dividing both sides of this equation by the factor of at and 
* 2 ‘x 
neglecting the square of u, we obtain 
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dy _ & wu 
y= 28 Vé. 


aoe 
sina 





now if in this equation there be substituted the value of u, given above, 
‘ dy... 
we obtain the expression of a given in the text; and the value of 


yp is obtained by multiplying both sides of this equation by dé, and 


noting that sin? B¢ V2 =4—4c0s2 Bt V2. 


CHAPTER V. 


(a) When the same face is always presented to the central body, 
the angle which the moveable describes about its axis of rotation 
must be equal to the angle described about the central body; in ad- 
dition to the condition, of equality between the motions of rotation 
and revolution, it is also necessary that the axis of rotation should 
be perpendicular to the plane in which the body moves. 

(b) As p* + 9?+ +? = w, we have by equations (3) of No. 405, 


cos 102, (= in this case cos a=Z, and by equations (1) of No. 418, 


keosa 
; 





we have, (as cos zo, = in this case cos 2), p= (weosa)= 


now it is evident from the equations Aw cos a = k cos 4, Bw cos 8 = 
k cos b, cw cos y =k cose, that when a = 90°, 5 = 90°, c= 0, then 


“%= 90°, B= 90, y = 0, in which case the value of w is E, in which 


° : ‘ MY 
if we substitute mvf for k, we obtain w = wy 


(e) In fact, if the body when it commences to move, satisfies the 
conditions here specified, either all the three principal moments a, B, c, 
must be equal, or the perpendicular to the section HEK must. coin- 
cide with one of the three principal axes, and, therefore, the other 
two must exist in the plane HEK, i.e., we must have @ =a = 90, 
8=b=90, y=e=0. 

(4) Since the instantaneous axis, if it does not exactly coincide with 
the axis of figure, deviates very little from this axis, which is that of the 
greatestmoment of inertia, the constant 3 of No. 420 must be real, and 

VoL. Ly, 40 
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theduration must depend on this quantity, i.e. on Geeeee =e; 
or on the differences of the moments of inertia of the earth; but, as 
no variations have ever been detected by the most accurate obser- 
vations in the geographical latitudes of places on the earth’s surface, 
it follows that the oscillations of the terrestrial axis, which depend on 
the initial state of motion, have long since been annihilated, so that 
whatever variations now exist, must have a permanent cause. See 
Journal de U Ecole Polytechnique, Tome VIIL., &c. 

(a) As the ares described in the several successive days consti- 
tute an arithmetical progression, the are described in ¢ days is equal 


(n+ n(1-4 (t= 1)a)] gaat + bant(t — 1). 


(e) As the length of the year is very nearly equal to 365,25, the 
number of days contained in a century is 86525, consequently, the 
number of days contained in ¢ centuries, i. e., in ¢ days, is equal to 
(36525) a, in like manner as a is the diminution of each day, the 
annual diminution is (865,25) a, and the secular diminution is 
(36525) a, in the same manner it may be shown, that the values of 
m and m/ are respectively (36525) n, (836525) n’. 

(f) By substituting in equation (1), for a, 2.7’, t, their respective 


values, it becomes é =>} aay (m—m' VP. (36525 =$8.(m—m')?; 


now in the most ancient eclipse recorded by the Chaldeans, 720 B.C., 
i. e, 2532 years ago, we have by hypothesis 6i = 86525 . 25,3820 = 
0,000000b-s and therefore est 25,32.0,0000001.445210°= 34’. gp. 

@) There are three cases considered; Ist. When the axis of ro- 
tation is vertical, in which case the bullet deviates from the vertical 
plane passing through the axis of rotation, and consequently, de- 
scribes a curve of double curvature. Q2ndly. When the axis of rota- 
tion is horizontal and perpendicular to the direction in which the 
bullet moves, in this case, the force R acts in the vertical plane which 
is perpendicular to the axis of rotation ; consequently, the curve 
described by the bullet will be a plane curve, but as the effect of the 
friction will be either to increase or diminish the weight, the range 
will be affected; if the velocity of the rotation be such as to 
render the resistance arising from the friction greater than the weight, 
the curve will be convex to the horizon, when the direction of the 
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motion of rotation is éowards the horizon, consequently, in this case 
the curve described will have a point of contrary flexure. The 
third case is that in which the bullet turns-about the diameter which 
coincides with the direction in which it moves, or with the line of 
flight, in which, as is stated in the text, the resistance has no effect ; 
this advantage is secured by rifle-barrelled guns, whose effect is to 
render the axis of rotation of the bullet coincident with the line of 
flight. 


CHAPTER VI. 


(4) By substituting for x, y, z their values given in equation (6), 
there results 


@cosd = x,.cosr + aa.cosr + Bbcosa + yecosa, 

YCosye = Y,COSp + a.0/cos + B.b/cosu + ye'cosp, 

z.cosy = z,cosy + a.a.cosy + 8.bcosy + ye! cosy, 
consequently 


eOshr $ ycosy + Zcosy = 2,cosr + y, cosy. + zcosy + a.(acosr 
+ a’cosy + a” cosy) + B.(b.cosra + b/cosy 4 b”cosy) + ¥.(c.cos r 
+ ¢/cosu +c” cosy), 


which, by putting cos’, cos’, cosy’, for their values furnished by 
equation (4), is evidently reducible to equation (7). 

(5) Since when the moveable is terminated by a point that touches 
the given plane, the coordinates a, 8, y are constant, there are only 
ten unknown quantities to be determined, which can be gbtained by 
means of the nine equations (1), (2), (3), and equation (7). 

(¢) When the given plane is fixed and horizontal, and is taken to 
be that of the axes of the coordinates x and y, as we have then also, 
A= 90, «= 90, also 220, we must have = 0; and as in this 

aa a 
case we have ajso M ap ™ a 
results a, ut equal to constant quantities, consequently, the 
horizontal motion will be uniform and rectilinear, and the velocity 
must depend on the horizontal percussion that the moveable expe- 


respectively equal to cipher, there 


riences at the origin of the motion. 
. 
(d@) As a=B8, ¢” = cos, and ron, the value of / becomes, 
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ae 2 ab 
by substituting — sin*s 7 for a’p + b/g, the expression in text, 


‘ 1, 1 az, . at... 
and in the value of A, as a =ysines it is equal to 


cr? + A. (siov - + Ti) + M. (y site - 2ygcost), 


(e) By substituting for a, a/, a”, bb’, b”, their values given in 
No. 878, and observing that ¢ = nt, we obtain 
4c0sA + a’ cos + a’ cosy = cosd.cosé.siny.sinnt -+ cosa. cosy. 
cosnt -f cosm. cos é cos sin. nt — cosj.siny.cosné — cosy. sindsin nt, 


which becomes, by putting P and Q in place of their values = psin.nt 
+ Q.cosnt. 

(f) Since the quantities p, a, n, by hypothesis, vary very slowly, 
when the coefficient of sin xf contains a term which has cos mt for a 
factor, m being a very small fraction of 2, even in this case it may be 
rejected in the first approximation, for, as is stated in the text, the 


product of sin nt. cos mt = sin Ce *) t+ si 03") t. 





(g) If in these equations we make G— 9), — m, “L (Psin nt + 


Qcosnt)=T, “ (Qsinnt—Pcosnt)=7’, then they will become 
dg + mpdt=vrdt, dp —mgdt=rT'dt; 


now if the second of these equations multiplied by 6, be added to the 
first, we shall have 


dq + 0,dp + m(p—6,g)dt = (7 + 6,7’)dt, 
let g-+ 6p = 2, and»: g= 2 — 4,p, and dg + 6,dp = dz — pds, 
by substituting this last quantity for dg +- 8,dp, and observing that 
6,9 = 9,2 — 0,°p, we shall have 
dz — pds, + mp.(l+9,?)dt — m§,zdt = (7 + 9,1\di, 

if the terms multiplied by p be taken from this equation, there will re- 
main an equation of the first degree between the two variables z and 
6, from which there can be obtained a primitive equation between 
these variables.—See Lacroix, Tom. H. No. 562. Now this can be 


effected by making és 
dé, — (1 + §,7)dt = 0, 
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this equation will enable us to determine the factor ¢,, which in ge- 
neral depends on £; however in the present case, as m is cunstant, 
this equation is satisfied by making dé, =20, m(1 + 6,2) = 0, by 
means of this last, we obtain 6, = + Y—1, consequently, by sub- 
stituting this value of 0,, there results 


dz = mY —lL2dt=(tT+V—IP/ dt; 


hence in the case of the upper signs we obtain by substituting their 
values for 7, T’, 


dz!—~ mY —lez'dt = “Xesinnt + acosnt+aQ V —Tisinnt— 
p¥—lcos nt} dt 
= “Ye. (sinnt —'/ =I. cosnt) 4 a.(cosnt + VY —H.sinnt) jdt, 
+. by substituting their exponential values, there results 
—mYV—ledt= “Leno, dt.(a— Y—t. P)], 


consequently, by integrating, we obtain (Lacroix, No. 562) 


= ent ft, [S ‘Z sem V1,(q— YX. p) enti, dt-teonst.) | 3 
the value of the integral under the sign § is 


Ry [eC —mtyai @a—-Y=l. L + const} 
A (n—m)- fr 
now if R’, P’, Q’ denote what R, P,@ become ae ¢=0, we shall have 
wy (V=T. Pe), 
A “a —m). Vol —1° 


consequently, the-value of z’ will be equal to( because 1 = =) 
u—m~ Cn 


const, = 





RY A yi @rY TP) RY 8 ya (Va1 Pa’) 
a” sna cs care Tocat aca Vu 


In the same manner, if we suppose 6, = — Y=, we have 
dz” + mY —le"dt = (1 — VY XT pdt 
= wa [(P(sin nt + Vo I ..cos nt) + a(co8 nt — 4/1. sin nt)] dt, 
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= 


— hy eV, dt. (afV¥—1P); 
A 


1 al emma] “r G¥mtV TQ YI p) ett dt const, |» 


the value of the quantity under the sign § is 





Ry mtr (a+ Y —I.P) ct eonet] 
[ (m—n)V—1 , 
if R’, Q’, P’, denote as before the values of n,Q, P, when f= 0, we 
shall have 
(a + Y—1.P’) 
k= ak 
and 2/= — at Sas enya (At ¥ =1P) 


Re 
const = ae 
A 


A 
tone 


A cn’ Vv—r 
BY Ag mey EV aT) 
A cn Yai 


(etvt = env) 
aT 
ay Va (V4. fen") 
Vat 
+ yg a ala Ry. Lo = Fi a ee oe 
cn Yur am 
hence we obtain by vee for the exponentials their values in 


coer F 2 (a—c) 


functions of the sine and cosine, and observing that m—= Tak 





Re af atag= Ta, 








fe _ 
a 2 = Wg = =r ars P2cosnt|— BY 2sin(* = nt + 
oF 





P’2..cos 
cn" 


which by putting p and & for their aig and dividing by two, gives 
the value of g, as it is stated in the text. 
In a similar manner we might obtain the value of p, for as we 


have 6, = aa the original equation becomes 


g+V—lp=2), 55 


gaze! +2", 2p= “ 


I- Volp=e"$ , yoo 
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consequently if we take the difference of the preceding values of z’ 
and 2”, and then divide by y/—I, we shall obtain the value of 2p 








given in the text. < 
(A) By substituting for p and g their respective values, we obtain 
f . (AC ‘ A—c 7 

psinnt = we R/[P/ sin’ y atsinnt + o'.cos t=) nt. sinnt — 
cn A A 

. R(Psin’pt + Qsinnt, cosnt)] 

5 A—C . (Ae 

g-cosné = z R/[P/.cos ( 2, nt. cosne a’sin’ ) ntveosnt - 

cn A eC A 


R (P cos’nt — Q.sinné . cosnt)] 


innt + t VY ep oN se re nt — 
"* p.sina cosnt = —R’. P’ cos —~ »SIn—— — R.P; 
P 7 cn ry A ‘ 
for 
A—C », (AC A A-C Crt 
cos nt.cosnt+- sin nisinnt =cos( 1 — — |nt =cos—; 
A A A A 


os a 7 —c Cnt 
cos(* <)utsinne—sin(* z ©) nteosnt=sio(1 2) ntssin 3 


it may be shown in the same manner that the value of dé is that 
given in the text. 

(i) By substituting for cosy, cos, cosa, in the values of Pp’ and 
Q’, we obtain 

P/ = cosé’. sine. sine’ sin’ + cos #, sing. cose’ cos)’ — cose. sins’, 

Q/ = sing. sine’, cosy/ — sing. cose’.siny’, 
which are evidently reducible to the expressions for P’ and Q’ given 
in the text. 

(k) Since the sine of an angle is the same as that of its supple- 














ment, we have in this case siné very small, consequently sin*¢ and 
$2 
+," 6? may be neglected; hence we have cos§ = — (0 =(5 + ke.) 


= — 1, the value of cos@ is affected with a negative sign, because it 
is by hypothesis an obtuse angle. 
(® Since cos 7A ++ cos’z + cos*?y = 1, and R is nearly vertical, the 
squares of cos 4 and cosy may be neglected, and therefore cos*v = 1. 
(m) If we substitute for dé and sinédy in the value of de, and 
Mey 
on 
de = m[cosa sind cos — cosy sin* ++ sind cos) — cosasiny cosy 
— cosy. cosy] dt = m [sin§. cosy — cos x) df = m(c’— cos x) dt, by 


observe that = m, we obtain 
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substituting c’ for its value ; the second equation (15) may be ob- 
tained in the same manner. 

(n) As these equations are of the same form as those integrated 
in note (g), it will not be necessary here to show how they may be re~ 
duced to an integrable form, for, from a consideration of what is 
there stated, it is evident that they may be reduced to the form 
de! + de m. (c—4c)dt = (7 + 0,1") dt, from which by the arti- - 
fices there pointed out, we can obtain 


dz + mY —l.adt = m[cos a= VY —1.cosp] dt, 


* and therefore 


az! = met 1 [Semv—t (Leos A— v—l. cos x] dt] 4 c,) 
z= ment (Se-™V=T (Leos A+ Y—lcos ujdt] +c’), 
-.* by substituting for ent/=1, e~m'V— their respective values, there 
results 
2! = m[cosmt— / — I.sinmt}§ [eosmt -+ Y —Lsinmt] 
[cosa — V —T.cosu jdt, 
equal by performing the multiplication 
z! == m.cosmt § cosmt.cos Adt—m.cosmt§cosmt oY —1.cospde 
+ m.cosmt§ VY — L.sinmt.cosadt + m.cosmt(sinmt.cos.dt 
— mV —L.sinmtS cosmt. cosdt—m.sin mt§ cos mt. cos u.dt 
++ m.sin mtSsin mt. cos Adt — msinmt§sin mt VY —I.cospdt 
2"=m.(cosmt $ Vv —L.sinmt)(Scosmt— V —1.sinmt). (cosa + 
e y—l. cos z.)dt 
= m.cosmt.Scosmt. cos X.dt ++ m.cosmt§cos mt V —T.cos w.dt 
—m.cosmt §¥ —L.sinmt.cos adt -+ m.cosmt § sin mt.cosp.dt 
++ mv —l.sinmt§ cosmt cosadt — m.sinmt § cos mt cosy dt 


+ m.sin.mt. § sin mt. cosdr.dt +- msin.mt § sin mt Vv —1.cos peat; 
glob zt 
2 


now as ¢/ == 





, if these values of z’ and z” be added together, 


it appears from an inspection of the preceding expressions, that all 


terms multiplied by 7 — 1, destroy each other, so that there re- 


mains 
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at bl! 
2 





= m. cosmt§ cosmt. cos a.dt + m.cosmt § sin mi cospdt 


— m.sin mts cos mécosy.dt + m.sin mt§ sin mé cos adt ; 
zat 
2V—1 

ceding values of 2’ and 2”, and dividing by 2 4/—1, we obtain the 
“value of c, or sin@.siny, given in the text. With respect to the va- 
lues of the arbitrary constants, as 


in like manner as e== 





« 
» by taking the difference of the pre- 


a 
ae —mty/a1 [Smemty=1 + (cos A — vy-l - cos w) dé +.c], 
a= e™V=1 Smet V1, (cos A + 4/1. cos p) dé + c’], 
- if A, and B, denote what cos A, cos 4, become when ¢ = 0, we shall 
have (as 2’, 2” = 0 when #=0,) 


O=er'V=1.(4,- V1.8) +0]=0, 0= mY (a,b o/—T,bo}, 
“Com Tb Clem =T = a, (emt Tp m1) 
+ Bf 1 (em t enV) = 2a, cos mé + 2B,.sin mt, 

(0) In this case we must have §/ = 0, consequently the terms 
multiplied by %, k’, in the values of sing cost), sind sin must dis- 
appear, and as m is very small, the variations or deviations from the 
horizontal plane must continue very small during the continuance of 
the motion. 

(p) This series is that which arises from integrating § cosa cosmidt 
by parts, for if we put dw for cosadt, we have, by partial integration, 
§cos mtdx = cos mtx + misin mtadt = (msin mé dt —m%Scos mt Sdt) 
= cosm § cos adt + msin mt § cos A.dt*—m! cosmt SSS cosade — &e.; 
and it is evident from its form, that when the variations of cosa are 
very rapid relatively to those of sin mt, cos mt, that this series must 
converge rapidly, and may thus be reduced to its first term; but this 
is the same thing astif cos mt was regarded as constant in the integral 
§ cos A cos mt.dt, 

Now when &, &’, are respectively equal to cipher, we have, by. 
considering sin mt, cosmt, as constant, 

sin @sin f = — m.sin*¢mt § cosudt + m.sinmt.cosmt§ cos adt 

— mcos?mt § cos pdt — m. sinmet cos mt § cos adé 
== — m.§cospdt. 
The value of sin ¢ cosy) can be obtained in the same matner. 
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(g) We obtain by adding the two preceding equations 


: r My\?/da? + dy? : My 

3; 3, 33, —j-4 based AO ad 2S =u. 

sin?).(ain* 4+ cos) = (2) ae ) sing = 
(r) Since the pulley turns on its axis in the direction in which 
the vertical forces act, the moments of the forces of the points of the 
pulley with respect to its axis must be added to the forces acting in 
the vertical direction; and, as the linear velocity of any point of the 
circumference of the pulley is by supposition equal to that of any 
2 A 
point of the vertical string, its angular velocity must be equal : = 

az 


(s) This equation becomes, by substituting — $= for er and 


ze wz 


observing that gu = 5 » ge = wp 


wz , mk*\d2 we\ diz 
= (ee Fae (+3) 
wz dz’ 
=e[» +uw— T he —(a+ «= 
which is evidently reducible to 
de wz 1, da? 
[rtetere ge =e [e- raw Ft (ata) s | 
(2) If all the terms of this equation be multiplied by dé* and 
afterwards by dz, we shall obtain as 2 = oie 
dzdz— a zdzdt? + gadzd# = 0, 
of which the integral is 
da— ab ae + gazd? + cdt* = 0, 


vdt= a 





> 





Vgh x —gaz—c 


which can be integrated by the ordinary rules. 


By By Bi 
(4) Since S = V 2[oeV# - ve V 7], when ¢ = 0, we 
have 


@ —— 
Gam = Vf (c-e)=0, ems 
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and since z = 0, when ¢ = 6 we have 


(= Lee ove al 





= Be 
(v) And since 


= ue Pama) areas) 


aa t+ raga t & 


= és Be Bg 
0248 tr 7 5Gy in rae 3. es 
et@) 


+ 334 


ke., 


wt (al salr4 et = 2al, 


eee 
- 997 = 0 Ap [oe pues 


therefore, dividing by 8, we obtain the value of y given in the 
text. 

(x) Since all forces pdz act in parallel directions, it is evident, 
as they cannot impress any rotatory motion on the body, we must 
have Sapde, Sypdo, respectively equal to cipher, and as the moment 
of the resultant is equal to the sum of the moments of the compo- 
nents, we have Hx, = Shxpde, and ‘+ 27, = 0. 

(y) It is evident from what is established in No. 57, that when 
Sade = 0, Syde = 0, the origin of the coordinates x and y, coincides 
with the centre of gravity of }. 

(2) When the two centres of gravity exist on the same vertical, 
Sade = 0, +: p must be a constant quantity, consequently, 


P\de = P, ice. pb =P, and «+ pay: 
(@’) We have 
Py ihe ad 
“7a 6: cos Ty 


which by substituting for P its value Mg, gives the expression in the 
text. 

(8) In this case, if each of equations (1) be squared and then 
added together, we shall have 
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dj : 
vrzr—y; and’. cosa = —siné, cos 8 = cos é. 


(¢) When he is the case, equation (3) becomes 
we = EC (cos 6 +4 sin? ¢) de = — *€ Cre = a 
ess at = ae and w= Q 4 
hence when 
woz, ot — Oandt= oR. 


(@) By means of this equation we have 


Tek dx. dy dint 
3= w—2(Fisin ¢ — Fh eos 8) nF ; 


hear 1. 7 7 
which is equal to the value ofs given in the text, when we restrict 


the expansion of the radical to the two first terms; now by the first 
equation (1), we have 


alee In gtt 
008 BS. sin % 


and by substituting for :, and neglecting the square and higher powers 


di 
of rf, there results 








dt 
_ide | 1 (da. dx dy dg 1 de. 
cosa = b (Sasin gS peut) 5 asin 6 
dy? . 
Now as = . + op? we have evidently 
1 db cape — Lyrae, ay dy, 
— argh’ =— a wetde rg sin ds 


consequently, by substituting this value of — 1, & sing in the value 


of cos ¢ given above, there will result the expression for cosa given 
in the text; in the same manner the expression for cos 8 may be 
obtained. 


(e) In this case the second terms of the values of cosa, cos are 


. F 1 dx b dx 
yidentl r, and «,* 5 pee es rey mere 
evidently cipher, and ** §cosads aa §do ude? hence it is 


- be. : a : 
evident that the value of ped is thal given in equation (4). 
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(7) Since cos. cos4, cosa. siné = by putting for cos B, cosa 
their respective pe 





Le dz vd6 
ob+4 (F a costs + «sing. me a 
ldx 0 2Y rdb 


in i (22 6, cosd 
wae -e (F sit: 6, co: + Bein a a"? 


if we substitute these expressions in equations (3), we obtain (as 


1 di 
= ares 0, 2 =. rsinéde = 0, Va-5 ae 2 ossing 


w dt dt 
1 Ly? 
coséda = 0, S ary” costtde = +. $ > * by, a. asin? de 
1 ~hg d. 2 di 
=a Poy, k sie = =. il he Bat a= the expression in 


the text, by substituting u® for da? +. dy, and . for a 


(g’) It is evident, from a consideration of equations (4), that 


ed divided by 5 ae being equal to — Xi is also equal to td divided 


b dy nsequently we hay eee dy being bit 

y 2, consequently ave = tane.7, ¢ being an arbitrary con- 
di 

stant, and w= ae + tang*e)’, hence there results 


oY ee hg.dt “aged Yah a—hgt 
de (1 + tan’s)* at ( (+ptangts)! 
in the same manner it may be shown that 
dx __ (4 — hg.t) tange 
dt ~ (1 + tang*e)t 
These values of 47,,% are evidently equal to th 
ese values of =-..7- are evidently equal to those given in the text, 
and by squaring them, and then adding them together, we obtain the 
value of u given in the text. 
(#’) If both sides of this equation be multiplied by dt, we shall 


have 
at hg, do 
de (a—hgt) dt? 
hence there results 7 
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hgdt 
a {2 a 
a BR 1 — dt 





Ly 8 ee Oe 


hence if be the ae angular velocity, we shall have const. = 


log Q, °° log a2? B * tog ¢ -*#) + log Q, consequently 7 equal 


to its value given in the text. 


Now in obtaining the approximate values of v and . the square 


dl 
and higher powers of ral are neglected ; therefore at the commence- 


dt 


ds . = i Fi 
ment, when —- = 2, and 7 is a maximum, the smaller this product is, 


dt 


the more accurate will be the values of » and — 


CHAPTER VIL. 


(a) By multiplying the three first equations (1) by cosa, cos, 
cosy, respectively, and then adding them together, we obtain 


N.(costa + cos’ + cosy) + m[(u—1,)cosa + (v—v,) cosB + 
(w—w,) cosy] = 0, 


by multiplying the three first equations (2) by cosa’, cos’, cosy’, 
we obtain the second value of n. 

(b) By substituting ¢.cos HGL, #cosu’o’L’, in place of the quan- 
tities to which they are respectively equal, we shall have 


“NON 
=. + oa + écosHaL + #cosn/a/L’ = 0, 


from which it is easy to obtain the value of N given in the text. 

(c) From the first equation (6) we obtain 
~ + w.cosa -+ veosB + w cosy = u,cose + v,cos8-+ w,cosy =6,.cosHel, 
that is, by substituting 


_ yr Ecos Heit cos 
M+ M’ 
which by reducing becomes equal to the value of $, cos Hl. 


HG’L’ 
) + §cosHGL = 6, cosHGi, 
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(@) From the three first equations (4) we obtain, by multiplying 
them by cosa, cos 8, cosy respectively, 
eb + ucosa + veos6 + weosy = ucosa + veos6 + Weosy=4,cosHal, 


that is, 
_ om ($cosHGL + & cos H’G’L/) 
M+ M’ 


@) In the first equation (7), when 4’ = 0, we have 


+ §.cos HGL = 6, cos uci. 


Mé cos HGL 

“MM? 

now if M, in consequence of its density, may be neglected with 
respect to m’, the denominator of the preceding fraction may be 
considered as infinite, relatively to its numerator, consequently, we 
shall have 6, = 0; whem the bodies are perfectly elastic, the first 
equation (8) gives in this case, 


+ 6,cosHel = 


(M— M’) ¢.cos HGL 

M+M y 
and the second member of this equation, when m is neglected rela- 
tively to m’, is reduced to — @.HGL; the value of the second equa- 
tion (8), is in this case 


6, cos Hol = 


20. cos HGL 

M+’ ” 
= to cipher when m is neglected relatively tom’. The preceding 
cases strictly obtain when M, whether perfectly elastic or soft, im- 
pinges on a fixed obstacle. 

(f) Since Ma’ = ma — 2mhb, consequently, a’ =a — 2hb, and 
by what is established in No. 386, we have bd 


6,/ cos w/a’ = — 





Meta = Mac, tMc’a’ = Ma’c, *.” } Mc?(a—a') = Mc(a—a’) = 2hmbe, 


hence we obtain | 
5hb 


a= a =? and *.* a’ + ca’ =a + ca — 7hbd, 

(g) When the absolute velocity of the point Kk is constantly ne- 
gative, its initial velocity a+ ca and its final velocity a’ 4 ca’ are 
both negative ; consequently, as a’ 4 ca’=a+ca47hb, a+ ca 
must exceed 7hd. 

(A) Since the final velocity of x is supposed to be equal to 
cipher, we have 
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al = — ca/=5h 








+8) _ g(ateca) __ 5a — 2ea 
5} cam a ane eam a 
(#) By equations (6), and on the hypothesis that-y = 0, we have 

° 
~ + ucosa + v cos 8B—u, cosa—v, cos B + ~ + u' cosa! + v/ cos 6’ 
+ w' cos y/ — u,/cos a! — v,/ cos 6! — w,/.cosy/ = 0, 

which, combined with this equation, gives the expression in .the 

text. 

(k) By multiplying the three first equations (a) by cosa, cos 8, 
cosy, respectively, we obtain, by adding them together, 
M.(a,cosa ++ b.cos 8 + ¢.cosy) — M (ucos a + ucos 6 4 w cosy) 

— N (cos? a + cos? B + cosy), 
from which by substituting % for its value, and dividing by Mm, gives 
the expression in the text. In like manner, if the three last equa- 
tions (a) be multiplied by cos a, cos 8, cosy, respectively, and then 
added together, there results, 
N(cos*a-+-cos?B ++ cos*y)4-N’.(cos a cos a’ + cos 6 cos B’-+ cosy cosy’) — 
H(t, cos a + &, cos B + w, cosy) = 0, 
ie. NPN’ cos — u(u, cosa + v, cos B+ w, cos vy) = 0. 
Hence the first equation (b) becomes 
N+ N’cosd =k al ana N.cosd =k x 
fe M & Mw’ 
therefore, from the first equation, we obtain 


v= (He - _») ere, 
M cos b 


e 
and from the second, 
r (Fe —N.cos 3 
Not | —————_—_}.M’, 
Mw’ + 
hence, by comparing these two values of N’, we obtain the value of 





n given in the text. 
CHAPTER VILL. 


(a) If the weight of the string be taken into account, the string 
can no longer be considered as rectilinear, for it will be then acted 
on by three forces, namely, the two tensions at its extremities, and 
this weight, acting at the Centre of gravity of the string. 


NOTES. 685 
(8) Since the elements are proportional to the teuigihe: if the 
clement at the point m be denoted by », we have 
. P pds 
wsmide:l, y=. 
g ee 
(e) By substituting in the first equation (1) its value for tT, we 


obtain, as dt = Pal and d(z + u) = ds, 


dup du 
Ge = dae 
and in the second t 1), as de xdt dy wy there 
1 e@ seco equation ( , as oo +t, 
results, by substituting for T and dr, 
Pails wiht g dydu__p LY ay 
1 Te ds 


Vas de =e dé 
that is, 





henee, as by hypothesis, we may neglect ae we obtain 
we Py _ p@y e, 
a “gl de 


as we may substitute “4 ae Y gay UY 


Fa this equation is evidently the same 
as the second of equations (2). : 


(2) See Lacroix Traite Elementaire, No. 319, the equation may 


he reduced to an integrable form, also in the following manner : 
a te ary 
Since T= Le if to each member there be added @—— oY 
we have 


de. dt? 





d [dy dy d tidy ayy 
a Lat Ge = alate de. 


dy dy 
hence, if we suppose a + ome = 2, we have evidently 
dz_ dz 


ae 
a ae * 


dz 
WE d= qth 


dz 
if to each side there be added ae there tesults 


VOL, Il. 4aq 
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dz de dz dy dy 

pete, =o f(a A, Zor ss i t 
alt a dex a! («+ at), or +az, ¥ (e+ at), 

i i i In ik fa 
¥ being an arbitrary ffnction of « - at. In like manner, 11 @ dedi 


3 ti 
be taken from each side of the equation aa = an, we shall, by a 
dy 


. dy F 
similar process, obtain a —4«a Le = (e — a), fp being another ar- 
q dae 


hitrary function, therefore, by adding and subtracting these two 





equations, we obtain 





a =hy (etal) F4d(e—a), 
dy _ Li Lire 
= ate + at)— ad —at) 
consequently, 
iy oY ’ 1 
dy = a dt + ae de=hy (ufalhdt+4u(e—aldt+ oa ¥ (e+ at) 


j 
dem ac ¥ (e+ at) dc = Soke adele batt So (0 = al) 


d(a — at), yas (et at) + F (ev — at), Sf aud ¥ being two func- 
tious depending on ¥ and Y. 


(e) Since dv = a bedu = fe — Fa, we have evidently 


ge oe Ofer, pa — ov Qe 

(f) The form of $ is known, because y = $2 is the equation of 
the string at the commencement of the motion, the only restriction 
to > is, that it must be equal to cipher when # = 0, «= 2; it may 
be, as is stated in No. 488, a discontinuous function, i.e. the form 
of the string may be made up of different parts, which are not repre- 
sented by the same equation, in its extent from ato. From the 
circumstance of the extremities 4 and B being fixed, the remarkable 
properties indicated in equations (5) are inferred; from the first 
equation (5) it follows, that reckoning from a, the curve represented 
by y= ovis continued on each part of a, and has corresponding 
forms each side, the one being above and the other below aB; and 
the second equation (5) shows that the same thing is also true with 
respect to the point 85 the curve is continued on each side, with si- 
milar forms, the one betng above and the other below the axis aB. 
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(g) In this case it is evident, that the ordinate of the curve 


must be a maximum; and when the initial velocity is cipher, i.e. 





d, r ‘ Ma 
when d/v=0, oh yo fe = Fe, ant the value of y in equa- 


le dx 
lion (3) becomes 
yf (e+ at) + f(a — at). 
and the, function f'expresses the original form of the string, ice. the 
form when t= 0, consequently fis known, and from equation (5) 
we have f+ f(—2) = 0. 
F : : U 
(4) Iv like mamner, after the time equal to, the form of the 
a 

curve is the same as at the commencement, with its position inverted, 


; 7 Bt St F 
and after the lapse of the times, oat &e,, the figure will be the same, 
a 


. t ; F 
if we suppose at= z we have the figure the curve assumes in the 
2 


middle of the times between the extreme positions, which have 
been just discussed; in this case when there is uo initial velocity, 


vase + 5) +/( - a and since by equation os(e-5) 


= -#(5 -*) there results 


y=Us(e+5) (5-4), 


lates q L ; 
the abscisse indicated by a + 3 and 3-7 refer to points at eqtal 


distances from the middle point of an, if in the original form of the 





curve, the ordinates for the portion between the middle point and B 
be greater than the ordinates for the portion the middle point and a, 
i.e. if it is not symmetrical, then the part of the curve whichis to the 
left of the ordinate that passes through the middle point, will be 
above the axis AB, at the middle of the time of a vibration, and the 
position of the portion which is at the right of the middle point will 
be below a, avid similar to the other portion inverted, so that in 
this case the string is never rectilinear. If the ordinate raised at the 
middle of ap divides the curve, in its original position, into two. 
equal and similar parts, then the ordinates*corresponding to the ah- 
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‘ t : 
seissee 5 +x, 37 2 are equal, therefore, in this case, whatever be 


h i Batic 
the value of 2, y vanishes when at = consequently, in this case the 


curve becomes a right line at the middle of each vibration. 
(%) In like manner for equation (d) we have 
dy Qra Lina’ ex twat 
pel GT pep etiches ede 7 pa pico 
> B = Woe av’ da’) isin i -sin 7 
twat 


2_/ Cl. ima \ tt 
+ 7= Go + ada ) sin TT cos > 


dty — Qnta? t inat 
WP = (ee a" se age cos 


Qre Os ARNO sg a me, tmttt 
- it sin ze ‘da Ji t.sin a sin—F-s 





ys l. ine’, me tmett 
== 52 (( sin gre i cos”, cos > ~ 


ime , iat 
fx!) cos S- sin Tr 


2, ze 
ty =) =(§, sin dade! ) # sin =” cos eat 





de 7 t 


a L 
- 3 (Gos; 


dy dy 
hence it is evident that ~ ie e rr 


y t 
= dda!) i isin as sin 








(&) When «= = the equation da = hsin = xh sing, which 


therefore is the greatest value of pa, or the height of the trochoid. 
()) As dv 0, the second term, second member of equation 
(a) is cipher, and the first term is reduced to 


ee maat 


 aa'.\ sin ToT I 








2h co fs dal 
I=T 


t 


awed! 1. Qaeda! 
= — 30 
= t 
when taken between the limits’ 4, 0, consequently the value of y is 
that given in the text. 


as sin? 





: ‘ 
+-4de', the integral is equal 3 
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!) ds—da du _ 6(t—w) _ 

( dx ~— dx AO+éw 

® is neglected becomes the expressiun in gibe text, and as by No, 


483, T— wae, 





b(t w)( + Jw), which when 


by substituting this value of tT — w we obtain 


é 
i= ores consequently, when = 1, g = A. in which case the ratio 
1+ 531 becomes that of 2:1. 


Notes to Paragraph I. 


(m) As dis by hypothesis the entire increase of length of the 
rod when subjected to tension A, dd is the increase of length of the 
part dw of the same rod, No. 288, therefore we must have T: A:: 
du: dda, t= +=, and, consequently, g = now when x=0, 

: . . aT p du = 
the equation of motion is de gl de = by substituting g.——, for 
Cu pba 
dT, qe de pide = 
(a) That this value of w ome equation (1) is apparent at once 


by taking the values of —— pale as in note (é), and substituting them 


du 
da 7 
in equation (1); it is likewise evident from inspection of this equation, 


that u = 0 when «=0, and < =0, when « =/. 


tg 
(0) In taking the value of S in this case, it is evident that the 


two first terms in the value of w need not be taken into account, 
and the third term becomes, when differenced with respect to ¢, 


=’ g’alda, atl the fourth term when differenced with respect 
0 


to this same quantity is 


cise. rs ((jeo os o’d! \ cos ina cos =H, 





5 du 
¢which when {== @, is the second term in the value of 


690 NOTES. 


(p) Beyond a the extent of the original ‘agitation, as long as at << 
v—a, the functions f(#—at), F(z—at), are cipher, and consequently 
the quantities v and s, they have a finite value, the moment that af — 
a —a, then they become cipher again, when at = 2+, so that 
the agitation of the points situated on the positive side of # com- 


Ua va wa 


mences when ¢ = > and it lasts from ¢—= —— to t’/ == ——., or 
a 


ede 
. . . 2a ; fa eee ik 
during an interval of time = —, and the portion which is agitated 
a 


at the same time, is comprised between # = at —a, anda=at+a, 
so that its length is 2a, *.* as the extent is constant, i.e. 2a, and the 


time the same in all, namely, the velocity = a. The proper velo- 


cities will depend on the equation v= $f(« — at) — great). See 


Nos. 660, I, 2, 8, 4, 5, 6. 
4s dv _ ds _ du du a 
(q) Since nod asv=Tss=T vdt + sdx must be an 


exact differential. Lacroix, 261. 


Notes to Paragraph TI. 


(9) As gp’ =h from « = 0, to x =¢, the integral of §g’2/da" in 
this interval —zAc, and as from ec toa=l, ge’, the inte- 
gral §g’2/de’ in this same interval is ht (L — ce) = hc’, consequently, 
from #=0 to a= l, §b/atde’ = he+hic. In like manner the 
ine 
Tt? 
ile) 

t te 


, tra! . oe : 
integral of ¢’2! cos—— dx! from z=0 toame, is —.h.sin and 
ir 


Me 





rao ot é 
from we to el, this integral is a sin 





P in! . 

cos insin 5 + Ggla! cos 3 dz from x =0 tow=ta= (hw) 
a 

mua 

sin-p- 


(7) See the expression for w given in the third ease of No. 495, 
and as T= iad by differentiating this value of w with respect to 2, 


we obtain the expression for T given in the text. 
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oe ius ap 
(9) oe poral = 2” sin = 26a". sin? sa now — 

U a! vt of 
Se’ aint, deme eos 2 L = ae i sin), 
A : F : oe OR y a 
Lf S2"%eo8 a <— =ersin = + i 2 af cos — aan = ’ 


which when taken between the limits of J and 0, is reduced to 


QP os. a 5 
Fe cosin ¢ being substituted for a’, hence by putting this value 
r 


2, ; 
in the preceding equation, we obtain «= — = E> cos im .sin > 

mt, Dns de : 
and by making T= 4, 3=- Z 5 cos ix.sin. id, therefore by substi- 


tuting for 7 all integer numbers from i = 1, to i= x, we shall obtain 
(by remarking that cos éx is alternately — 1, and + 1), the value of 
5 furnished by equation (3). 


(t) This eal of v, when ¢ is either cipher or an even eas of 
= “\+4 sin 
c 


T° cos = sin ie (SF 
, —# or \ 
ix.(—~— |; andif in these last terms, /—c’ be substituted for ¢, they 


t 
become 4 sin tr (=), tsinix (=o) which are respec- 





t 
a results from the equation sin “2° 


¢ 
‘ — oe (a (OO 
tively = $ costw. sine. (+) —}eosie.sinén + ). 





é 


- By ores these values in equation (4) there results 


v= F(he + Wey = ume) [. AS o*)- AS)] = by 


substituting ¢ for ¢— c’, and remarking that 7 = ¢ + ¢’)h’. 


() When a %& ¢, then cos = = cos i = (— 1)!, consequently 


the value of v is that given in the text. 


tor tore 
(©) This appears at once from the consideration sin = eos 


é t 
a= points +2) nize 2), and that cosiw = (—1)i. 


+ gin 


(y) In the second case of No. 495, when a is fixed and B is free, 
the first member of the value of u vanishes by hypothesis, and the se- 
cond becomes by substituting —& for vr = 
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ak ¢ i=) 1 @i-1) (i-1) , 
~ 2 s((rsi I rele!) —Tzsin 3T we sin aT 


are seo roa Ay gan sex Vos in@ ae 











20 








ar Qt 
the value of w given in the text. 
(z) In equation (7) of No. 826, when x is substituted for 2, 
and then differenced with respect to x, it becomes 


dems 7 =(Qoe'sin Fi Gok 7) eat. de') (Qi (2—Na feseos aD 


= (ss Py Ce gee 1)#-1 cos @i-1) 0.0) 














Qe 2 
Now the integral of 2/.sin Ce), eda! = 2. 008 
eau al are si CD, which, when taken between 
the limits Z and 0, becomes rT 
ane (2=1)5 = ore 


consequently, we shall have 


2 2l 2i- 
da =P ape (ar 31 ag 


that is, dividing by dz, and substituting 6 for = > we have 


i * 
b= sf ary cs 2t— 1).6, 


therefore substituting their different values for ¢ we obtain equation 


(6). 
(2i—1)x.(@ + ¢) 





(a) By substituting ¢—e! for ¢, sin vi = sin 
2¢—1)r.(2 —e a . 2i—1 —¢! 
Cre De Cte °) = sin(@i—1) 5-008 Siar ha “) for cos 


(i 1) 5 =0. 


(b') Co: (Eves Me cos (2 — 1 )a.cos: 


_(2t—-1) r(w +e’) 
#608 





(i=l e (wt) 
7] 
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Notes to Paragraph IV. 


(a) As the variables are by hypothesis ingependent of each other, 
it is evident that when L = 0, is developed, as pointed out in the text, 
the coefficients of each of these variables may be put separately equal 
to cipher, and they must consequently contain one independent va- 
riable less than 1 = 0, the given equation of partial differences. 

(oy If we suppose in equation (a), that §=¢ — A, and also that 
the coefficients Pp, a, R, &c. are functions of 2, then we have 


u = P(t—h)e + (th) + R.(O—h)y + &e., 
and, by substituting for w in equation (b), we obtain 


ar(t—h)e + pis + yR.(t—hyr + &. = 
aE ths + ass a(t h)B + &e.3 


now in order that these two series may be identical, we must have 


; ap dQ nr 
a=0, B=1, y=2, &e, anda= any 2R= a 7p 8s= aoe 


&e.; and it is evident from inspection, that all the coefficients de- 
pend on the first p, which alone remains independent, if we call it 


da, then Q = mr GO agit =5 ik and so on; hence we obtain the 
value of « furnished by equation (c). ; 


If now we suppose ¢= (#—A), and *.: the coefficients of series 
(a), namely, p,a, R, &c. to be functions of t, we shall have 


uv (e—h) + @(e—h)o + R(w—h)y + &e., 


and by substituting them in equation (b), we obtain 





di a d 
EMAL (DEAT (2 hy + Bes = aa(a—1) (eh) 


a.8.(8—1).a.(e—h)P 4 ay.(y—1) R(x —h)r-? + &e.; 


since the exponents a, 8, y, 5, &c. constitute always am increasing 

series, in order that these two series may be identical, the first term 

of the second must disappear, consequently we must have either 

a= 0, or@=1; in the first case, the other exponents 8, y, 4, &c. 

must be the even numbers 2, 4, 6, &c., and in the second case, they 
VOLLU. + 4R 
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must be the odd numbers 3, 5,7, &c.; therefore in the first case we 


have 
dp dg de. . 
a = 1.2.49, 7 ial 3.4.aR, t= 5.6.as 5 e 


and in the second, 


dp 
dt 





= 2.3.aa, a = 4.5.ar, = = 6.7,a8, Kes 
consequently there will result for u two series, one of which proceeds 
according to the even powers of (#—h), and the other according to 
the odd powers; and in each of them the first coefficient p remains 
indeterminate, and all the other coefficients may be expressed in 
terms of p, which in this case is a function of ¢, +: if in the first case 
it be called 7, and in the second ¥¢, we shall tave, by making « 
equal to the sum of the two series, equation (l) of the text. 
(c) By Taylor’s theorem, we have 


umut ‘o *\. u+ Ca)e ul + (4) vw + &e., 


‘ . ‘“ du Cu 
in which v is the value of « when x = h, v’ =i vu’ = = &e, on 
the same hypothesis; now from the equation (b) we can obtain the 
du du 

Ta? de &e. when «= h, in functions of #, consequently 


it is Sasy to conceive that the resulting value of w may, assume the 








values of —~ 


form * 
hy dyt , (at—hy dye 
a) (@ Ye 
weit TS" a + Tae ae 
(why dt, (@—-hy Pet 
“T.2.3 adi * 1.23.45 ade 


+ 8042) 





vt+ 





, ke. 


which when the constant / is made equal to ee i.e. when the 
series is developed according to powers of x, becom€®’series (d). 


(@) In fact if in series (d) we assume 


pat eee _ 


6 vt 


+155 


+ &e., and f= a’ 4+ wt as 


+ &e., 
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F alt abet dvi ate 
by taking the values of ade? &e., dE? &e., and ar- 
ranging them into series proceeding according to the powers of z, 
we can obtain the series (ce). 


(¢) By multiplying both sides of this equation by dt, there re- 


sults 
* dp log p 2 
— = aatdi, and.) 2 = dat, and + p= acta, Ke, 
P og A 


2 
(Ff) This is evident by substituting for e~*" its value 1 -+ + 
w! 
ae &e., for then ¢- 9? wt = 2x1 ONT nbd and 5 
1.2 + 
+ &e, and when these terms are respectively multiplied by dw, 
and integrated between the limits «& ~ o, each of the terms is ci- 


pher, + a eo? wl dy = 0. 


(g) By performing this differentiation with respect tog, and dividing 
d x k o L8k 
by dg, we obtain \_ gn wde= im t_ oot fetes =F 
35 * 
) ewe” wd = be &ec., consequently, the value of the . 
—« 2 yt ¥ 
v‘4term when g = 1, is that given in the text; this formula evidently 
ge 
$8.50 227 
positive integer. o? 


gives. k = Fee wide, where n may be gny 
& ee Y be any 


(A) Tf in formula (c) we suppose each term to be multiplied and 


age as . Qn 
divided by equal quantities, namely, ig 





a > 
=) ene? Nd, 
—x 









«2n—1 
and &, we shall evidenfly obtain by concinnating 
. 
lec ‘4a? age | l6wiaeds 5 
kane: “(ert 12 ae + Jee dees 


but in consequence of what has been established in note ): namely, 
7 oe ay rH . . Paes 
that § eo dw = 0, we may evidently introduce in this 
~~“ 


2 —djre a ‘s sa 
value of w the terms 2 Vat —— = eeu, BAY at 


le J 
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e-* utdu, &e., for they are respectively equal to cipher; conse- 


quently, the value « may assume the form given in text. 
() As Sem" aden =- a by partially integrating the value of 


du . ats 
av obtain — = 


nt i : 
= ee g(a + Qual) aVat We ee ete Vat) dw, 


consequently, as the first term of the second member of this equa- 


. ‘ du au 
tion vanishes, we have the value of — equal to that of « ——. 
dt da* 


(k) When the radii of the interior and exterior surfaces of the 
cylindrical slices are respectively and + +r, the base of the Slice 
will be equal to 2rrdr, and this multiplied into their height zor its 
equivalent e-””, gives the volume of the slice equal to 2re~*rdr, 
and this when integrated between the limits 0 and 2, gives the 


: ‘ a 
volume of the entire surface of revolution equal to 2 ) 0 ee" rdv 


= 17, for the value of e—*rdr when += » is 0, and when 7 = 0, it 
is equal to ¢ }- bale 

Thiswalue of & thay be algo wbtained from the consideration that 
if e~*’dw be expanded into a geries, and if each ofthe terms be 


integrated between the limits a, — oc, the result will be a series 
’ 


equal to the known value of Vx 


it ta an) Qa) 
Quer’ = S4y 5 -a Qaw = Qow — Ger &e., 
therefore, 2 * - 


: 2aw (2aw) 
oT +6e.)( -733 +6e.}duy 








e-™ sin2audw= ( a 


++ when these two series are multiplied together, and then integrated 
between the limits x, — o, the result will be evidently cipher. From 
similar considerations it may be shown that 


x a x . 
) e- © cos 2awdw = of eo des cos 2 awdux. 
as 0 





wR ge ee eB i ee eles eis. Toe aaa ie 
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F a F x pa 
taken from under the sign of integration, and { e-* sin 2audw=0, 
‘ —2 


F Leosve 
we have evidently «= 


zx . . 
— \ e~* eos Qawdw = e—*" Cos 2, *.* 
VA 0 ‘ 
7 
a 


2 
—~" cos Yawdw =e" 
f oo eos awe zo 
gant em ewyf—1 
2 
stituled for a, the preceding equation becomes 


ge (Ct ae ' 
ve (e+ \ des = Te a 


(0) As by supposition L=0, is not higher than the second de- 
gree, when series tg) is substituted in place of u in 1 = 0, the result 
must ‘be the value of & given in the text; and as the equation L= 0 
obtains whatever may be the value of #, the coefiicients of ef, e#, ev, 


(n), Since cos 2aw = » when aV —lLissub- 











&e., must be separately equal to cipher, from which it appears that 
equations (h) obtain. 


(p) By making this substitution we obtain 


w= (G20 V=1)¢ AWS — fe LYST) OWA + be 
=f. (eo + oD) + oy a, Gann vay 


: +4. (eV t¥oi ees oy V4 + &e., 


= (by substituting for the exponentials their values) p cos At + 
gos pt + &e., + p/sin At  ¢/ sin wt 4 &e. 
(gq) When a, Ba vs &e., are feat then 2,8, y, &e., are imaginary, 
and vice versa. Ag 
(v) In equation (i) hen” #& 0, in whch case u = f(x,y, 2) by 
hypothesis, we must have (as cos At, cos pt, &c. are respectively equal 
to unity, and sin Af, sin yt, &e., are respectively equal to cipher) 
Soy) =p+gtrt &e., in a similar manner it may be shown 
du. : , 
that when we take the value of G in this equation and then suppose 
F « . 
t = 0, that we will have F (2, y, 2) equal fu Ap’ Seg! + 7 + &e. 


698 NOTES, 


Notes to Paragraph V. 


2 a 
(s) As10=9 41-55 = Vert = (# (+1) = 5-557) 


2 1 3 : ‘ 
GPs 37 o7 which differs from the result obtaimed by Chladni 


by a 34th part q. p. 
(a) See the different cases which have been discussed in No. $20, 


ig 


the quantity 6? = — of that number. 
yu 


(v) Since p is the weight of the rod,” is equal to the quantity of 
g : 
P 


matter, and w being the area of its normal section alo is equatfo the 
glo 
2 


. are hk 
deusity ; now as b= us by substituting af h vedu for 8, and 
yw ak 


# | i ation (3 

ap for wy we obtain equation (5). 3 - P 
@) In this case vis constant and equal to the base of the rectangle, 

and °,* w = 2ev, likewise as ine centre of gravity is equally distant 


from the opposite sides of the rectangle, we have & = k’ = ¢, and 


the integral ie oyu’, becomes of, du = $ys = wh, ‘there- 
é ae 
fore, 37 AY, and b= ah = 3 
(y) In the case of a cylindrical rod BY substituting for v% ky k’, 





wa | eV ee. wiwdu, now if we put uey, the quantity 


faae yidy 
2Ye—wiidu may be made to assume the form 2 (Fee - 











Ndy ‘ 
aati ) the integral of these two expressions are respectively equalto 


Vie 1 
2e(— dy V 1 + are sin =y)2e[(ay+ aa) | VY 1—y—2¢, 


oa are sin = y. 


Now when u =e, y= 1, *.* when the preceding integrals aro taken 


between the limits 1, —1, the parts multiplied by Yi— ¥ vanish, 


3 


é ¢ T 
aud the circular parts become respectively ett, — 5 5 conse- 
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. 

quently the value of wi taken between ¢, —z, is ap “as w = me, 
é de 

h=s5, andb=ah= =. 
a ane 3 : 


(2) In the case of a triangle, as its area is equal to the base mul- 
tiplied by half the height which is equal to 2c, we must have w = Ag, 
the. integral of vu’du is supposed to be taken between the limits 
k, —k'sreckoning from the centre of gravity as the origin, *.* as its 
distance from the vertex is two-thirds, and from the base one-third 
of the height 22, we must, in the first case, have A = 3, ki = +e, 
and in tie second K-42, A’ 45. 


(a') Therefore in this first case we must have v: A: 





1 Pdewdu ; . : 
 wutdu =a: 37 + wqu] of which the integral is 
Lraew , a : : 


3 
Qt /2  a\.. Ef ak 
olet5)+ a (Gea) 
int + : 


‘ leeahat v7 QAe8 : 
which after all redugtions is equal to 9 wh?,*"as w= As, we have 


. . 4 Be 4e 
which taken between the limits = and, 5 becomes equal to 





“het © a2 * 
Y= r and consequently b= = 


(8!) When the convexity is turned downwards, we have vu@du a 
Y 
2Qeurdu 


t 4 7 . . § (ew , ut\ 4 
ue a + wau) of which the integral is ae ee + < ); and 


ernaes de Ze. 
when taken between the limits & =>; li zit becomes 
. B 


ire. 2% fe 
Le tel tan 3) 

. . 2ass * j 
which also, after all reductions, becomes equal to a7 = 32, 
and b= ac 3. 

(c’) As p and q are functions of 2, if this equation be differeuced 

dy ds ° 


: F ‘ a! 
with respect to 2, we obtain Pra — <2 sin mbt + ie cosm®si; and 


4 
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in like manner, if this equation be differenced twice successively with 


respect to ¢t, we obtain = = — m'b’p sinmbt — m'bg® cos mbt; 
4 ds y _ap dy aps, 
now if we suppose mbt = 2 we have a = ee ae =—m'h’p 
th 
== by equation (1) — BP aad 0 4antp = oe 


(@’) For the integration of this equation, see examples of the 


differential and integral calculus, page 393. 
« 


(e’) By differentiating the value of p twice successively, “we 


obtain &% 

oF f =~ am’sina — s/mecosmx+tBm(e™: —emm) + }u'm*(of em) 

which because it is equal to pe wWheh «= 0, gives a’—=b’, in 

like manner by taking the value of 2 a P when w= 0, weobtain a =83 
ep Dp Ca] bead 


now as the yalues of - See are also cipher when J is put 


du? de® dx” 
for a in these values, we'can obtain the equation 
A (2sin mb— em! she) a(R ae. 2cos ml), &e. 
) By expanding this product wo-obtaif ‘ 
4 sin? ml— et gp 2— gr? A cost —4cos ml . (em! 4. em!) erm 
$24 grim = 0, i.e. 8—4 cos ml (e™+4 e-™) = 0, 
(g’) If-in the expression for y we substitute for p and 9, their 


walues, and observe tosput for a, a/,Q, &c., the quantities to which 
they are equal, we shall obtain equation (b); now the value of 
. ‘ n . 


aX ee 
—— = (em! + e-™ — 2cos ml) (= mF sin ma + $ m*(em — e-™) 


dx? 
(2sin ml — 6" + e-™) (—m* cos tar 4m? (em + e-™), 


but when 2 = 0, this expression is evidently equal to cipher, and 


when 2 = J, it becomes * 


[(e™ + e- ml) —2cos ml] [—m* sin ml + hme (em! — e- ml) 
(2 sin ml—e 4 e-™) (—m* cos ml + ym? (em! + em), 


which is also equal to cipher; in the same manner it may be shown, 


Bx 7 a 
that —— = 0, in the same circumstances. 


dx 
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(A’) ee =(em 4 e- ™! _2Qcosml) [—micos ma+4m*(em'fe-mr) 4. 


(2sin ml—e™ 4 e- ™) (m? sin ma + Emy.(em — em); 
and, therefore, ‘ 
= = (em + e-m _ 2cos ml) (m*sin ma + ms (em —e- mt) 
(2sin mb — em! + e-™!) (mt.cos ma + 4m (em 4 ems), 
which is evidently equal to mx. 
eml fT 4. g-mly/i 
a) 
then it is immediately evident, that if m is a root of equation (a), so 
will —m and amY—l. 
(k’) It is evident from the value of x that it does not involve ¢, 


Soe _ xt de’ consequently, when equation (1) is multi- 


plied by xda; and then integrated between the limits /, 6, it:may be 
made to assume the form of this equation. 


Vx 74 xy dx dy 





(“) If in equation (a) we substitute for cos ml, 


therefore, 


0 Phe = an ast” and this last quantity is equal 


> & dy (ex ay 
° de" dx? - bi: 


ax dy ax 
Ve ae” = aes v4 aad 2-8 7 


* (m’) Since by mee (4), y= ox, =e, when ¢ = 0, if in 


ax di 
des and this ‘quantity is equal to ae —_ 


the equation t' xydx = 4 cos¢m? bt + W sin? bt, and in its differential 
0 


with respect tot, we suppose t = 0, we must have, as is stated, 


\ xoudx = H, , xp/adx = m* bu’; 
0+ 0 


now if in the first member of equation (e), we substitute for y its value 
derived from formula (6), it is evident that as the second member of 
equation (e) contains only sin m*b¢ cos mt, if such a root as m’ is stated 
to be, occurs in the value of y, and if x’ denotes what x becomes when 


m is changed into m’, we must have \ xx/dz=0; and in the case of 


m =m’, when formula (b) is substituted for y in equation (e), then 
VOL, II. 4s ; 
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as this equation obtains for all values of ¢, we must have the coeffi- 
cients of the corresponding circular functions equal, i.e. : 


2( xdz = : ay xo/ada., &e. 
0 nem 


() In differentiating the second equation (A), it is evident that 
the differentials of ils second number must, in this case, be cipher, and 
f xglade ada dx ; 


‘we can 
fear de 


when we obtain a differential of the form =(( 
‘ 2 : dix Fi 
by means of equation (d) substitute mx for aan’ and thus obtain 
the expression in the text. 7 
o’) If we substitute for sin mbt, its value in a sefies, it is equal 
s q' 
mebt mBE | mde 


to 5-725 oe &e., +, when this is multiplied into 
'xida x Qixp/ada 
o ; ’ 
os “aap the first term is equal to (Hi ae ‘ x, and 


the coefficients of the subsequent powers of ¢ are of the form 


> CS xp/wvd. 


—.xm‘i, and therefore equal to cipher. 
Gp xtder 


ml mls mar 

0 tnt — =)lt -— = 
© Since e sec Taat &e., sin ma = i 
+ ie nad + ke. cosma = 1 — + &c., if their values in series 


be put for em, e—™, e™, e—™, sin. mx, cos ma, ke, ip the expression 
given for x in page 303, ave will obtain by restricting ourselves to 
the third power of m, 


ml, mt mp 


xa (14 TT tl met Fe = 242 he.) (met bbe 


2ml @mil3 mi ,m mils 
feces acl jis ae —T (Te 7igs 








ab me omit men? a 

aaen Sees , Fed 1 

rt ya is) ¢ tat? +5 yt4 g became 
qe 

aa We 

which, by obliterating quantities that destroy each other, and concin- 


~ 4m? 
nating, becomes? ml, 2 niz— = = 4m, (« ~ 5) now when this 
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expression is substituted in equation (g), it becomes (by taking 4 md 


, , : 4mkytrel 
from under the sign of integration) ( ) [S, (380 —)) garda + 


3 
U(82—)) gedumibt a en ay es 
STS —— 4mvehy 2d atm 
,, are | Ge 2) divided by (4m?/?) Sy (= ze 








a 
tladx+ fs ae), and this divisor when integrated between the limits Lo, 


Ze Amel? A < 

is equal to (>) -P; consequently, the value of the term in question 
will be that given in the text. The reason why we restricted our- 
selves to the third power of min the expansion of the exponential and 
circular functions was, because if higher powers were retained, they 
would not be obliterated by corresponding powers of m in the value 


af wde, conseqiently, when % is supposed to be infinitely small 


they would vanish. 
(7) In the case of an entire vibration, in which the Vibrating 
body returns to the point from which it set out, we must have 


x Ql? f A aides Oe 

F br =2r et Bo? and as 6 is the thickness, it is evident when 
. . . b a 

Ais given that n= varies as —. 


P.- 

(7’) In the case of a rectangle, if the base be 26’ and height 2 ey 

it is evident from the expression given for bin page 802, that the 
values of x will, every thing else beimg the same, be in the ratio of 


ere’, o ' 


(s’) When the normal section is a triangle, the value of 4* in one 
. V2 . > : . 
case is 3 and in the other a3, so that in the two successive 





semi-vibrations the values of t. will be different; however, as it is 
evident that in these,two vibrations, they interchange values, the en- 
tire vibrations will be always isochronous. 

(#) In the preceding analysis the rod was assumed, as stated in 
page 800, to be free at its two extremities, here it is supposed to be 
firmly fixed at the extremity a, and free at the extremity B, in con- 


d : 
sequence of which we have yO, and 2 = 0, but this expresses in 


general the angle which the tangent at the point A makes with the 
axis of x, consequently when it is cipher, the mean filament must 
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coincide with the tangent at the point a; and in determining the 
constants A, B, &c. we must make use of the equations z= 0, y= 0, 


di 4 sey 
a=, instead of equations (2). 


(w’) It is evident that neither 3 nor &” can surpass 7 for if they 


did, then we would have, for instance, = 5 + 4,, in which the ex- 
pression for 4 could be reduced to a form in which é did not sur- 
pass 55 now it is evident that cos($(2i-+4 1) a =~ 3) = + sind, it 


follows that if in equation (a) we substitute for ml, we can obtain 
immediately the first equation (k). 


(v’) When = ; we must have ef@#bUet 4 esi! verbs = 2, 
consequently these exponents must be respectively equal to cipher, 


T . 
and as = =, we must have ¢ = 0. 


2 

(#’) By supposing § = 0 in the second member of the first equa- 
tion &, we obtain a value for sin3, which is evidently only an ap- 
proximation; but by substituting this approximate value in the second 
member of this equation, we obtain one still more accurate; now as it 
appears that the values of 3 relative to i= 2, i= 3, &c., are less 
than 0,01765, it isevident, that the values of A will, as is stated in text, 
differ little from the 3(2¢ 4+ 1)n, or the odd multiples of e The 
least value of A taken into account corresponds to i= 1, and -. 
Aminrgé 

(y’) In second equation (k), if we approximate to the value of 0’, 
by means of the expression for sin & when i = 0, we obtain the ex- 


es ; 7 , 
pression in the text; and, as in this case, 3’ is not =3 when i = 0, 


the least value of a’ which gives the gravest tone is $7 + 6”; and as 
the other quantities which express the ratio of n: 17’, are the same, 
, n F 
we have t= a = 0,15715; now if the values of # be determined, 
n 
as in the former case, when i==2, = 3, &e., it is fuund that they 
continually diminish, hence it follows that the corresponding values 
of A’ will be g-p odd multiples of $ 7. 
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(2’) Singe a= 7,21 and b = ah, we have » = 2.(3,56082) - 

and by substituting aes respectively for h, we obtain the values 
273 ° 


of n given in the text; it is evident from the expression ) a vutdu 
= wh?, that, every thing else being the same, & depends on the thick. 


ness. — See page 301, No. 520. 


CHAPTER IX. 


(a) See Nos, 122, 126, 128, 

(6) See Memoires De l’Academie Royale des Science, tome 1, 
une memvire sur la variation des constantes arbitraires par M, Poisson. 
de dy Bz dix! 
a? de’ de’ ade’ 

du _ #—a du 
cipher, and as from the values of 1, 1’, L”, &c. w= ay = 
¥ = &e., it is evident that when «=a, y= B, z=, the equa- 
tions given in the text will result. 

(2) {atu B+, 7 + be respectively substituted for 
x, y, 2 in the value of t, there results 

ca Vatu—aPt BHP) + (y+w—ey 
— V@-aF FE-PE =F 
= V(a—ay $2 (a—a)u+(B—by42(B—b)o + (y—cP +2(y — cw 
— VG= FEF GF 
T+ (a—a)u + (8—b)v + (y—c)w 
t 


c) In this caBe &c., are respectively equal to 
( pectivply eq! 




















= V(arayt (6-4 (ye 
— V Gay + (Bb (yo 


when the squares,and higher powers of u, v, w are pee 





(e) Now in equations (4), we have in this case 5 = pias and 
= Ca), by substituting a + u for z, consequently, by 
making similar substitutions for y, 2, L', &c., we obtain, as 


, 
am-F-, N= sa 5 &ey 


Cu a+ u—a\ bale 
"Te = me( ts “)e= mie Vel \e 
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all 


hence as u, t’u, ¢/’u, must be neglected, as is evident from the values 
Cc 
ds 
of ©, 0, 0, &c., the value of — given in the text, may be deduced. 
(f) When 4, v, w are cipher, the accelerating forces, which in 
&u dv 7 


d by — eae’ &e., vanish, % 


general are expresse 


(g) From the first of these equations we obtain 
dy cos w+ 32 cosy 
COSA 


br = 





5 
and from the second, 


bee Ss 


. 
hence a comparison of these two values of $a gives the equation 
dy .(ycosA — weosy) = bz.(wcosy — zcosa); °.* dy: dz::as these 
factors.—See No. 543, 

(A) Ifin this equation their values be substituted for dz, dy, dz, 
dx’, &c., there will result 
a'(z 008 —y cosy) e + ¥! (a cosy —zcosd)e + 2/(y cosa — acosm)e 
2(2' cosy, —y’cosy)e’ --y(e’cosy — z’cosa)e’+-2(y/ cosA— 2’ cos}s)s! = 0, 
which by concinnating can evidently be reduced to the expression in 
the text. 

(¢) By making this substitution there results 
Em.(a—a) (2 c0spy.—y cosy) é + Tm.(B—b) (xcosy—z cosr)e + Im 

(€—c) (y cos A—2 cos) ¢ = 03 
now as CosA, cos, cosy, are the same for all the terms, we must have 
the quantities by which each of them is multiplied equal to cipher, 
as for instance, the quantity of which cosy is a facter is 
Emr(B—b) — Lmy(a—a)5 
hence then we have 
Em(xB— ya) = Em(xb — ya), &e. 
(k) By substituting for 3x, dy, in the expression 


3x? + by? 4 az? - 
+ dé i 








it becomes, as dz 0, 
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= of Beem =p cost.) o> f #0 ~ cosy) zesiny 
- dé rv. de de" 


s 








(2) The expressions for 52, dy, dz, &e. are respectively grouped 
into quantities, whose respective multipliers are the increments of the 
several variables u, v, w, u/, &e. 

(m) It is evident, that as Q is constant, we can by a suitable va- 
riation of u,v, &c. cause this quantity to disappear; the values of 
a, 8, vy, &e. in this case belong to a state of equilibrium, because 
the accelerating forces vanish when v= 0, v = 0, &c. 


(n) St = anv’ Geos (¢V/p—0), oe — RN.p. sin(ttY > — 7), + 


ay 
if their values be substituted for « —, op? &e. in equation (a),, 
de 

. 


there will result a common factor aoa which may be 
struck out, and the terms on one side will be Dp, EN’s, FN9, &e. 5 
and on the other, GN, HN’, KN”, &e. 


(0) When typ is increased by 2%, the value of sin (tp — r) 
becomes the same as before, and the actual amplitude of the oscil- 
lations will be (an + bn’ + en” + &c.) R. 

(p) i this case, in the expression for the amplitudes, the quan- 


me. tran! : | f 
tities sin, sin—j-5 are the only terms which differ in these ex- 


pressions, consequently the amplitudes are as these terms. 


@ 2 = RNY pcos(t/p—r) e—#t —arn.sin (tp —1) emt; 
oe == — pRN.sin ((Wo—7) ent —wV orn cost( vp—r) ent 

+ wan sin (tY p—ryenet — wV pRN cos (tVp—r) emt ; 
now, if in deioationsee), we substitute for i its value given here, as 
wD’, wk’, &c., are supposed to be neglected, the second term of the value 


of St must be neglected ; in like manner, as wis neglected, the third 


Pu : 
term of the value of may be omitted; and since this equation 


(e) always obtains, the terms multiplied by the sines must be identi- 
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cally equal, and likewise thetegns multiplied by the cosines, this, 
therefore, gives at once ~ 


Din. W p.cos(tV p—1) et + Ke, =—20nw. V p.cos(t/p—r)e—t, 


consequently, 
D/N == — 20Nw, &e.; 


w must be positive, as is observed in the text, in order that when ¢ 
increases, the values of u, v, w, &c., may become less. 

(r) As all. the coordinates are in this case independent variables, 
and as their number is triple of » that of the material points, or bo- 
dies,:the number of simple oscillations will be 3n. 

(s) By substituting ¢e — z for 2 in the equation of the ellipsoid, 
which must be done when the origin of the coordinates is trans- 
ferred to the lowest point of the vertical diameter, this equation 


becomes P 
e—Qcer pz? vw 
——~g_ _tatRah 
which, when 2? is neglected, gives the value of z. Now as the oscil- 
lations about the lowest point are supposed to be very small, # and y 
must be very small, and @ fortiori, z must be very small with respect 


to wand y RS 
‘ d. g g 
(t) # = R.sin (£- r) we = VE 0084/8 r= 
(when ¢=0)R. V£ + cos r= p’, in the same way, the values of 


Rsint, Rsin 2”, Rcos7’ may be obtained, and.v = R.cos7.sin V4 


AE OV ge V ge ae 
sinner / f= 28 int a + p.cost a » by substituting 





& tor hy for 
¢ € 
(u) On these suppositions the first equation becomes when ¢=0, 
aap; and its differential coefficient becomes — af s -sin wy =p’. 
f%, but as sin) = 0, we must have p’ = 0, q is evidently equal 
< a 
to cipher when ¢=0; and as a@ s = q’ in this case, we have 


f= 8.V ga. 
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(v) By squaring and adding thre. -cffresponding trembers of these 
equations, we obtain “S i 


6. (sin?) + cos? P) = a? cos t Véy priate VE, 


= @ bs — cost 
which as cos? t f% ae z vl sin?¢ f£ = TN 
7 A 2 , h 2 


becomes the expression in the text. 
(«)"See Whewell’s History of the Inductive Sciences, vol. i. 
p- 175. Ifv,v/ be the velocities with which m and m/ are respec- 














tively actuated along the line connecting these two points, the Space 
described by them in dt are 4.dvdt, 4 dv’dt. 

(y) Since it is evident that these points, when only subject to 
their mutual action, must eventually meet, and as the entire spaces 
described by each at the point of junction are in the inverse pro- 
portion of their masses, this point must be their common centre of 
gravity; indeed this is evident also from the consideration, that the 
motion of the centre of gravity of any number of points subjected 
to their mutual attraction, is not affected by this action, consequently 
as all the bodies must meet, their point of junction is the common 
centre of gravity. 

(z) By substituting # + 2, for x, and B + y,, in the first equation 
(a) it becomes 


Emil (a+ aya EED) -(@ ty e(* — ae = 











TB Gn OB FH gta da 
=m (a. ap + eae t tae + Gs Page oe a 9p 
x. 
— 0G) 
which is evidently reducible to 
ty, Bay _ 
“2m (2 Ge — I Ge) =O “ 
pore dx dy 
() By substituting for x, y, wa the first equation (¢) be- 
comes 
Edm(a, + 2d (“a noe) — Y.ty)a. e~ \= = vin as 
dy, ay, dy, dz, aa, da, \]— 
a te +B NH TV a YG WG e)]= me 
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i.e. (as dm =m) war, 4 Sad + adm. Mp sdme 


dx, dx, az, dz, 
= My, so — egy Syd — 3 Sm Get —Bdmy Ge 


which evidently becomes equal to the value of ¢ given in the text. 


2 
(6) Since M = ue the value of the moment of inertia of 


2mh? 
5 

angular velocity, and p the mean radius of the earth, mpi? must be 

equal to ¢, the first term of the second member of formula (f). 





8 * 
the sphere which is equal to Eel — 3 and as @ is the mean 


(c) By making this substitution, the first equation (g) becomes 


-h = - di dh 
c= iM Le —g).d (S-) - y—wa(752)] = EM] wv oe war 


dy dh dev dx dg dgq dy dx 
0 beg gt gt eg a l= (<G-1%) 


dh, dg’ dy dx | dg. dh 
+ (Ce - i) BM—gEMe isu +72 — a xz, for g, 


Ss h, can be taken from under the sign 3, inasmuch as they 
are the same for all the bodies M; now as g=M = mz, Asm 
dh dg dg 


. dh 
amy, it follows that g- 7 =M= 7 2M, ht oimM= 


=F at dt EMYy5 and 








sm! = a =M, su ZY, nsw = ! EMy =M 
BEM ye ae? ae Me ae 


By means of these equations, it is easy to obtain the value of ¢, 

given in thegfirst equation (h). é 
du di di. 

(d) m(xda + ydy + adz) = N.V (Geert Gay + tae), 
but this last quantity is equal to — wv. at consequently —2hxv 
at is the variation of the living force produced by the force N- 

(e’) In this case to obtain the term of the second member of 


equation (a), that arises from the friction, the components must be 
multiplied by dx, dy, dz respectively, and it will be 
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d. d d 
— JN. (Gee +opdy +54) = finds. 








aa? dx, + dx, met S dex, 
(f) Bm = a 7 las sa 25m. rat 
dx? da, dx, ax} 
lar | i qe m + 2 yt 2 ae 


: dz, eo A 
from which as in = 0, it is easy to obtain the value of Zmv* 


given in the text. 


(g) Since 3m dey = 0, we must have sme = = dg =m, and also 


dt dt ~ dt 
dg* aul dae? dg dx = 1 ada\2 
Ee m= Sh (3m a) > and ie sm a im (3m wt) ; 
. s du? | dat dx dg dg? 
consequently as Em We =ima — 2mm. “Te at + =m, we if we 
da; dg. dx dg? 
substitute for =m (Ge ); and also for oF amt, and for iF =m, 
we will obtain the expression in the text. 
(h) By substituting dm for m, and § for 3, in equation (e), we 
obtain §(aa + Bb + ce)dm =§ (a? + b+ c)dm=h. 
(4) By substituting their values for a, b, c, in equation (f), we 
obtain 
SL (g-a2,—1Aay,) 4-(0.Bx, —pB2,) + (poy, —gex,) dm =S[(r.(Bx,— ay,) 
4 gaz, —2,) + p(cy, —B2,) dm = k(rcosy + qeos8 + p.coms) mh. 
(ky This is evident by substituting 2 2m (a? + b*-+4 c*) for 
2 3m (Aa 4 Bb + Cc). 


(m’) If the equation amos = = 0 be integrated twice successively 


we will obtain an equation of the form 2mz = atm + Al. 


ty 
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BOOK V. 


CHAPTER II. 


(a) dm = pdx dy dz, therefore the motive force arising from this 


particle must be of the third order, for we have xdm = = da dy dz, 
consequently y is also of the same order. 
bad a dz 5 . 
(6 ) Fe + Fy? gy ate equal to the cosines of the angles which the 
ae at the point of the surface, whose coordinates are x, y, = 


Ae 2 x YZ - 3 7 
makes with the axes of x, y, 2, and ars are thé respective cosines 


of the angles which the resultant r makes with the same axes, conse- 
quently, > pe z =F ve + = 7 is equal to the cosine of the angle be- 
tween a fad ofr and the tangent, but by what is stated in page 
422 this is cipher, hence the tangent is perpendicular to R. 


(c) In this case we have dp = (xdx + ydy 4 az) = — a = 


pga® 
and p= a+ 8, when p = 0, B= — pga, p= M+ 80 — pga. 
. 
(d) In the case of a repulsive force it is evident from the ex- 
-pression for p that its least value is when 1 is greatest or equal 


n—Seatem 
c 


. . + Cc 
to c, in which case it becomes = ) hence the least va- 





lue of {7 in the case of a repulsive force is goa ome) 


(e) If p= fg, then dp—fo.dg, if this be integrated from any 
internal’ point to the surface, and if >’ be the vadiue of } at the sur- 
face, we shall have p = Fb — FQ’, and as this value of p is the same 
whatever point on the surface is taken, Fd’ must be constant for all 
points on the surface (because it is by hypothesis the same through- 
out it), dre’ = 0, *.* p is constant atsurface; hence then since 
p= Fb—Fd’, and Fd! is constant, g must be a function of p, and is 
constant when p is so, and surfaces of equal pressures are also sur- 
faces of equal densities, bat in homogeneous fluids p is necessarily 
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constant, and is no longer a function of p; so that the preceding con- 
dition that when p is the same, p is the same, does not hold. When 
the fluid is incompressible, ¢ may be any function, continuous or dis- 


continuous, of p. ® 


) If the central force be equal to ae we shall have. 
qual oF 


ae yet Yak 2 
.S ep Y= ee =P 

and by No. 588 we have for each stratum dp= p.(xdx + dy + zdz) 
ep 
ptt 





= in this case (2d + ydy + zdz), now as p is constant for 





each stratum, we must have ade + ydy + 2 
stratum 2” +- 4? + 2* = a constant quantity. 
(g) Let p, p, denote the pressures corresponding to the two ec 


= 0, and *," for each 


tions ¢, ©, then we have log p= +c, loge =F +c, conse- 
i=* 
e * , and as P, ¢, are supposed to be given, if we 


g 


P : k 
suppose II = —-, then there results the expression p= Il.e . 


ek 


2 
(A) By substituting for z its value 55° +c, we have 


pa 


quently, >= 


2 2 
w= 2 gt oSrde = Ft or +c, 
and when this integral is taken between the limits @ and 0, it becomes 
a= = a+ce= (oy substituting =, for %) G + e) ae cxb—4; 
now as in this case the general expression xdx +4 ydy 4 zdz = 
— gdz, we shall have dp = — gdz 4 a? (wdx + ydy) and +: 
p= gethe(e+y) +c for o=1 by hypothesis, and at 
that circumference’ of the cylinder in which it is met by the wost 
elevated section of the fluid, we have z= b+ gh, and, as p is ne- 
cessarily equal to cipher at the surface, we have O= — g(b +n) 
+ kat. (a 4 7%) +c, andc=g.(6 + Zh) —¥ 2%. (2* + y), conse- 
quently p—g.(b + 44 —&); nowas the diameter of cylinder = 2a; 
the area of any section of it is 2xa, and the differential of the eylin- 
drical area is equal to 2vadz, consequently, dp the pressure on this 
differential is equal to 27adz X p = Qnag.(b + kh—z).dz, - the 
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pressure on the side = 2xag.(b + $h— 42) 2+ €,, and when taken 
between the limits = 5-44, z =0, it becomes rag.(b + £h). 
(4) In No. 106, the value of a corresponds to that of z in this 
number, e corresponds lo y, a to c, and @ to 23 consequently if in 
the expression for a of No. 106, we substitute for e, a, a, and observe 
that m= 4pc.(1+-’), we shall obtain by changing the signs, the 
expression for z; it likewise appears from No. 106 that the valug of 
4% in that number is equal to xt + ¥? of this No., now by making the 
same substitutions as in the case of the expression for z, we obtain 





Va Ve = Shae Very. G a — are tang 
= 7) — ze. Very (y—(+y) are tang=y), now the values 
bed Ala Aly 


of x and ¥ are respectively = 5 ase from which it is 
a =Vety Ved 


easy to obtain the expressions for x and y in the text. 
(<) From the equation 


hy — 30 +) are(tang=y) + «7 = are (tang = 7) — 7 


: 3+" Be aie 
we obtain fy + ey = (5°) are tang = y, from which it is easy 
to obtain equation (d). 

(2) By substitutingin equation (d) for tangy, its value in a series, 
it is evident in the first place that it vanisheg when y = 0, and se- 
condly, that its roots are equal two by two, but affected with contrary 
signs, and the differential of equation (4) is 

943(6e—I)yt2ey bo _ 

Crry tr 

when this expression is reduced and concinnated, it becomes equation 
(e)- 

(m) This is evident from the consideration, taat when any equa- 
tion and its first differential coefficient are satisfied by the same value, 





s 


the given equation must have two roots equal to this value. 

(n) Equation (e) is evidently cqual to £.(# + 107° + 9) — 27’, 
but the quantity within the brackets = (y* + 1) + 9), now if this 
value is substituted for ¢, we evidently Sbtain the expression for arc 
tang=y given in the text.—See Mechanique Celeste, Book UI. 
No. 18. 7 
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(0) Since agreeably to what is stated in the text, the axis of the 
positive abscisse intersects the curve only in two points, from y = 0, 
to the value of y <= to the distance of the first intersection from 
the origin, the ordinates are +, and from this to the second inter- 
section, the ordinates are—, and they afterwards increase indefinitely 
on the side of the positive coordinates. It is evident from the equa- 


1 9 
(+) +1) 
of ¢ 2 0,1128 there are two distinct intersections, the approximate 
values of equation (d) which belong to a value of ¢ Z 0,1123, of 
which there are evidently two, determine the values which are com- 


tion. = that when ¢is @ y==0. Since for values 


petent to a figure of equilibrium. 


(p) By making these substitutions we obtain * 

ly¥ Rey Ley’) __ 

(+27) (5-F-43) (= =F 4047 -)= 
Y-av tin 


(higher powers of y are neglected, because in the required expression 
we neglected powers of y higher than y*), = by obliterating terms 
common to both sides of the equation, and reducing 


22/,_ 7\_47 2 (a vy 
3(1-%)= a5 FF a5 


which, because we neflect powers of y higher than 7*, becomes pa 





15 
@ Since 7 iz = «, the ratio of atc: to 4afpe is the same as that 
x: ba 
of drpcier tufpe, iie.::3e:l:now 8e=—~, TE = bate + four 


times 4 xfpc, which is the proposition in the text 
(v) See Harte’s Translation of the Systeme du Monde, Vol. II. 
Chap. VIII. notes, 


(s) By making == c, and substituting its values in aseries for are 
tang = y, we obtain 1=Anfp.c(? =r) yadyt ty'+ &e—y) 
=4nfocl+y)(-+4F +P (= when j is neglected) 4xfpc 


1 2 = 
(- 5 -%%)=- sd ( + th) 3 in like manner we obtain 
i 


ce I+y y a 
14 ho Oe x ee eee = 
(xt ¥) ae (y yt5- $37 +3) 
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Anfpe 





onfe. TE PL —3+ te the ]=— 2 (1-2) vie, 
(= because VIi+y¥ ~@ 1+ Caps) a oe + e-t\= 
ad Be 

3 10 

















‘ 2 
() Since a =e, we have ate = 4afpce, but e= tp atom 
def 
he “hx Aap pe. i: VEEP + ates wha 
efit) Vang VEER pO 
p+ sae = 3 Cie) A 7 = 
EA Se ye oe (ut “A =? 
tea y— (1+ i) =e EA = B 8. 


Rect we—Z 





(«) Consequently, by taking the sum of and 
(2 
x the compression, it comes out equal to v*. i.e. x itt 
w 
(v) Are tang y + are cot y = oy but cot y= tang=y’ 7 are 
By t2e7 _ 


r 1 
tang = y= 5 — are tang = Fa now if in the equation ——- 


y + +3 
b, 3 F : 
da ag we multiply both sides by y* 4 3, there results 


it 3 1 
Sy teypoy's —rts t85-S +p 
é 1 
pa sy—4 a Fee eRe 
a P=gr—trts aT 
dividing by 2e7*, we alee 
~ 2 3a +& ceu5 


VS ae ey dah a 
now by means of Lagrange’s formula, Lacroix, Tome I. No. 107, we 
can obtain the value of y in this equation; for by that formula, if we 


have ya + F(y), then : general . 


Uy=H(a)+Fa(a)+ 7 r de Ee sb'(a)] + 7 ye [rcoy-¥'0)] 


Pac mo 
in this case W(y) = 7, V(a) = 4, Ya = 1, and -. 
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= 1 F(a)? 1 dee. 2 
ysatrat sad. ting + &e., 
now if this value of A be compared with that given above, we obtain 
Be 1 21 
a=—,Ky)=— a+ yp — &e, consequently, Fa ~ oe 
+ = ke, = ai substituting = - 2412 — ke, 
rE 
"4 (P(a)) . 1 4 [4s 
P ee sabi Seas see —)— 
e@ = 5.4 Key d. lada ~~ et ke a7 =-5.(2)= 
_= + Be, 
by substituting these “io in the preceding value of y, we obtain 
. 12e 256¢ 
ya z—Se Sa + ke. 


(x) In this case of a foree varying as the distance, the motions 
are not deranged, however numerous the bodies are which compose 
the system; likewise in the case of this law, the orbits described 
are ellipses, whose centres coincide with the centre of force, and 
the times of describing different ellipses about the same centre are 
equal. See No. 235, notes. 

(y) Since by what is established in page 442 the resultant of the 
action of all the forces passes through the common centre of gra- 
vity, 24, 31%, are respectively equal to cipher, consequently this 
equation must be reduced to equation (f), which, when e = 0 is, as 
we know it ought to be, the equation of a sphere. 

(#) In this case, referring to the general expression of the ellip- 
soid, given in page 434, namely, $c? (14-y*), it is evident that ¢ in 


1 

tol+y7*, 
—~—€& 
consequently, the expression for the volume must be, as stated in 


4acVc 


text, 3 5s) =é) 





in equation (c) corresponds to Y¢ in this equation and i 


CHAPTER III. 


(a) It is evident from what is stated in the text, that in the ap- 
plication of the siphon, the distance of the surface of the fluid, in 
VOL. UI. 4u 


718 NOTES. 


which the lesser leg is immersed, from the highest point of the bend- 
ing, must be less than the height to which the fluid would rise in a 
vacuum by the pressure of the atmosphere ; and it is because the 
weight of the water intthe longer leg is greater than in the shorter, 
that it flows out at the longer, and the pressure of the air keeps up 
the supply ; this instrument is employed to raise water over a height | 
less than thirty-three fect (which is about the height to which water 
ascends in a vacuum), when the fluid is to descend below the level 
of the water on the other side; the velocity of the ascending water 
depends on the difference between the length of the shorter leg and 
thirty-three feet ; and when this is inconsiderable, it may not be such 
as to afford a sufficient supply to the water descending in the longer 
leg. 

(&) What is termed the hydrostatic paradox depends on the prin- 
ciple of the hydraulic press, which is this, that any quantity of water 
or other fluid, how small soever, may be made to balance and support 
any quantity or weight however great ; for it is evident from a consi- 
deration of the hydraulic press, that when the tube DE is very narrow, 
compared with ax, the addition of a small quantity of water in it may 
increase the pressure on AB in a great proportion. 

(c) Since when all the points of a horizontal base experience 
equal and parallel pressures, the resultant of these forces passes 
through the centre of gravity of this base; in all fluids in which the 
pressure varies with the depth, the centre of pressure must be below 
the centre of gravity, when the pressed plane is not horizontal; and 
it is evident from the general expression for the pressure on a plane 
inclined to the horizon, that as long as its centre of gravity remains 
the same, the prism, the weight of which is equal to this pressure, 
remains the same. 

(d) Ifa be the angle contained between the plane of the trape- 
zium and a vertical plane, it is evident that the «vertical distance be- 
tween horizontal sections passing through aB and MN is equal to 
#COS a. 

(e) From the second proportion we obtain a—b:bi:hik, and 
from the first, «== } ( +=) =). (+ h—#) peal equal 
by reducing the value of given in the text. 
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(f) By substituting for « the preceding equation becomes 











= yh h (a—b 
sie (ade —aeV i ») sie ’c08a garde a'cosa 6 CG Z ) wdr 
_ Ch h(a—b) Reg h(a—b) , > 
=e jande—c oR + cose. 9 trax —cosa 0h wdx 3 


‘.’ by performing the integration between the prescribed limits, we 
have 


= 2 on 
we ah— ate 9) h+ weosan®— ateona, =) 


=e. 





oe C. Co + cosa. aa — cosa Opp, 
from which it is easy to obtain the value of 2’. 

(g) Itis evident from the expression for 2’, that when the trape- 
zium revolves aboit its centre of gravity, though the magnitude of 
the pressure remains the same, the point, where the resultant of the 
pressures meets the surface, varies with the position of the pressed 
surface, 

(A) It is easy also to show from No. 601, that when the sides of 
a vessel are petpendicular to its base, the entire pressure on the sides 
is equal to the weight of a triangular prism whose height is the same 
as that of the fluid, and whose base is a rectangular parallellogram, 
one of whose sides is the altitude of the fluid, and the other the pe- 
rimeter of the vessel; so that if the vessel be a cube, the entire lateral 
pressure is twice the weight, 

(®) The machine called Barker’s Mill is constructed on the prin- 
ciple adverted to in the text. 

(#) In all the cases diseussed in this chapter, itis implied that the 
sides of the containing vessel are destitute of flexibility, but, strictly 
speaking, this is never the case, and when the flexibility is at all ap- 
preciable, the vessel must acquire some curvature; now if p be as 
usual the pressure on the unit of surface, and ds the element of the 
surface, the pressure on this element = pds, and if 7 denotes the 
tension which each of the extremities of the element ds experience, 
and m the angle which tangents drawn at the extremities of this ele- 
ment make with each other, it is evident that the resultant of the 


. . me -m_ ds : , 
two tensions = 2'r.sin 3 but sing eo (rv being the radius of, 


curvature, No. 169, and m being indefinitely small), consequently 


720 ; NOTES. 


when there is an equilibrium, we have ons =pds T= Ps 
p 


and when p and » are known we can determine T. 


t 
CHAPTER IV. 


(a) It is in consequence of what is stated in the text, that insects 
are enabled to walk on the surface of water, as is often observed to be 
the case. , . 

(b) Since the immersed body is at rest, the line Gr which con- 
nects the centres of the whole body and of the part immersed, must 
be vertical, and, consequently, perpendicular to mw a line drawn on 
the free surface of the fluid at rest. 

(c) Since the area of mxe the immersed triangle i is given, and 
since when the asymptotes are drawn to a conical hyperbola, a tan- 
gent to the hyperbola, terminated by the asymptotes, always cuts off 
aconstany’area and is bisected at the point of contact; it follows that 
MN ti ‘ches a given hyperbola, whose asymptotes are the sides va and 
cB éf the triangle, that # is the point where MN touches the curve, 
and pk is perpendicular to the curve; if an ordinate be drawn froin 
any point of a hyperbola, parallel to one asymptote, and terminated 
by the other, we know that the rectangle under this ordinate, and 
the part of the other asymptote, intercepted between it and the 
centre, is always constant; in the present case it is equal to rab; it 
is evident that the equation 2°—2he cosa = y? — 2hy cos B is also 
the equation of an hyperbola, in which the origin of the ordinates is 
in the curve itself, and, in fact, the intersection of this hyperbola 
with the one whose asymptotes are ca, cB, will give a geometrical 
determination of the different values of cm, cn, and therefore of oF. 

(d) When each of three angles is solely immersed, they give 
respectively, at most ¢hvee positions of equilibrium, consequently, 
nine positions for the three angles; in like manner, in each of the 
three separate cascs in which to of the three angles are immersed, 
we may have three positions of equilibrium, consequently, nine in all, 
therefore, for any given prism, we may have eighteen different posi- 
tions of equilibrium, at most. 





4e— 


(e) If in the equation yr #?= ie Fe substitute“ — for y yy we 





shall obtain 


NOTES. 721 


2 
ae — “\ 2 =— re’, 
a 


and by solving Aan equation we obtain the two roots given in the 


a 
text, namely, > a [4e- on oV Ge—e ey — 16% re |i and itts evi- 


- 4¢e—cC 
dent from the equation y + 2 = =z that when one of the roots 
a 
is taken for a the other will be the value of y. 





(f) In the case then, of an isosceles triangle, when only one angle 
is immersed, the greatest number of positions of equilibrium is three, 
and the least number one; and also when the base is immersed, 
the greatest number is three and Ieast one ; so that when both cases 
are considered, the greatest number of positions of equilibrium is six, 
and the least twoa It is also evident from a consideration of equa- 
tions (5), that when the specific gravity of the prism is equal to that 
of the fluid in whidh case + = 1, that then v = y =a, so that when 
the vertical angle is immersed, the base of the triangle coincides with 
the surface of the fluid; and when the base is immersed, as 1—1 =0, 
we have ay = (1—7)ab = 0, +. & and y are respectively cipher, so 
that in this case the vertex of the triangle coincides with the surface 
of the pe it likewise appears from the general values of @ and 


y namely, = -[4¢ —et VY Ga =e 


all other tionttoes are impossible. 





= Gra‘ ], that in this case, 


The first condition, i.e. r Z —: is necessary in order that the 
16 y 


two values may be possible ; and the second condition is required, in 
order that neither value may surpass a, for if r= 4, then one of 
them will be equal to @; the same observations are applicable to the 
second case, 

(A) As the prism is equilateral, the same observations are pre- 
cisely applicable, Whichever of the three angles is immersed ; con- 
sequently in this case of ono sole angle being immersed, the entire 
number of positions of equilibrium is a multiple of three; when both 
formule are admissible, the number of positions will be ciyhteen as 
in the general case; when neither of the formule, there are only 

© positions for cach angle, namely, one when the angle and the 
it when the opposite base is immersed, so that in this cuse, there 
are only six positions of equilibrium. 
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(i) Since in this case the weight of the prism is equal to the 
weight of a prism of the fluid, equal in magnitude to the part im- 
mersed, and the prisms have the same base, their volumes are as 
their heights, and as tlfe weights are by hypothesis equal, the den- 
sities must be inversely as the volumes or heights. 

(k) By substituting for z we shall have 


zie -—= +. (@—2*) aa z = aber, 


therefore, by integrating and dividing by rab we obtain, by con- 
cinnating, 
— 8c — 2(2r —1)e = 0, 

now when 7 is >4, the third term is negative, consequently the 
value of w is positive; and when 7 Z 4 the contrary is the case. In 
the extreme cascs * == 0, = 1, it is evident that wu=e, w= —e 
respectively satisfy the given equation; the first "indicates that the 
part immersed is cipher, and the second that the entire body is im- 
mersed. 

(2) When the body is supposed, as in the text, to be perfectly 
symmetrical, if it be slightly disturbed from its position of equili- 
brium, as the centre of gravity of the plane of floatation (see No. 
613), and centre of gravity of body in this case exist previously in the 
same vertical, the volume of the disturbed fluid will be the same as 
before, so that the motion of the centre of gravity of the body will 
be horizontal and g.p. rectilinear; but if the centre of gravity of 
the plane of floatation does not exist in the vertical passing through 
the centre of gravity of the body, icc. if the body is not symmetri- 
cally arranged with respect to the vertical passing through its centre 
of gravity, then the centre of gravity passing through the plane of the 
floatation, will not exist in this line, so that when the body is slightly 
disturbed, the volume of the fluid that is displaced will be altered, in 
consequence of which, as the weights of the body and fluid.were equal 
before the disturbance, they must be now unequal, and thus the two 
forces that act at the centre of gravify of the body, namely, the 
weight and pressure, of the fluid, will be unequal, and so produce a 
vertical motion in the centre of Bravity 5 3 in this case then there is 
voth a motion of translation and‘ rotation ; however, the only force 
that is considered in the text, is that by which in consequence of its 
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new position, the pressure of the fluid causes the body to turn about 
a perpendicular to the section aBCp passing through G. When the 
metacentre coincides with G the centre of gravity of the body, the 
body will remain in whatever position it is flaced. 

(m) The integral (zdz must be taken between the limits 2 = 0, 
* = y, in order to obtain the integral (zdv; this is equal to 4cos dda; 
and in order to obtain 4, we must take the sum of all these expres- 
sions } coséy*da for every element da, or the expression dcoshlyda 
for the entire section aBcD. 

(n) By substituting for y* its value 2+ 2¢/.sing + 2sin%, and 
observing that ¢ and sin@ remain the same, we obtain the value given 
in the text, and since ac the common intersection of the planes 
ABCD, ABCD” passes through the centre of gravity of ancp, and / is 
perpendicular to ac, we must have §/da = 0. 

(¢) The integral of dzda. cos$ is zda.cosé, now when § = 0, in 
which case y= % all the cylinders zda.cos$, of which the entire 
body is made up are equal to (da, the difference is g. p. zda = 

(p) Since terms of the third order with respect to § and &% are 
neglected, gpavcosé = goav—gpv . 3l.cosh(S-y? sin’e)= HH -5) 
C+ y= + ye). 

(g) As by*= Sieda is the moment of inertia of the plane of 
floatation of the fluid, it appears from the dimits of 6 given in text, that 
the stability of the body depends on this moment, on the relative 
position of the centre of gravity of the body and of the displaced 
fluid, and on the quantity of fluid that is displaced. 

(7) In this case when c is lower than H, the equilibrium must be 
stable, and the lower G is relatively to u, the greater will be stability, 
so that when the body i is drawn from the position of equilibrium, the 
force that tends to reestablish it is so much the greater; it is on this 
principle that in order more effectually to preveut ships from upset- 
ting, the heaviest loading is stowed in the lowest part of the vessel ; 
in this case it is evident that the metacentre is higher than the centre 
of gravity of the body; on the contrary, it is evident that when va 
is > by* and its sign is negative, the metacentre is lower than Gc, and 


when va is negative, and equal to by, the metacentre coincides 
Seen x. 
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(s) Since, by hypothesis, the body is symmetrical on each side of 
the vertieal plane, the intersection of this plane with a horizontal 
plane, such as the surface at rest, must be symmetrical with respect 
to the horizontal section* consequently the centre of gravity of ABCD 
must be in ac.—See Note (g), p. 672. 

(4) Since k is the centre of gravity of ancp, and the line aKD 
always meets the contour of ancp in the same points as 4 and c, the 
distance of dd frown Ac is constant, and as the angle between the planes 
AB’CD”, ABCD is equal to the angle é, the distance of da from aB’/cp” 
= /sin§, consequently we shall have y= ¢ 4 /sing; in like manner 
the distance of da fram 4 the vertical plane passing through axe = 
tcos6, and the distance of this last plane from the plane passing 
through G, and parallel to akc is equal to A.sing, ae = Icos§ + 
Asin §. : 

(u) v being the volume of displaced fluid, and » its density, its 
weight is vp, which in the case of a floating body at rest, is equal to M, 
consequently by substituting vpg for mg, the motive force of the 
displaced fluid comes out equal to — pgv. 

(x) Cos 6a is the projection of dA on the horizontal plane, and 
therefore equal to the base of the vertical cylinder ; now if its value be 
substituted for y, we have §ycosdda = Sf cosdda + sin 4, cos §.Sida, 
hence as §/da=0, and §dA=b, we obtain Sy cos§da=bé cos6; also as 
# 
de ~ de? 





? is aa = t+hA,.: +. by substituting its values 


a oa we shall obtain equation (2). 


(x) In equation (3) of 392, §2%dm = mh* and Say—yx)dm = 

(y) As w= tcosd + hsing, y= f+ Using, xy = Cl.cosd + th 
sing + sing. cosd + dhsin’8; Sxyda.cos§ = fcos*é Sida + Ch.sing. 
cos 6.$da + sin 6. costehGda + Asin’. cosé Sida; which in consequence 
of equations (1), is evidently reduced to sin§ cos*tly? + chsinécose.b. 
Now the value of 4, when unity and ¢ are substituted for cos9 and 
sing, and 6% is neglected, is ~ = (by? & va) pg.6; consequently as 
du as 


wae mA? = pvk*, the equation nk = = 4, becomes 


for M, v, ant 


re ar(by' + va)pgd. 


{~\ Sane Note (73. nace 720. 
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(a") The integral of equation (2) determines the vertical motion 
of the centre of gravity; and the integral of equation (3) determines 
the oscillatory motion on each side of the vertical GE, when byt va 
is positive; when this last expression is negagive, the value of @ is of - 


the form cos /—1.t, and when expressed in exponentials, it is evi- 
dent § may increase indefinitely. See No. 421, notes. . * 
() See Nos. 548, 549. 


CHAPTER V. 


(a) The medium height of the barometer expressed in inches is 
29.75 inches, *." as a cubic inch of mercury is equal to 8 ounges q. p 
29.75 x8, i.e, 23@ounces, or 15 pounds nearly, is the pressure on 
each square inch at this height; from which it is easy to infer the 
total pressure on the entire convex surface of the earth. 

(6) As each square metre of the earth’s surface may be regarded 
as the base of a prism of the atmosphere, whose height is that of this 
fluid, by multiplying this height into s, or, what is the same thing, 
by multiplying m Xx 0,76 into s, we obtain the total mass of the at- 
mosphere. . 

(c) The quantity ¢is called the height of the homogeneous atmos- 
phere; it is evident that at any given latitude and elevation above 
the level of the sea, it is not varied by any difference in the weight of 
the air, when the effects of a variation of the temperature are not 
considered, but if while TT remains the same, the density undergoes 
any change, / will be changed in the same proportion; however the 
density does decrease not indefinitely, but hasa limit, as appears from 
the following note; see also the Philosophical Transactions for 1822. 

(4) The limit is less at the equator than at any parallel, because 
the centrifugal force is here the greatest. . 

{e) As the centrifugal force is ::2 to the radii of the circles de- 
scribed in the same time, the force at the distance > + < from the 


into ete eae Seah | @+z)g. 
centre is to ae 7? + 2:7, %» it is equal to “te96 from the 


2 ee 
equation z= r( ¥ 289 —1), it is evident that z is somewhat more 
than 57. . 
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(f) See Theorie de Chaleur, par Poisson, No. 203, There are 
two causes of diminution of temperature as we ascend in the air, the 
increased distance from the earth, the principal source of heat, and 
also the greater power*of absorbing which the air acquires by being 
Jess compressed. 

(g) Since the quantity of water that ascends in the pump by 
raising the piston is ba, and as it is equal to the quantity by which 
the water descends in the reservoir, namely to By, we mast have 


ya 
y=" : 
(4) By substituting for y its value eB we obtain 





whys ras 
+y= B . =F ; 


(i) If this equation be solved we obtain 


ieee (Ayes sf Y (A) - olf 


this gives the actual ascent of the water ; in most treatises it is assumed 
that the reservoir docs not subside by any sensible quantity, when the 
water ascends by , in which case f'= 1. 

(k) Let v, v’, be the respective volumes of the air at the tem- 
perature zero and 100, we have the following proportion : 


wrvi:1,875:1, and W—vive: 87521, 


+ w—v the total dilatation for 100° = v.,375, consequently the 
dilatation for each degree of the centrigrade thermometer is v,00375. 
When we know the dilatation for each degree of this thermometer, it 
is easy to obtain the corresponding dilatations in the case of Fahren- 
heit’s and Reaumer’s thermometers, by multiplying the preceding 
fraction in the first ease by 212, and in the second by 74%, or by $5 
for these fractions express the ratio of the degrces in each case to a 
degree of the centrigrade, It is necessary here to observe, that ac- 
cording to recent experiments made with great accuracy by the late 
Professor Rudberg, an account of which is given in the second vo- 
lume of Taylor’s Scientific Memoirs, it appears that the value ,3875 
for the dilatation of gas, is greater than the true value, which is q. p. 
(364. : 
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(4) For since av is the increase of volume for each degree of the 
centigrade thermometer, a being = ,00375, avé will be the increase 


for ¢ degrees, and as D/: D::v: Vv (14-28), 8=Ta 
1 ) 
(m) piThiset “p= =) C42) = jk. +8). 


(n) k=lome. 0,"76 x "0862 = (7951,12) 6. 


q, 
(0) pbeing considered as a function of z we have dp = Faz. 


= | neg TR, cee (a 
(p) ¢ = log — Epa * bog » = cera: (ES 1) 


“loge ee Oe, 
Flog 1, log — Fas) FS) 
(q) By making these substitutions, equation (3) becomes 


the integral of jan is 
gr 1 





log p = K(+al)' OF) + 
now when z= 0, this is the value of log 11, and when 2 =0, c= 0. 
—gre 
(vr) The differential of Pe aC 
—grz 
— grdz gredz ) hte Fa) 
eres @+2) \ kit ab) (7+ 2) , 
gre 
Bigot Std , — gr.dz he baierts 
which is evidently reducible to Fadtah@re A 
therefore the integral of 
—erz ere 
Tigr’da, kd yat) Pe). » kA Tear] 
Sn er el — Ae- . 
ET 08) Fa eas Laie 
(s) By substituting its value for c in the expression for ta and 


dividing by c, we obtain 


dz 2n ( “a a 

z é. ay) ( r ) 

poi i —8.¢.[e— é 
° ON Fe, 








dt e 


de 





ct) In the value oe = 0, there #ill be a common factor, 
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namely, ope therefore, by arenes this factor, it will be 


(r or 


ie 
TI Ra) T=) 
kaya * ie 
—pgr ve ab 
a = t Bibs la Bess 
k(l+at)(Z41) (« it ) 


from which it appears, that the ee of z can be determined by 


. reduced to — c= 0, and, consequently, 





means of a logarithm ; in the case of t@ = 0, we have evidently, 


a8 





re eee 2 
Qu nG 2 PROTEC ye gr 
+2 
in which transcendental equation the value of 2, can only be com- 
puted by approximation. 


(u) From the values of 11 and p given here, ‘we obtain 
2 


— are , 
log— z(= by equation aa S) = log.mgh’. ops + 
log mgh, now 





Ls 
log mgh’. OF +3 “e = log mgh + log. 
consequently, there results 
are Vz 
log mgh — log mgh’ = log = 5 4 Slog = = EeaGTS 
“ 4 v 
(*) @= se » & 20,004 = Tp» abs 2 (ta): 


() See No. 193. 

(y) By substituting in the expressions for & given in No. 625, the 
mean between 7951,12c, and 7971,09c, which is nearly 7962m,10G, 
we shall have k = 7961,10.c, aud, therefore, by putting its value for 


M, we i 
- 


ae — 0,002588 cos 2 (48° 50’ 14”)] = (18837", 46) c. 











uv 
(z) By substituting for g its value given above, and 2 Hr) foraé, 
)4 Lt 1 2 at = 
e quation (e 3} becomes equal oO (oy = Fic wes ie) ont M7 + Og 
(1 —0,002588 cos 24) 6. 1 z 












= (1 —0,00258s cos, 2 (48° 50/14”) 7 CFO) ae 
( ,00258> cos, 2 (48° 50/14”) k (+ oa ) 1+= 
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: h ree. : 
hence in order to convert log i and log rt into vulgar logarithms, 


by substituting 
(1837, 46) 6 for fa — 0,002588 es 2 (48° 50’ 14”) 
we obtain 


” 1955 
(108 ee 2hog+*) id (Seo ave ) : Si : 
- (18837", 46) (1 +2 (8 142 
therefore it is evident, that in the value of z which may be deduced 
from this equation, the logarithms are those in the vulgar system, or 
of that in which the base is 10, as is observed in the text. 


(a’) By No, 255, when >’, the density of the stratum, is equal to 





half p the mean ne of the earth, g/ = east +22, and when 
22 32 
at is neglected, 7 oeaee- (1- =) vgag (1-242 l= 


52 oF 
gy: (1- 52) hence p = mg’h’ = mgh! (2 ~ i) “log = log . 


Aol 1 
(7 : rye jog W + log a ra now when z’is neglected Toe = 


4 


52\2 5a ae 
za an also —)= zz O me supposition, *. 
1472 dal (1+) I+ reed the sa pposition, 


log lig x) = log (+3) = 2log. (143%), in like manner, in 

gidz 
(reas 
are derived, if for y’ its value be substituted, the second member 
becomes 


-~9 P_ 52 
a ia ae 0-3 4) and 08 a " ay (1-3), 
wig 
EC Faly d+ ay 
the pie the height of which is equal to z, is taken into ac- 
count, this is the expression which must be substituted for the second 
member of equation (5), and when by means of this equation, the 


the equation ¢ =- from which equations (4) and (5) 





Be 
and log 5 = #(1- a therefore, when the action of 


arene Se a bz, 
value of 2 is deduced, it is evident,that in this value l — a will be 


5 Be\-1 + 5 
changed into 1 + x for (1 - zs) =1+4+ x 


Pp 


730 NOTES. 


(0) When the tension of the maximum quantity of vapour of water 
is 0,76", then p’, its density is to D, that of perfectly dry air:: 10: 16, 


._ 10 e 7 . 
orD;= Te D, Now D,, the density when pressure is 0,016, isto D the 


i ‘ O16 
density when pressure is 0,76" as 0,016 : 0,76", °.: D’ dU) O16: D, 

16" ,0,76 
0,016 1,6 10 1,6_ 1 D 


Legh De 
but ag = 96" “Ie 7e7 76 ANd P= 7G 





1000 
0,76" * 
volume is 0,00375 for each degree of temperature, this increase for 
18°, 75, is (18,75(00875). 

*(d’) Since a is the tension of the vapour and h the pressure pro- 
duced by the mixture, if d be the density of dry air whose elastic 
h—a 

ram 


(c’) At the temperature zero, Pp = * as the increase of 





- force or tension is h—a, wehave d:A::h—a:hicd=a in 


like manner by what precedes, a A may be considered as the den- 

. 10a. : 
sity under the pressure #, and *.* ek A is the density due to the 
pressure or tension @, 

(e’) The elastic force varies as the density and temperature, No. 
633, therefore, when the density is a maximum, it must depend on the 
temperature. 

(f’) Since, as stated in No. 633, the temperature varies as den- 
sity, it follows that as the density of the vapour is much less than that 
of ordinary air, the temperature must be less also. And as it appears 
from the computation made in the text, that the weight of a column of 
aqueous vapour, on the supposition of there being no atmosphere, is 
less than the weight of all the vapour contained in our atmosphere, it 
follows that our atmosphere does not prevent water from vaporizing. 


CHAPTER VI. 
(4) By differentiating equation (1), we obtain 
dp =k (1 + a8) dp 4 akp.dé, 
consequently, if » be considered as constant, and °.: dp = 0, we have 


dp _ —ap 
do TF aa? 
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and when p is supposed to be constant, we have 


d, 


- = akp = (by substituting for p its value ——*_—_ oP 


k. Fan) tea 120° 
=4— ag tg we 

(6) In the first case, e== aris i =~ alee in the se. 

dq _adqgdp a ap 


cond case, c’ = —+ di dp di ~ dpVrad 





3 consequently, we obtain 


_ a ap ae “dg 

(c) See Lubbock on Heat of voce aa Astronomical Re- 
fraction, and also London and Edinburgh Philosophical Journal, 
No. 128, 

(2) Since p= kp” [1 -a(9+w4)}, p"= ky’ (1 — ed we five 
p_lFa@te) P= P 
pl ae ra 

from this equation w may be obtained. 

(e) 19,8173; 1°:: 0,0133: to the condensation requisite to pro- 
duce an increase of temperature equal to one degree, therefore, this 
condensation = ee = 0,00101. 

(f) In fact when the pressure remains the same, we have by 
equation (1), p = Ap(1 +26) = kp (1 4 8) [1 + a(6—2),.°14 08 
=1+4+a(§—«) +9(1 + a6), Je being neglected as infinitely small, 
consequently there results 





, consequently, —7— 


=r 


ae 
ae = (1 + a8), tari 
. , dq dq se ans 
(g) Tn equation (3), if we ae en = Sande =P, it will be- 
d 
come pQ + ypP = 0, now dg = pap + pe = dp t dp a= 





‘dq — pdp 
( dp 
obtain, by goncinnating, pdg — ppdp = — yprdp, consequently, dq = 

1 1 1 
dp — yp .de\ vt (pep? — pr.de\ _ yPp (PY). 
P. = 4 =4-4. Hae 
e =I e = f 
aly =i 


yr : —+— must be of the form sp” d+: dg ap@ a and I= 
P 
ee 


a, substituting this ca of Q in the given equation, we 
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s(F) and = $’g, ands p= kp (1 + a9) = $g-p", conse- 
P =P 








_ Vnget: 
quently, 6 = see es 
I ‘k eins : : 
(h) og = ake aa + — and by substituting this value in the 
Pp 


expression for ¢’, we obtain 


yao(2)'45.(E)— 1s ‘ 

e a \P ie. 

(when 266°67 is substituted for :) the value of @ given in text. 
a 


(é) In the value of g, as the increment of g considered as a func- 
tion of 6 is constant, g must be a linear function of 6. 
i , 


fet ae | Ly vet 
h 
ey 1 a eee ae een 
(k) 02669 = en’ ,conp’ =an (az) = 0,2669, 
1 

(es ar 

h 

(2) Since m= ne, by substituting for ¢ we obtain m = 


1 
716\'-y 
n.(0,2669) (5°) 7 

h 
(m) By substituting 0,76 for p, and making = 100°, we have 

ey re 

c= Sf = 9.0,76" , 7 B= 0.0,767, 

consequently, we must have 
coe ley 


cmat («.0,76” | (266,67 + 100)(0,76) * = a + ¢.(366,67), 


a= 0 — ¢.(366°67), andif this value of a be substituted in the ge- 





oat fet 
neral expression of g there results equation (8), for ht = (Gi) 1G 
© 
(n) By equation (1) we have 0,76 = ko. (14 sou) c= AbD 
266,67 + 100 366,67 266,67 +6 366,67 
( 266,67 ) = 5 Spy h0.76:rKEL 266,67 hn 
pom 7 0782s (266.6645) ¢ _ Dh 366,67 
VRS fT 366,67 6° O76 (206,67 F 8)" 
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(0) As the volume of a gas increases by 0,00375 for each addi- 
tional degree of heat, the increase for 100° is ,0,375, consequently, 





. * - 18", 21483 
the weight of the litre at the temperature 100° = 7375 
(p) © the weight of v:0,55the weight ofa litre of vapour: :up:D X 1, 
eae : : 07",55.2, 
for a litre is the unit of capacity, consequently, w= = (by 


366°,67 


7 h ee : 
substituting for pits value) ae pal The? which is the value of w 
y 


* given in the text, since 087,55 X 366,67 = 201°’ 6685, of which the two 






last places are neglected iu the expression in text. 

(g) Since the density is supposed to have attained its maximum, 
and @ is invariabla, », which depends on p and 0, must be also in- 
variable. 


(*) We have as (DEP ppt ps 
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BOOK VI. 


CHAPTER I. 


dx dy dz 

Wa a 
da dy 
add 

(b) dp =0 is more general than p= 0, for at the surface the _ 
pressure should rather be considered as constant than as cipher. 

(c) As the value of m’c’ is equal to the square root of the sums 
of the squares of the differences of the corresponding coordinates of 
m’and c’, it evidently must be equal to the expréssion given in the 
text; now if this value of m’c’ be extracted by gneans of the bino- 
mial theorem, it is evident that there will result by considering 


(a + edad as the first term 


» are functions of 2, y, z, , and as2, y, 2, are func- 


tions of 2’, y/, 2" &c., are functions of 2’, y’, z/, t, &e. 


w/o’ det ted (de + Leaded (() dd? +($ 3) desde} 
— &es 


from which it is evident that, when infinitely small quantities of the 
third and higher orders are neglected, the expression for m/c’ is re. 
duced to its first term; in like manner, in order to obtain the value 
of v/a’, we obtain (by substituting # + dx, y + dy, for x and y) the 
coordinates of D/ = 


du du 
a + da + udt+ quant + ag tt 
at dy + edt + Pavat + get 
et wdt + ede i iy dt; . 


in the same manner the coordinates of c/ will be 





& drbudt4S Maeds pitt rye dt = dydzdt, 
a a ay iy 


we 
pay oie dedi +P dyitd 7 a ede dt + 3 = dy det, 
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de dua du Pe 
z dt — dx — ——.dx —— dydzdt 
tet wilt dx le Oe ae dedzdt + dyde lydzdt-+ 


Li 
oe dedts 


and the differences of the corresponding coordinates are respectively 


au 
dy dz 


a 


u 
ede dadzdl + 





dydzdt, 


dy &y 
eas te edt Fredy ded 


dw aw Cw 
dz + qu + gy eet aan ee 
from which it is evident at once, that when terms of the third and 
higher orders are heglected, the expression for p’c/ will be reduced to 
its first term. 
(2) If the infinitely small quantity by which the angle a/m/s’ 
differs from a right angle be denoted by dz, we shall have sin a/M/B’ 






= sin (90° + dv) = 1 ~ 5 therefore, as the same is true for sin 


c/m’P’, if they be taken into account in the expression M/A’. M/B/. M/C’. 
sin a’m’B/. sin c/M’P’, it is evident that as M/A’, M/B’, M’c’, are respec- 
tively of the first order, there will result terms of the fifth and higher 
orders in the resulting expressions. 

(e) When their values are substituted for these factors, their 
product is 

da. (1 us at) -dy.(1 “f ara) dz. C + tt), 
which, when infinitely small quantities of the fifth order are neglected, 
becomes the expression in the text. 

(g) In this case, each stratum heated from above must expand, 
and as no lateral expansion can take place, every stratum must rise 
vertically, and be replaced by the stratum immediately beneath ; this 
ascent commences with the uppermost stratum, in this way it will be 
evident, that the length of the fluid column will increase ; however, 
as the lighter strata are always the uppermost ones, it is evident that 


there will be no interchange’ between the strata, and, consequently, 
POA ae; Pe ek: TORE tie ee 
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df d ip Li eer . 
= oil =i e% We and as in the case of a fixed division, it is 


evident ae the time ¢ is not explicitly contained in f, the first term 
of equation (4) is ciphergand it consequently becomes equation (9). 
(A) This must be the case, because infinitely small quantities of 
the second or higher order are neglected. 
(i) If the law of Mairiotte obtains in the case of motion, then-we 


have p 2 p, consequently, es will be expressed by a logarithm, 
6 
when the variations of temperature are taken into account, pwill not | 
a é 
be z+ 1 to p, consequently, {= cannot be expressed by a logarithm, 
Pp 


neither will it be thus expressed, when p is constant: as in the case of a 


homogeneous liquid, for then \¢= + =a wat 
(k) In this case, by stag re dp its am there results 
{; [Baw + Lays Pas =i 
consequently, 
ldp_ de. & 
des ads c. 


(D) If the equation ude 4 vdy + wdz = dg be differenced with 
respect to 4,2, y; 2, tae we obtain, 


be ae 
zee “a a dzmd. 





ar +4 “dy +5 ded. at 











es ade 
Thad ” ay — 
eg yt +$ y= d. dy’ 
. ap 
Pa ” dy = ; 
ze +9 a ly af ap wdz d. Ze 
therefore, if in equations (3) we substitute ae as for u, v, w, we 
ldp_odp | _e dv dp dp dp. 
obtain, as — 7 da Te x =a &c. the values of ay qe given 


in the een © 


Now if these equations be multiplied by de, dy, dz, respectively, 
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aud if es be we added together, there will result by substituting 
dp for oF = de ade ay P dy + o ae, dv for xda + vdy + zdz, and by ob- 


serving a a 


do\?_do do ao de dg 
lL coe 
ad. (Z) ~ de’ dx de e+e % “da. ay! UT oe dade daz, 


Ip\t_dp & ao, de @ 
rg, (OV, €o 1.49 Fo, de eo 
id @)=s dag’ Vay ag tt ay dyae 


dg" _de de dg &o de de 
1.(2)= de dade” t ae" ayae! team” 











the value of dp given in text. 

(m) Since ¢ is infinitely ee we may neglect all terms after the 
second in the expression of u; “e ‘ is evidently the value of u when 
2=0. f 

(a) By multiplying these equations by dv, dy, dz, respectively, 
aed aa together and observing that xdwv +4 ydy + zdz = dv, 
- + (Pass a Th +2 Bas) = = dv, we obtain the expression in text, 

dg dg? det 
ae? dy? de 
as functions of 2, y, 7 see Note (/). 


for in ieee , each of them must be considered 


du 
(0) In this case — as £ 


» are respectively equal to cipher, conse- 
du . 
quently, we shall have ( a —w \ the first equation (3) equal to 


Lidp _ ldp _ a, Lap _ 
oda Xf wre, ant ay ees dee 


from which we may obtain the value of dp, by multiplying these 
* p 
equations by da, dy, dz, respectively, and then adding them together. 


CHAPTER II. 


(a) For we have by this law, when the temperature is invariable, 
pimgh:: d+ s):D pa mgh(l+s); 


but, when in consequence of the sudden increase of temperature, 
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p varies in a greater ratio than ¢, or D (1+), we have p= gmh. 
ds 
(1+s 4 Bs), and -.- dp =gmh (1+ 3) ds, hence 2” oes : 
e 
hil 
and {2= gn c +B slog (1-8), now when the square and higher 


powers of s are neglected log (14s) =, °." {2 =P =a’s; conse- 
p 


? 


quently when this value is substituted for P in equation (b) and v is 
suppressed, and (ay: (3): &e. are neglected, we obtain—as="2 
(b) In integrating the values of udt, vdt, wat, at any instant, as the 
displacements are very small, the error which is committed when in this 
operation, 2’, 9, 2’, is substituted for x, y, 2, is inconsiderable, so that 
it may be neglected, and *,* x, y, z, may be regarded as constant, 
(c) Equation (c) becomes when p(1 + 3) is substituted for p, 


ap . dp 
p(s) D(1+s).7 p(s). ay d.(1+s)o 
hee +d. dy a aa 


= (whens. (E+ Fe Geis neglected) 0 o(F +5049 ate): 








d. 





which when — = ae; is substituted for i is the equation (3). 


(@) By substituting for u, x, w, their respective values there results 


£(ade + ydy + zd2) 


a 


udx + vdy + wdz = = bdr, 


which, as {is a function of » and ¢, will be an exact differential of a 
function of » and ¢, 


yo= dp dr_ dbx dh vo. dr x adh a 
te dr'de— dr'v * de dr dr (= a" =) + 


dd G- edo fy+ *); © 
ay \r =) = ay ( e 2 n 
in like manner 


Go Go ¥ ,do w4erdg_ do # dg x+y 
ap det de Pde dr 2" dr’ 98 








. 





> 


consequently we shall have 


dg ‘ s(etete ety +2 , ig, 2 dg 
ae aro =\ 42 \.@ Gen at ae 
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(f) Now since r is the independent variable, we have 
ad x 


dr dg Sada 2 Pre 
dr? 


dy.dr adr 
therefore, if both members of the éattiion 
Cp dy 2do 
de «(i we ? dr \, 
be multiplied by 2 it will coincide with equation (4) for r —* 


@) 6 =1.fot at) + ¥.(r—at)), Be “pat 


ae) 





dt dg, 
2. 9 2,08 
=r. pat 2a 


F/(n—al))— - Li Qr+ at) + ¥ (v7 —at)] and a HSL bat) — 
F 1 dd 
F(r—at)j, 0 P= — adn the second equation (5), and from 
this second equation it is evident, that the velocity is always pro- 
portional to the condensation. 
(4) Since the first formula vanishes at the same time as », when 
it is expressed in a seriés proceeding according to the powers of 7, 
each term must have 7, or some power of r, as a factor, and therefore 
when + is infinitely small, all powers after the first may be neglected; 
now when equations (5) are applied to the case of the propagation 
of sound in our atmosphere, we arc warranted in assuming that 7 is 
infinitely small, because the agitation of each particle is so inconsider- 
able, that it does not appear to move sensibly from its state of rest 3 
for when sound is transmitted through a mass of air, in which motes 
are observed to float, they do not appear to be actuated by any sen- 
sible motion. See article on Sound in the Encyclopadia Metropolitana, 
» No, 54. 
(i) ¥r denotes a certain velocity as well as U7, because ¢ is to s 
in a given ratio. > 
wel fe fed deer 1 dey Gah der 
dry de dy de? dr dr 





(A) a 
(?) In fact, ee making this substitution, we get 
1 1 
t= 7 G+ d))— 5. (Eb (7 + at) — 40436 (r— at) + $c] =0, 
¥in like manner it may be shown, that when corresponding substitu- 
-tions are made in the second equation (5), the expression for s be- 
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comes cipher, it thus appears that when Wr and ¥,7 are supposed 
to be cipher for a certain value of », which is the supposition that it 
is always made in order to determine the values of the arbitrary con- 
stants and e, then the Values of { and s become cipher. 

(m) By adding and subtracting equations (7), and substituting = 
for #, we obtain 

fetkee-$¥s, reagevetd ye 
now 
consequently, 
feds =tdelz+ he. pede — edz, 

hence then there results 


Poxhyet}-e.(de— v2) 


(m) If - be substituted for ¢ in the functions f@ at) 





ir + eh the results are fz, f’e, consequently; as long as ¢ is less 


than © 





” the values of Sr + at), f’ (7 + at), will be less than fe, 
fe ei therefore will not be cipher; and the same is true for 


F(7— at), F/(* — at), when tis Z than *, rv being by hypothesis 





: —r 
less than ¢; from the equation t= — itis evident that the greater 


» is, or, the nearer to the point that is agitated is to the surface of 
the sphero, the less will be the duration. 

(0) See No. 497, notes; since the motion commences when 
at=r —s, and ceases when a7 4 ¢, the duration = U—t= 


2e 
—, and the breadth of the sonorous wave == 2. 
a 


(p) At a great distance from the centre of the agitation, the 
functions f (7 4 at), f’ (7 + at), vanish, so that the second term of 
second member of the yalue of { given in page 584 vanishes; conse- 
quently {= evidently as; if, on the contrary, * was very steal, then by 
expanding the values of f’ (7 at), F’(r—at), f(r + at), F (r= at), 
into series proceeding according to powers of r, we obtain 


Prat Teh 














re + at) = 





7 e 7 
Fi(—aty, FP’ (—at)r , Fi" (— at).r 
r + e + 1.27 





+ &ey, 





ty (rv = = 
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at.a 


J rot at)=} a (ut) + flat. r+S sf" LD + &e, 





F(— at) ¥/(—at) FY (— at) 7? 


1 
pi at= s+ = a oe Tg T&S 





consequently, the expression for ¢ becomes, by concinnating and ob- 
: J 1 : 7 é 
literating, = — a ((fat) + r(—at)liie. = e nearly. 


(g) The number of functions f; f,f,,, &e. of equation (9) which 
the most general expression for ¢ contains, will depend on the num- 
~ber of distinct agitations at the commencement of the motion, the 
agitation resulting from the several distinct ones will be the algebraic 
suin of these functions; this remarkable conclusion results from the 
forms of the original differential equations. See No. 551. 

(7) @ is equal in general to ¢ resolved in the direction of the 
axis of 2, but as the agitation does not extend as far as the plane an, 
u must be cipher; now this condition is satisfied in this case, for the” 
expression for u = nde He = becomes when + = 7,, .¢ = A, and 


2=o -h, ce to cipher. 
() p= mh +5 +Bs).(1 $s)! = (neglecting s? re dele +p 
mh 
(ts—s + pr) =" o(1 4 8s). 
(4) By substituting in the equation p = ho.(1 + 4(4 4 -n)) for 
er __gmho = ome f an 
‘we obtain p = pean’ “i+ 24)4+an)= 14 oa): 


(u) If the density in the first case be as and in the second 


: i 47 ae 2 
é ('+3538) then the increment = e l+s55 -l= Dore 





: % A 

(v) Ifin the valye of p = ee (1+s), we substitute p (14-8) 
for p, it becomes gmh. (1 + s+ 8s), s* being always neglected, but on 
the same aaron l-+s-+ 8s=(1+5)'+4, therefore p= gmh. 
(1+ s)it4 

(#) Sce Comptes Rendus for August, 1841, where an account is 
given of some experiments made in Geneva on the tutensity aud 
distance to which sound can be propagated “under water. 

YOL, I. Az 
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CHAPTER Il. 
(a) By aubstituting,for y’ its value, we have 
dy dp dp 
( — p)y= (7 - Pp) (y+ as), = (asp'— p= 7 a) at 


Gee 


d, 
and when dz* is neglected it becomes Pyle. 


(b) When the two members are multiplied by dv, the equation 
becomes 


(a a 

iY, 

oy 

the integral of which is evidently the “e of p given in the text. 
i 


(c) At the orifice 


dul pu’ a 
pstl—ge=N+ge(l — 8) — a — (1-4); 


dp = gedu — ap at ote 


2 
< go(h+e)— ei oe (i - =) =0; 
when @ is > wand therefore 8 is negative, the value of p at the 
lower orifice is then greater than II, therefore the flowing out must 
take place at the upper orifice of which section is minimum. 
2adu 
2g.(h-f e)— pra? 
is inconsiderable with respect to TI, we may neglect ¢ in the expression 


Bu 


this edifferential equation 
2g eh ie 


(¢) From equation (4) we obtain Adt = when gee 


2g.(h + ¢), now if we make x= 





WV Qide 
ar V Bude of which the integral i is — 


B.V gh. (1 — 2%) BV igh 


l+-e an ole : 
log . a and by substituting its value for x we obtain the expres- 


becomes Adt = 








sion in the text. is 
(e) Since ¢= 6 whey w= 0, the value of the constant which 
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might occur in the integral of the value of A. dé must be cipher, for it 


‘ a 
is equal to - log. 1. 
q Ogi 
(f) From equation (6) we obtain 





Any 2gh 








eats) ( prt 2gh ) Vahl ae 
: « }=9 ~ . —¥ Sekt e wll 
Bu: Ite Qgh.\e Lytus Z ave 
e * +1 
—pn'y/ 2h 


2 


which, by multiplying numerator and denominator by e ta, be- 
comes equal to the expression in the text. 

(g) When the value of u is multiplied by dt, the differential is 
evidently that of » logarithm, for oy numerator is the differential of 


the denominator multiplied by —— therefore, 


Br anual 7 ogh’ 
Qe? BMY 2eh ea 
+3 


aSudt = gig lon Le te 4 


now as g = 0, when ¢ = 0, we have ¢ = =. -log2, hence then there 


results the expression in the text. 


(hk) When equation (4) is multiplied by dé, we obtain 
(g(h-+0) — 46%) dt —Sdu=0, 
and equation (5) becomes in the same case 
cho “a=, 
w 


therefore, by eliminating dé between these equations we obtajn the 
expression in text. 
(+) See examples of the integral and differential caleulus, page 329. 
a < 1 x1 
(4) RP =1l— peso and a=s,  BPol--= 


n n? 















a? 2 Biaw _n?—1 at nt vt} 
l) Inthis case Aw =>, a? oa = pea 
(2) In this case Aw At Re a PU year iam N 
~ awh at h dz 2 
and ~2=5 - m n? =n, equation @) becomes — ah _~ OD. 
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(m) By multiplying all the terms of this equation by % and dh, 
we obtain 
dzh + (1 — 2°) zdh + n*hdh = 0, 
‘and, in order to reducf this to a perfect integral, by multiplying it 
by A-"", there results 
dah" 4 (lan) zh-"" dh + vh—™ dh = d.zhim—m 
atdh hi—™" — 0, , 








tehi—v oe -he—™ =, and z= chn*—1 — as LA 
‘ Qn pak Q—n? 

he - 
(”) In virtue of equation (5) dé = a dh= nd 





u 


(¢) Equation (9) may be written as fslibees 
i= dh ( (2—n*) a)" 
=a Ge ae 


Qgh \he-? — we 2]° 
If we suppose Hf A’ = A, then the expression is 


( (2—n®) we—2 ya 
pI aS) = 


((2-n) wo) poe 


C= CSC) Per NL 


= by dividing by (2—n?*). H°-2 and supposing n? = 2, 
1 











ee Ke. 
iF "a 7 
Fete tay 
equal by substituting A ~ n for 1’, 
1 +4 
- se ke, = lo, Gi) 
a) +4G-1) 44a ay = 8 
Now a substituting their values for h and df, we obtain, as 
° 
n\~# 1 — 4Hem 2 xda 1 . 
log G) =-,d- = expression in text. 
h z V 2gHe— 2 x 


(p) By equation (1) we have, when g is neglected, as it is in this 


case, = 
. 


dp de 


er = hae conseqfently we shall have ai d= —-dv= 
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de dv .idp ode dv 
dt at dx ade, pdx de 


Ban eedbipertertt gt 
=F wets a Py ze 
*(r) When the capacity is great the pressure on the surface of the 
vessel for a short space of time may be considered as constant. 
ann Multiplying the second = n by da, we obtain pudy + yd.po 
.* pry = c, 
= If both sides be multiplied by dx we shall obtain 











oP ” a 
ary + ary oy dO Kk logp + aT. a =e 
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NOTES TO ADDITION. 


(a4) Whena machine is in motion, if the moving forces do not 
coincide with the directions along which the points of the machine 
moye, they must at least make acute angles with those directions, for 
if they made right angles they would not produce any effect at alf in 
the directions in which the points move, and if they made obtuse 
angles their tendency would be to retard these motions. 

(6) If after multiplying the first members of these respective * 
equations together, and also their second members, they be added 
together, we obtain : 

M.(xda + vdy + 2dz) = p.ds.(cosa cosa + cos B avs + cosy cos v) 
= Pds.cose = Pdp. 

(c) It would be useless for the purposes of machinery that the 
motion of the machine should be continually accelerated; if the 
moving forces acted always with the same iptensity this would be the 
case; in this case, in order to render the motion uniform, the resistance 
is made to increase, or if this cannot be conveniently done, then the 
action of the motive force is cither intermitted, or made to become a 
resisting power, by which means, though we cannot render the mo- 
tion of the machine uniform, we confine its variations within certain 
limits. 

(d) When the body sets out from a state of rest, as there is no 
initial velocity, ZmA* must vanish ; likewise as the effect of the mo- 
tive forces must be greater than that of the resisting forces, when the 
motive forces are of that description that they act more forcibly on 
bodies which are at rest than on those which are in motion, the ac- 
celeration produced by these forces must continually diminish with 
the increased acceleration of the machine until pdp = Qdg; and it is 
evident from these considerations that the successive differences be- 
tween Pdp and adg constitute a decreasing scries, so, that the process 
by which the machine is brought to a constant uniform state, i. e. to 
one in which Zedg = Eadg, is most rapid at the commencement of 
the motion, and gets continually slower; indeed, strictly speaking, — 
this uniformity is not attained until after the lapse of an indefinite 


time. 
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(¢) The diminution estimated in the direction of the surfaces 
comes under the expression for the effect produced by friction, 

(f) It appears from the expression u(e4 a) that when a man walks 
on a horizontal plane without a load there are two effects produced, 
he raises or depresses his centre of gravity, and he also impresses 
on this point a horizontal velocity, each of these requires a distinct 
effort, the last is evidently much less than the first; but there are no 
experiments made by means of which their relative intensity can be 
determined ; as it is evident the less u(< + a) is, every thing else 
being the same, the greater will be the power of the man; the skill in 
walking so as to economize this power, consists in going as closely 
as possible to the ground, so that ¢ may be the least possible; the ex- 
pression for the work done when a man ascends a height, and carries 
no load, is U(e 4+-% + 2) + Fl; now when a man carries only his own 
weight, the height he is able to ascend in agiven time multiplied into 
vis > than when he carries an additional load; i, e. uh is greater 
than Kh’, A’ being the height he can ascend to in the same time whet 
loaded, and K=v +1,.L being the additional load; this appears 
from some experiments made by Coulomb, which led him to infer 
that this diminution of action or difference between vd and KA’ is 
proportional to the additional load carried; and, as it also appeared 
from his experiments, that when the load carried was equal to vu 


the weight of the man, the diminution was one-half, or equal to = 


when the load is 1, it is equal to - therefore we must have 
; @+yh =o and w=uh(1 - =) 
divided by u +L. This formula should be considered only as an ap- 
proximation, for itvould appear from it that when E= 2u, h/ = 0, i.e. 
if a man carries a lead equal to twice his weight, he could not ascend. 
—See Hachette Fraite des Machines, Chapitre Premier. 

(g) If = 0, is a function F of these variables, or F(tzyz) = 0, 
then when they become ¢-+ dt, e+ dz, y+ dy, +z, we shall 
have F(t-++ dt, w+ dx, y 4 dy, z+dz)= 0, and when infinitely 
small quantities of the second and higher orders are neglected, 

-_ 


du du au di 
L+ aie + oral + Gy tae = 0. 
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co a, du! 
(4) Since —— Fete t dy +52 dz=tkdajp tt het dy 


du! 
+ arta by substituting for the first member of this equation, and 


concinnating, we obtain the value of }danv? given in the text. 

(#) Since in this case the forces P act in the direction of gravity, 
§sP(dp—d,p) must be equal to 3p, or 1 multiplied into the vertical 
space described by the centre of gravity. , 

(4) Since the motion is uniform, the space ¢/ described by the 
centre of gravity is +2 to the time, consequently as acosa is the 
value of the velocity resolved in the direction of the vertical, we shall * 
have ¢’ = at cosa. . 


THE END. 
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